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"No assertion is ever known with certainty ...
but that does not stop us making assertions."
Carneades, 214-129 BCE

"Any useful logic must concern itself with Ideas with a fringe of vagueness
and a Truth that is a matter of degree."
Norbert Wiener

"The facts were always fuzzy or vague or inexact ... Science treated the
gray or fuzzy facts as if they were the black-white facts of math. Yet no one
had put forth a single fact about the world that was 100% true or 100%
false."

Bart Kosko, Fuzzy Thinking, 1994, Preface.



Preface

This monograph is the first in Fuzzy Approximation Theory. It contains
mostly the author’s research work on fuzziness of the last ten years and
relies a lot on [10]-[32] and it is a natural outgrowth of them. It belongs to
the broader area of Fuzzy Mathematics.

Chapters are self-contained and several advanced courses can be taught
out of this book.

We provide lots of applications but always within the framework of Fuzzy
Mathematics. In each chapter is given background and motivations. A com-
plete list of references is provided at the end. The topics covered are very
diverse. In Chapter 1 we give an extensive basic background on Fuzziness
and Fuzzy Real Analysis, as well a complete description of the book. In the
following Chapters 2,3 we cover in deep Fuzzy Differentiation and Integra-
tion Theory, e.g. we present Fuzzy Taylor Formulae. It follows Chapter 4
on Fuzzy Ostrowski Inequalities. Then in Chapters 5, 6 we present results
on classical algebraic and trigonometric polynomial Fuzzy Approximation.
In Chapters 7-11 we develop completely the theory of convergence with
rates of Fuzzy Positive linear operators to Fuzzy Unit operator, the so
called Fuzzy Korovkin Theory. We include there the related topic of Fuzzy
Global Smoothness, see Chapter 9. In Chapters 12-14 we deal with Fuzzy
Wavelet type operators and their convergence with rates to Fuzzy Unit op-
erator. In Chapters 15-16 we discuss similarly as above the Fuzzy Neural
Network Operators. In Chapter 17 we deal with Fuzzy Random Korovkin
type approximation theory. In Chapter 18 we deal with Fuzzy Random
Neural Network approximations.



viii Preface

In Chapters 19, 20 we present Fuzzy Korovkin type approximations in
the Sense of Summability.

Finally in Chapter 21 we estimate in the fuzzy sense differences of Fuzzy
Wavelet type operators.

The monograph’s approach is Quantitative and almost all main results
are given through Fuzzy inequalities, involving fuzzy moduli of continuity,
that is fuzzy Jackson type inequalities. Thus all fuzzy convergences are
given with rates and the proofs are constructive.

The exposed theory is destined and expected to find applications to all
aspects of Fuzziness from theoretical to practical in almost all sciences,
technology and industry; in our real world we mostly perform fuzzy approx-
imations. On the other hand our theory has its own theoretical merit and
interest within the framework of Pure Mathematics. So this monograph is
suitable for researchers, graduate students and seminars of theoretical and
applied mathematics, computer science, statistics, engineering, etc., also
suitable for all science libraries.

Fuzzy set theory and applications has experienced a rapid development
since its discovery by L. Zadeh in 1965, see [103], its growth and applica-
tions now cover almost all kinds of mathematics and applied sciences with
great applications to real life. We mention here only a few: finance and
stock market, weather prediction, nuclear science, robotics, biomedicine,
handwriting analysis, space exploration and satellites, radars, electronics,
rheology, agriculture, elevators, ecology, geography and philosophy. For a
much lenghtier list of applications of Fuzzy sets and Fuzzy logic see Chapter
1, Section 1.1.

I would like to thank Professor Sorin Gal, University of Oradea, Romania,
for introducing me into Fuzzy Sets.

The final preparation of book took place during 2009 in Memphis, Ten-
nessee, USA. I would like to thank my family for their dedication and love to
me, which was the strongest support during the writing of the monograph.

I am also indebted and thankful to my graduate student Razvan Mezei
for the typing preparation of the manuscript in a short time.

November 1, 2009

George A. Anastassiou

Department of Mathematical Sciences
The University of Memphis, TN, USA
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1
INTRODUCTION

1.1 Basics

The concept of fuzziness was first discovered and introduced in the seminal
article written by Lotfi A. Zadeh in 1965, see [103].

So in our description next we follow [103].

Frequently classes of objects encountered in the real natural world do
not have exactly defined criteria of membership. For example, the class of
animals clearly includes lions, tigers, horses, birds, fish, etc. as its members
and obviously excludes objects such as trees, gases, cars, stones, houses,
metals, etc. However there are objects such as starfish, bacteria, etc. that
have an ambiguous status in comparison to the class of animals.

Similar ambiguity arises when we compare the number 20 to the class
of real numbers much greater than zero. Clearly, "the class of real num-
bers much greater than zero", or "the class of beautiful women", or "the
class of tall men" or "the class of smart students" are not defined precisely,
thus they do not constitute sets of objects in the usual mathematical sense
where each element of a set is 100% there. However such imprecisely con-
sidered "classes" of objects exist frequently and play an important role
in every aspect of our lives,they show up a lot especially in engineering,
computer science, pattern recognition, industry, etc. So the concept under
consideration is the fuzzy set, which is a class of objects with a contin-
uum of grades of membership. Such a set is characterized by a membership
function which assigns to each object a grade of membership varying from
zero to one. The notions of inclusion, union, intersection, complementation,

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 1-14.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010



2 1. INTRODUCTION

relation, convexity, etc., are extended to fuzzy sets, see [103]. So the above
framework of consideration gives us a natural way of dealing with such
imprecise phenomena, when classes of objects lack precise criteria of mem-
bership for their elements. Clearly the concept of fuzziness is distinctively
different than the concepts of deterministic and random phenomena.

So random variables cannot describe the fuzzy sets.

Thus a fuzzy set A related to a space of objects X has a membership
function f4(z) which assigns to each element € X a number in the
interval [0, 1] that represents the "grade of membership" of z in A. Hence,
the closer this value to 1, the higher the grade of membership of = in A.
If A is an ordinary set, then fus(x) = 1 or 0 according to if z € A or
x ¢ A. In this last case fa = x4 the characteristic function on A. As
another example let X = R and A be the fuzzy set of real numbers much
larger than 0. Then one can define f4(0) = fa(1) = 0, f4(10) = 0.02,
fa(1000) = 0.96, f4(10000) = 1. Again, the membership function though
it resembles to a probability measure has nothing to do with it. They have
totally different properties and are based on totally different concepts. So
most clearly the notion of fuzziness is totally non-stochastic. For all the
details of the above see again [103].

A fuzzy set is empty if and only if its membership function is identically
equal to zero on X.

The fuzzy sets A and B are equal, A = B, if and only if their membership
functions are identically equal on X.

The complement of a fuzzy set A is a fuzzy set denoted by A’ and its
membership function is defined by far =1 — f4.

Also A is contained in B, A C B, if and only if f4 < fp, where A, B are
fuzzy sets.

The union AU B is a fuzzy set with membership function

fAUB(x) - HlaX{fA(l‘),fB(l’)} , T € Xa

abbreviated as faup = fa V fB.
The intersection A N B is a fuzzy set with membership function

fanp(x) = min{fa(z), fp(2)},2 € X,

in short written as fanp = fa A fB.

We say the fuzzy sets A and B are disjoint iff they are fuzzy-empty.

For the rest of definitions and all properties of the algebra of the fuzzy
sets see [103], where were first given and described. L. A. Zadeh has done
an extensive body of work on Fuzziness and he shaped this subject.

From all the above we derive that the concept of "membership function"
plays a pivotal role in the study of fuzzy sets, in fact it is the most important
component describing and defining a fuzzy set.

Therefore in the Fuzzy Mathematics usually we deal with membership
functions from the sets of real or complex numbers to [0,1]. These are
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the real or complex fuzzy numbers. For the description of the real fuzzy
numbers see Section 1.2. Based on the above in formal mathematical cal-
culations we identify fuzzy sets with membership functions. The extensive
works on the fuzzy subject by D. Dubois and H. Prade are well known and
play an important role there.

To Fuzzy set theory corresponds the Fuzzy logic which also was founded
by Zadeh [103]. The Fuzzy logic is a generalization of classical and Boolean
logic. It relaxes the Aristotelian law of the excluded middle. Fuzzy logic via
the concept of "membership function" is a multivalued logic as opposed to
the Aristotle’s bi-valued logic: true or false / Yes or No only. Earlier than
Zadeh was Jan Lukasiewicz to propose a 3-valued logic, with the third value
"Possible".

Typical applications of Fuzzy logic include to control small devices, to
control large systems, to learning computer programs and neural networks,
to pattern recognition in speech and handwriting, etc.

It has been established that fuzzy mathematics calculations are much
simpler, efficient and faster than numerical and other approximate calcula-
tions. In our natural world’s computations there is not complete precision,
so fuzzy mathematics have and will have a major effect to control compli-
cated machines from robots to rockets which need quick computations due
to quick changes.

So Fuzzy logic is reasoning with the use of Fuzzy sets, in particular with
the use of membership functions. Fuzziness is a measure of completeness
and has no relation to uncertainty. Probability is a measure of certainty and
increases to 1 as more information is provided. So they are two completely
different concepts.

Words themselves may be fuzzy values. Saying "airplane" or "boat" we
cover all kinds of airplanes or boats. Assigning adjectives we reduce the
size of fuzzy sets, e.g. "big airplane" or "small boat". So the concept of
Fuzziness appears everywhere in real life including the natural languages
we speak.

In engineering, triangular and trapezoidal fuzzy membership functions
are examples of sufficiently accurate and with simple implementation such
functions.

Let a < b < ¢ < d denote some characteristic numbers, we define

"Triangular" :  f(z;a,b,¢) = max (min (w e $> ,0> ,

b—a’c—b
: fx—a , d—=
"Trapezoidal" :  f(z;a,b,¢,d) = max | min bi’l’di ,0 ).
—a —c

Multi-valued fuzzy logic mathematics belong to the wider umbrella of
non-classical mathematics. They include fuzzy subgroupoids and fuzzy sub-
groups, fuzzy fields, fuzzy Galois theory, fuzzy topology, fuzzy geometry,
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fuzzy relations, fuzzy graphs, possibility theory, non-additive measures,
fuzzy measure theory and fuzzy integrals.

This monograph is the first one in Fuzzy Approximation Theory. The
fuzzy logic and fuzzy mathematics development so far has been through
three important stages:

(i) the direct fuzzification of most mathematical concepts during 1965-80,

(ii) the development of all possible ways in fuzzy generalization process
during 1980-90,

(iii) the axiomatic foundation and standardization of fuzziness during
1990-2000.

The applications of fuzziness are uncountable and varied. Additionally to
consumer applications in Japanese electronics, auto industry in Germany,
and home appliances; Fuzzy logic is applied to finance, stock market, bio-
medicine, ecology, philosophy, agriculture, geography, rheology, satellite re-
mote control, nuclear science, weather prediction, elevators, robotics and
rocket science, to mention a few of them. In general fuzziness is applied to
engineering and control theory very widely.

Finally, we would like to emphasize that the fuzzy-neural network method-
ologies find lots of applications to learning strategies of radars, sonar signal
processing and classification, speech recognition, classification of remotely
sensed images, handwritten character recognition, semiconductor manufac-
turing processes, smart home appliances, hybrid fuzzy/expert systems for
medical diagnosis, etc.

The fuzzy literature is vast and huge and goes to all possible directions.
Thus we have decided the list of references of this book to contain only
articles and books that are used here.

This monograph contains mainly the research work of the author in Fuzzy
Approximation Theory that was conducted during the last ten years.

The chapters of the book are self-contained and each chapter can be read
independently from the rest.

1.2 Background

We need the following
Definition 1.1 (see [53]). Let p: R — [0, 1] with the following properties.
(i) is normal, i.e., xg € R; p(zo) = 1.

(i) g+ (1= A)y) > min{p(e), u(y)}, Yo,y € R, VA € [0,1] ( is called
a convex fuzzy subset).

(iii) w is upper semicontinuous on R, i.e., Vxg € R and Ve > 0, 3 neigh-
borhood V' (z¢): p(x) < p(xo) + &, Vo € V(o).
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(iv) The set supp(p) is compact in R (where supp(u) := {z € R; p(z) >

0}).

We call u a fuzzy real number. Denote the set of all p with R.

E.g., X2y € Rg, for any zo € R, where X[,y is the characteristic
function at xg.

For 0 <r <1 and pu € Rz define [p|" := {x € R: p(x) > r} and

1] :={x € R: u(x) > 0}.

Then it is well known that for each r € [0,1], [¢]” is a closed and bounded
interval of R ([67]). For u,v € Rr and A € R, we define uniquely the sum
u @ v and the product A ® u by

[uev]” =u"+ ", [AOou]” = Au|", vr € [0,1],

where [u]” + [v]" means the usual addition of two intervals (as subsets of
R) and A[u]” means the usual product between a scalar and a subset of R
(see, e.g., [53]). Notice 1 ®u =w and it holds u v =v®u, \OQu=u® .
If 0 <7y <ry <1then [u C [u]™. Actually [u]" = [u(f),u(f)], where
' < uS:), u(f), u(f) € R, Vr € [0,1]. For A > 0 one has )\ug:) = ()\Qu)(ir),
respectively.
Define
D:Rr xRy — R,

by

D(u,v) : = sup maX{|u(_T) — U(_T)|, |uS_T) — ’U_(:)|}
ref0,1]

= sup Hausdorff distance ([u]", [v]"),
ref0,1]

where [v]" = [fu(r),vg_r)]; u,v € Rp. We have that D is a metric on Rg.

Then (Rx, D) is a complete metric space, see [50],[53], with the properties

Dudwvdw) = D(u,v), Yuv,wéeRg,
Dkoukov) = |k|D(u,v), Yu,veRg, VkeR,
Dud®v,wde) < D(u,w)+ D(v,e), Yu,v,w,ecRer.

Let f,g9: R — Rz be fuzzy number valued functions. The distance between
f, g is defined by

D*(f,g) := itelgD(f(x),g(w))-

On Ry we define a partial order by “<”(or "=<"): u,v € Rgr, u < v (or
u <) iff u™ < o™ and 'U,E:) < U_(:), Vr e [0,1].
We mention
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Lemma 1.2 ([31] and Lemma 5.3). For any a,b € R: a-b >0 and any
u € Ry we have

D(a®u,bou) <la—10| D(u,0),
where 0 € Rx is defined by 0 := X{gy.
Lemma 1.3 ([31] and Lemma 5.6).

(i) If we denote 6 := Xypy, then 6 € Ry is the neutral element with
respect to @, i.e., ud 0o =0Du=u, Vu € Rr.

(ii) With respect to 6, none of u € Rg, u # 0 has opposite in Rg.

(iii) Let a,b € R:a-b > 0, and any u € Rge, we have (a +b) ©® u =
a®udbOu. For general a,b € R, the above property is false.

(iv) For any A € R and any u,v € Rz, we have A® (udv) = AQudAOv.
(v) For any A\, € R and v € Rz, we have A® (p O u) = (A p) ©u.

If we denote ||u||x := D(u,0), Yu € Rg, then || - || = has the properties of
a usual norm on Rg, i.e.,

0 iff u=0,[AOulz=[Al-[lull#,
[ull# + llvll7, [Jullz = lvll7 < D(u,v).

[l
lu @ vl F

IN

Notice that (Rz,®,®) is not a linear space over R, and consequently
(Rz, | - ||7) is not a normed space. Here >.* denotes the fuzzy summa-
tion.

Definition 1.4. Let a1, a2,b1,bs € R such that a; < b; and as < bs.
Then we define

[al, bl] + [ag, bg] = [a1 + as, by + bQ] (1.1)
Let a,b € R such that a < b and k € R, then we define,

if k>0, kla,b] = [ka,kb],
if k<0, kla,b] = [kb,ka). (1.2)

Here we use

Lemma 1.5. Let f: [a,b] — Rz be fuzzy continuous and let g: [a,b] —
Ry be continuous. Then f(z)©g(x) is fuzzy continuous function ¥V € [a, b].
Proof. The same as of Lemma 2 ([14]), using Lemma 2 of [11]. O
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Let f,g: U — Rg,U C (M, d) metric space, be fuzzy real number valued
functions. The distance between f, g is also defined by

D*(f,g) == sup D(f(z), g(x)).
zeU
A subset K C Rz is called fuzzy bounded, iff D(u,v) < M, M > 0,
Yu,v € K.
We need

Definition 1.6. (see [53]). Let z,y € Rx. If there exists a z € Rz such
that z = y @ z, then we call z the H-difference of x and y, denoted by
2=z —y.

Definition 1.7 ([53]). Let T := [zg, 20 + ] C R, with 5 > 0. A function
f: T — Ry is H-differentiable at x € T if there exists an f'(z) € Rz such
that the limits (with respect to metric D)

lim M’ lim
h—0t h h—0t h
exist and are equal to f/(z). We assume that the H—differences f(z +
h) — f(z), f(x) — f(x — h) € Rz in a neighborhood of 2.We call f’ the
derivative or H-derivative of f at x. If f is H-differentiable at any = € T,
we call f differentiable or H-differentiable and it has H-derivative over T
the function f’.
The last definition was given first by M. Puri and D. Ralescu [93].
Example 1.8. Let f: R — Rz be such that for any A, > 0 it holds

[z +py) =20 f(z) @ po fly), Vo,yeRy.

Then the H-derivative f'(z) = f(1), Vo € R,.

Proof. By f(z + h) = f(z) ® f(h), that is the H-difference

fle+h) = f(z) = f(h) € Rr.
Thus L
Jeth - J@) })L*f(x) — f(1), h>o0.

Similarly, f(z) = f(x —h) @ f(h), for b > 0 small, that is the H-difference
f(z)— f(x —h) = f(h) € Rr. Hence

fl@) = fl@—h) _

RIS .
But

lim D(f(1), f(1)) =0.

h—0+t
Clearly for f/(0) we take the right-hand side H-derivative. O
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We need also a particular case of the Fuzzy Henstock integral (6(z) = £)
introduced in [53], Definition 2.1, there.
That is,

Definition 1.9 ([66], p. 644). Let f: [a,b] — Rx. We say that f is Fuzzy-
Riemann integrable to I € Rz if for any € > 0, there exists § > 0 such that
for any division P = {[u,v]; £} of [a,b] with the norms A(P) < ¢, we have

D <Z*(v—u)®f(£),f> <e,

P

where Y denotes the fuzzy summation. We choose to write

b
= (FR)/ f(z)dx

We also call an f as above (F'R)-integrable.
We need

Theorem 1.10 ([67]). If f,g: [c,d] — Rg are (FR)-integrable fuzzy
functions, and «, B are real numbers, then
d
a(FR)/ f(z)dx
[

& B(FR) / o(z)dz.

d
(FR) [ (af(@) o fg(o)iz

Corollary 1.11 (Corollary 13.2 of [66]). If f € C ([a,b],Rx) then f is
(FR) integrable on [a, b].

We use the following fundamental theorem of Fuzzy Calculus:
Corollary 1.12 ([11]). If f: [a,b] — Rz has a fuzzy continuous H-
deriwative f' on [a,b], then f'(x) is (F'R)-integrable over [a,b] and

f(s)=f(t)® (FR) /ts f'(z)dz, forany s >t, s,t€ [a,b].

Note. In Corollary 1.12 when s < ¢ the formula is invalid! since fuzzy
real numbers correspond to closed intervals etc.
We mention

Lemma 1.13 ([11)). If f,g: [a,b] € R — Rz are fuzzy continuous func-
tions, then the function F': [a,b] — Ry defined by F(x) := D(f(z),g(z))

is continuous on [a,b], and

<FR/f dx(FR)/ ) /D 2))de.
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Lemma 1.14 ([11]). Let f: [a,b] — Rz fuzzy continuous (with respect to
metric D), then D(f(x),0) < M, Vz € [a,b], M > 0, that is f is fuzzy
bounded. Equivalently we get x_,; < f(z) < xp, V& € [a,b].

Lemma 1.15 ([11]). Let f: [a,b] C R — R be fuzzy continuous. Then

(FR)/ f@®)dt is a fuzzy continuous function in x € |a, b].

Lemma 1.16 ([11]). Let f: [a,b] C R — Rz fuzzy continuous, r € N.
Then the following integrals

e [ seasom) [ ( [ f<sr>dsr) ds 1.

o [ ([ ([ ([ o)) Yo

are fuzzy continuous functions in Sy_1,S._s,...,8, respectively. Here a <
Sr—1 §5r72 < SSSb

Lemma 1.17 ([17]). Let f: [a,b] — Rz have an existing H-fuzzy deriv-
ative f" at ¢ € [a,b]. Then f is fuzzy continuous at c.

We need
Theorem 1.18 ([67]). Let f: [a,b] — Rz be fuzzy continuous. Then
(FR) f: f(x)dx exists and belongs to Rz, furthermore it holds

b r b b
(FR) / f(x)dm] = [ / (/) (z)dz, / (f)S:)(m)dzcl, vr e [0,1].

(1.3)
Clearly fj(;): [a,b] — R are continuous functions.

We also need

Theorem 1.19 ([71]). Let f: [a,b] C R — Rz be H-fuzzy differentiable.
Let t € [a,b], 0 <r < 1. (Clearly

F@OF = [, (F@) ) SR, denoted by [f] = [£7, 7). (1.4)
Then (f(t))(ir) are differentiable and

=[Ny, (@ (1.5)
The last can be used to find f'.
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Here C™([a,b],Rz), n > 1 denotes the space of n-times fuzzy continu-

ously H-differentiable functions from [a,b] C R into Rx. By Theorem 5.2
of [71] (here Theorem 1.19), for f € C"([a,b],Rx) we obtain

PO = (D, (FanHOT, (+0)

fori=0,1,2,...,n and in particular we have
(FNY = (FD, vr e [0,1). (L.7)

1.3 Chapters description
Here we describe our monograph’s chapters.

In Chapter 2 the concept of H-fuzzy differentiation is discussed thor-
oughly in the univariate and multivariate cases. Basic H-derivatives are
calculated and then important theorems are presented on the topic, such
as, the H-mean value theorem, the univariate and multivariate H-chain
rules, and the interchange of the order of H-fuzzy differentiation. Finally
is given a multivariate H-fuzzy Taylor formula.

In Chapter 3 we produce Fuzzy Taylor formulae with integral remainder
in the univariate and multivariate cases, analogs of the real setting.

In Chapter 4 we present optimal upper bounds for the deviation of a fuzzy
continuous function from its fuzzy average over [a,b] C R, error is measured
in the D-fuzzy metric. The established fuzzy Ostrowski type inequalities are
sharp, in fact attained by simple fuzzy real number valued functions. These
inequalities are given for fuzzy Holder and fuzzy differentiable functions and
these facts are reflected in their right-hand sides.

In Chapter 5 we establish that any 27-periodic fuzzy continuous function
from R to the fuzzy number space Rz, can be uniformly approximated by
some fuzzy trigonometric polynomials.

About Chapter 6: In [31] was proved that any 2z-periodic continuous
fuzzy-number-valued function can be uniformly approximated by sequences
of generalized fuzzy trigonometric polynomials, but without giving any es-
timate for the approximation error. In this chapter, connected to the best
approximation problem we present Jackson-type estimates. For the alge-
braic case we also give a Jackson-type estimate, using the Szabados-type
polynomials. Finally, as an application we study the convergence of fuzzy
Lagrange interpolation polynomials.
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In Chapter 7 we present the basic fuzzy Korovkin theorem via a fuzzy
Shisha—Mond inequality given here. This determines the degree of conver-
gence with rates of a sequence of fuzzy positive linear operators to the fuzzy
unit operator. The surprising fact is that only the real case Korovkin as-
sumptions are enough for the validity of the fuzzy Korovkin theorem, along
with a natural realization condition fulfilled by the sequence of fuzzy posi-
tive linear operators. The last condition is fulfilled by almost all operators
defined via fuzzy summation or fuzzy integration.

In Chapter 8 we present the fuzzy Korovkin trigonometric theorem via
a fuzzy Shisha-Mond trigonometric inequality presented here too. This de-
termines the degree of approximation with rates of a sequence of fuzzy
positive linear operators to the fuzzy unit operator. The astonishing fact is
that only the real case trigonometric assumptions are enough for the valid-
ity of the fuzzy trigonometric Korovkin theorem, along with a very natural
realization condition fulfilled by the sequence of fuzzy positive linear oper-
ators. The latter condition is satisfied by almost all operators defined via
fuzzy summation or fuzzy integration.

In Chapter 9 we present the property of global smoothness preservation
for fuzzy linear operators acting on spaces of fuzzy continuous functions.
Basically we transfer the property of real global smoothness preservation
into the fuzzy setting, via some natural realization condition fulfilled by
almost all example-fuzzy linear operators. The derived inequalities involve
fuzzy moduli of continuity and we give examples.

In Chapter 10 we study the fuzzy positive linear operators acting on
fuzzy continuous functions. We prove the fuzzy Riesz representation the-
orem, the fuzzy Shisha—Mond type inequalities and fuzzy Korovkin type
theorems regarding the fuzzy convergence of fuzzy positive linear opera-
tors to the fuzzy unit in various cases. Special attention is paid to the
study of fuzzy weak convergence of finite positive measures to the unit
Dirac measure. All convergences are with rates and are given via fuzzy in-
equalities involving the fuzzy modulus of continuity of the engaged fuzzy
valued function. The assumptions for the Korovkin theorems are minimal
and of natural realization, fulfilled by almost all example — fuzzy positive
linear operators. The surprising fact is that the real Korovkin test func-
tions assumptions carry over here in the fuzzy setting and they are the only
enough to impose the conclusions of fuzzy Korovkin theorems. We give a
lot of examples and applications to our theory, namely: to fuzzy Bernstein
operators, to fuzzy Shepard operators, to fuzzy Szasz—Mirakjan and fuzzy
Baskakov-type operators and to fuzzy convolution type operators.

We work in general, basically over real normed vector space domains
that are compact and convex or just convex. On the way to prove the main
theorems we establish a lot of other interesting and important side results.
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In Chapter 11 is studied with rates the fuzzy uniform and L,, p > 1,
convergence of a sequence of fuzzy positive linear operators to the fuzzy
unit operator acting on spaces of fuzzy differentiable functions. This is
done quantitatively via fuzzy Korovkin type inequalities involving the fuzzy
modulus of continuity of a fuzzy derivative of the engaged function. From
there we deduce general fuzzy Korovkin type theorems with high rate of
convergence. The surprising fact is that basic real positive linear operator
simple assumptions enforce here the fuzzy convergences. At the end we give
applications. The results are univariate and multivariate. The assumptions
are minimal and natural fulfilled by almost all example—fuzzy positive
linear operators.

About Chapter 12: The basic wavelet type operators Ay, By, Ck, Dk,
k € Z were studied extensively in the real case, e.g., see [9]. Here they are
extended to the fuzzy setting and are defined similarly via a real valued
scaling function. Their pointwise and uniform convergence with rates to the
fuzzy unit operator [ is presented. The produced Jackson type inequalities
involve the fuzzy first modulus of continuity and usually are proved to
be sharp, in fact attained. Furthermore all fuzzy wavelet like operators
Ay, By, Ci, Dy preserve monotonicity in the fuzzy sense. Here we do not
assume any kind of orthogonality condition on the scaling function ¢, and
the operators act on fuzzy valued continuous functions over R.

About Chapter 13: The basic fuzzy wavelet type operators Ay, By, Ck,
Dy, k € Z were first introduced in [14], see also Chapter 12, where they were
studied among others for their pointwise/uniform convergence with rates
to the fuzzy unit operator I. Here we continue this study by estimating the
fuzzy distances between these operators. We give the pointwise convergence
with rates of these distances to zero. The related approximation is of higher
order since we involve these higher order fuzzy derivatives of the engaged
fuzzy continuous function f. The derived Jackson type inequalities involve
the fuzzy (first) modulus of continuity. Some comparison inequalities are
also given so we get better upper bounds to the distances we study. The
defining of these operators scaling function ¢ is of compact support in
[—a,a], a > 0 and is not assumed to be orthogonal.

About Chapter 14: Here we study four sequences of naturally arising
fuzzy integral operators of convolution type that are integral analogs of
known fuzzy wavelet type operators, defined via a scaling function. Their
fuzzy convergence with rates to the fuzzy unit operator is established
through fuzzy inequalities involving the fuzzy modulus of continuity. Also
their high order fuzzy approximation is given similarly by involving the
fuzzy modulus of continuity of the Nth order (N > 1) H-fuzzy derivative
of the engaged fuzzy number valued function. The fuzzy global smoothness
preservation property of these operators is presented too.
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In Chapter 15 we study the rate of convergence to the unit operator
of very specific well described univariate Fuzzy neural network operators
of Cardaliaguet—-Euvrard and “Squashing” types. These Fuzzy operators
arise in a very natural and common way among Fuzzy neural networks.
These rates are given through Jackson type inequalities involving the Fuzzy
modulus of continuity of the engaged Fuzzy valued function or its derivative
in the Fuzzy sense. Also several interesting results in Fuzzy real analysis
are presented to be used in the proofs of the main results.

In Chapter 16 are studied in terms of fuzzy high approximation to the
unit several basic sequences of fuzzy wavelet type operators and fuzzy
neural network operators. These operators are fuzzy analogs of earlier stud-
ied real ones. The produced results generalize earlier real ones into the fuzzy
setting. Here the high order fuzzy pointwise convergence with rates to the
fuzzy unit operator is established through fuzzy inequalities involving the
fuzzy modulus of continuity of the Nth order (N > 1) H-fuzzy derivative of
the engaged fuzzy number valued function. At the end we present a related
L,, result for fuzzy neural network operators.

In Chapter 17 we study the fuzzy random positive linear operators act-
ing on fuzzy random continuous functions. We establish a series of fuzzy
random Shisha—Mond type inequalities of Li-type 1 < ¢ < oo and related
fuzzy random Korovkin type theorems, regarding the fuzzy random g-mean
convergence of fuzzy random positive linear operators to the fuzzy random
unit operator for various cases. All convergences are with rates and are
given using the above fuzzy random inequalities involving the fuzzy ran-
dom modulus of continuity of the engaged fuzzy random function. The
assumptions for the Korovkin theorems are minimal and of natural realiza-
tion, fulfilled by almost all example fuzzy random positive linear operators.
The astonishing fact is that the real Korovkin test functions assumptions
are enough for the conclusions of the fuzzy random Korovkin theory. We
give at the end applications.

In Chapter 18 we study the rate of pointwise convergence in the g-
mean to the Fuzzy-Random unit operator of very precise univariate Fuzzy-
Random neural network operators of Cardaliaguet—Fuvrard and “Squash-
ing” types. These Fuzzy-Random operators arise in a natural and common
way among Fuzzy-Random neural networks. These rates are given through
Probabilistic-Jackson type inequalities involving the Fuzzy-Random modu-
lus of continuity of the engaged Fuzzy-Random function or its Fuzzy deriv-
atives. Also several interesting results in Fuzzy-Random Analysis are given
of independent merit, which are used then in the proofs of the main results
of the chapter.
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The aim of Chapter 19 is to present a fuzzy Korovkin-type approximation
theorem by using a matrix summability method. We also study the rates
of convergence of fuzzy positive linear operators.

The aim of Chapter 20 is to present a fuzzy trigonometric Korovkin-
type approximation theorem by using a matrix summability method. We
also study the rates of convergence of fuzzy positive linear operators in
trigonometric environment.

Finally about Chapter 21: The basic fuzzy wavelet type operators Ay,
By, Ck, Dy, k € Z were studied in [3], [5], for their pointwise and uniform
convergence with rates to the fuzzy unit operator. Also they were studied
in [6], in terms of estimating their fuzzy differences and giving their point-
wise convergence with rates to zero. For prior related and similar study
of convergence to the unit of real analogs of these wavelet type opera-
tors see [1], section II. Here in Section 1 we present the complete study of
finding uniform estimates for the distances between the real Wavelet type
operators Ay, By, Ck, Dy, k € Z. Their differences converge to zero with
rates. This is done via elegant tight Jackson type inequalities involving the
modulus of continuity of the higher order derivative of the engaged real
function. Based on these real analysis results in Section 2 we establish the
corresponding fuzzy results regarding uniform estimates for the fuzzy dif-
ferences between the fuzzy wavelet type operators. These fuzzy differences
converge to zero with rates given via fuzzy Jackson type tight inequalities.
The last inequalities involve the fuzzy modulus of continuity of the higher
order fuzzy derivative of the engaged fuzzy function. The defining all these
operators real scaling function is not assumed to be orthogonal and is of
compact support.
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ABOUT H-FUZZY
DIFFERENTTATION

The concept of H-fuzzy differentiation is discussed thoroughly in the uni-
variate and multivariate cases. Basic H-derivatives are calculated and then
important theorems are presented on the topic, such as, the H-mean value
theorem, the univariate and multivariate H-chain rules, and the interchange
of the order of H-fuzzy differentiation. Finally is given a multivariate H-
fuzzy Taylor formula. This treatment relies in [10].

2.1 Introduction

Fuzziness was first introduced in the celebrated paper [103]. For the notion
of H-fuzzy derivative see [93] and [53]. First we give some background from
Fuzziness, motivation and justification, necessary for the results to follow.
In Propositions 2.5, 2.7, 2.8, 2.10 we calculate basic H-fuzzy derivatives. In
Lemmas 1.13 and 1.14 we give results on fuzzy continuity, and in Propo-
sitions 2.13 and 2.14 we give basic properties of H-fuzzy differentiation.
Then come the main results.

Theorem 2.15 is on H-Fuzzy Mean Value Theorem, Lemmas 2.16, 2.17
and 2.20 are auxiliary on fuzzy convergence and fuzzy continuity, Theorem
2.18 is on univariate H-fuzzy chain rule, and Theorem 2.19 is on multivari-
ate H-fuzzy chain rule.

We conclude with Theorem 2.21 on the interchange of the order of H-
fuzzy differentiation, and the development of a multivariate H-fuzzy Taylor
formula with integral remainder, see Theorem 2.22 and Corollary 2.23.

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 15-50.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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2.2 Background

We need the Fuzzy Taylor formula

Theorem 2.1 ([11], see also Theorem 15.14). Let T := [zg, xo + 5] C R,
with B > 0. We assume that f: T — Rz are H-differentiable for all
1=0,1,...,n—1, for any x € T. (Le., there exist in Rz the H-differences
O+ n) - fO@), fO@) - fO(@—h),i=0,1,...,n—1 for all small
h:0 < h < 3. Furthermore there exist f0+1)(z) € Rz such that the limits
in D-distance exist and

) @O(x) — @ (2 —h
S hhj(r)lJr h hhj8+ h ’

for all i = 0,1,...,n — 1.) Also we assume that ), is fuzzy continuous
onT. Then for s > a; s,a € T we obtain

6 = f@ef@es-ae o Y

(s —a)" 1

(n—1)!

@@f("fl)(a)@ @Rn(a,s),

where

Ru(a,s) = (FR) / (/ (/ f(”)(sn)dsn> dsn_l) ) ds1.

Here R, (a,s) is fuzzy continuous on T as a function of s.

Note. This formula is invalid when s < a, as it is totally based on
Corollary 1.12.

Next C10, 1] stands for the class of all real-valued bounded functions f
on [0, 1] such that f is left continuous for any = € (0, 1] and f has a right
limit for any = € [0, 1), especially f is right continuous at 0. With the norm
£l = sup |f(z)], C[0,1] is a Banach space [50].

xe(0,1

We me[nti]on

Theorem 2.2 (Wu and Ma [50]). For u € Rg, denote j: j(u) :=
(u_,uy), where uy = uy(r) = ug), 0 <r <1. Then j(RF) is a closed
convex cone with vertex 0 in C[0,1] x C[0,1] (here C[0,1] x C[0,1] is a
Banach space with the norm defined by ||(f,9)| := max(||f],lgl)), and
j: Re — C[0,1] x C[0,1] satisfies

(1) for allu,v € Rp, s >0, ¢ >0, j(su+tv) = sj(u) + tj(v),

(2) D(u,v) = [|5(u) — j(v)||, i.e.,  embeds Rx into C[0,1] x C0, 1] iso-
metrically and isomorphically.
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We finally mention the important connections of the H-fuzzy derivative
to the Fréchet derivative.

Lemma 2.3 (Wu and Ma [51]). If f: [a,b] € R — Rz satisfies the
condition H: for any x € la,b|, there exists 8 > 0 such that the H-
differences of f(x+h)— f(z), f(z)— f(x —h) exist for all0 < h < 3, then
the H-differentiability of f(x) implies the differentiability of (j o f)(z) and
(jof) (x) € j(Rz), where the differentiability of (jof)(x) on C[0,1]xC[0, 1]
is in the Fréchet’s sense.

Lemma 2.4 (Wu and Ma [51]). If (jo f)(z) is Fréchet differentiable and
(o f)(z) € j(Rg), then f(x) is H-differentiable, and f'(z) = j~((j o
) (x)). Here f: [a,b] — Rz, j: Rre — (C[0,1])2, and (j o f): [a,b] —
(Clo,1])%.

2.3 Basic Results

We present

Proposition 2.5. Let F(t) :=t"®u,t > 0,n € N, and u € Rx be fixed.
Then (the H-derivative)

F'(t) =nt" ' ©u. (2.1)

In particular when n =1 then F'(t) = u.
Proof. We need to establish that

F'(t) = FL(t) = FL (1),

where

b e EFR)TOU—1"Ou
F+(t) o }LEI(I)I‘*' h

9

and

FL(t) = lim Q0P Ou
h—0t h
the limits are taken with respect to the D-metric.
First we take care of the case ¢ > 0, n > 2. Here h is a small positive
quantity approaching zero. By Lemma 4.1 (iii) of [31] we notice that

t+h)"Cu=t"Cud (Z (Z)t”’“h’“) ou,

k=1

)

where

n S n n—kpk
", Z(k)t R* > 0.
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That is the H-difference

t+h)"Ou—t"Ou= (f: <Z>tn—khk> ®u

exists, and

(t+ h)" @hu —t"Ou _ (2": <Z> t”kh‘“) o

Then we observe that

((t+h)"®u—t”®u
h

- n
lim D { > rkpkt =t
hin& < (k_1 (k> o o

< (by Lemma 2.2 of [31])

& n) n—k k—l) n—1
Z t"Fp —nt
0

Jim, (f: <Z> t”’“h’“1> D(u,6) = 0D(u,5) = 0.

k=2

, "t e u)

lim D(u,0)

h—0t

That is
Flt)y=nt""'ou, t>0, n>2.

Furthermore we notice that

Fl(t) = tim UZDENOu- (- Ou
a h—0t h '

We set 8 :=t — h, which for sufficiently small A > 0 is positive, i.e., > 0.
Thus
h)™ - p"
Pt =t SR Ou-BTOu
h—0+ h

Again we have

B+hr)"Ou=38"0ud <Z <Z)Bnkhk> ou,

k=1

where
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(Z) ﬂn_khk> Ou
k=1
exists, and

(Brh)"Ou-pou_ ( ) <n>ﬁnkhk_1> ©u.
k

That is the H-difference

3

(ﬁ+h)”®u6"®u<

h

Then we observe that

lim D(t Cu-(t=h) Qu,nt"1®u)

h—0t h

. - n n—kypk—1 n—1
=1 D g h t
hi}Ing ( (k—l <k) ﬁ ) o ; u)

n
: n n—kpk—1 n—1 ~
< hllrng Z (k)ﬁ h =" —nt D(u,0)
k=1
— T _ p\n—1 ~ (n _ p\yn—kpk—-1 _ i n—1 ~
- hli)rng n(t—h) +’;2 (k) (t—h)"""h nt D(u,0)
= 0D(u,5) = 0.

Hence F' (t) = nt" ' ®u, t > 0, n > 2. That is,
F'(t)=nt""'Ou, t>0 n>2.

Next we treat separately the case of n =1, ¢t > 0 for the sake of clarity.

Here
lim D((tJrh)GUt@u,u) = lim D(—hiu,u>

h—0+ h h—0+
= lim D(u,u) =0.
h—0*t

Le., F(t) =u,t>0,n = 1. And we see that

Tim D(tQu_(t_h)Qu,u>

h—0*t h
o p (=W AN Ou—(t-hou
_h—>0+ h ’
= lim D (ﬂ—i—h)@u—ﬁ@uu
h—0+ h ’

h
= lim D (ﬂ,u) = lim D(u,u) =0,
h—0+ h h—0+
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where 8 :=t — h > 0, for sufficiently small h > 0. Le., F' (t) = u, t > 0,
n = 1. That is
F'(t)y=u, t>0, n=1.
At last we do the case of ¢ = 0. Here we need to find
h™ ®u

F3(0) = hE%lJr o hli%l+ il ou.

For n =1, we see that

lim D(A" ' ®u,u) = lim D(u,u) = 0.

h—0t h—0t

Thus
F'(0)=F_(0)=u, forn=1.

For n > 2 we see that

lim D(h" ' ®u,6) = D(6,6) = 0.

h—0t
Therefore
F'(0) = F,(0) =06, forn>2.
That is
F'(t) =nt" ' ©u is true for t = 0.
O
Remark2.6. Let a;, t: = 1,..., be a sequence of real numbers all of

(o]
the same sign such that ’Z ai| < +o0. Then
i=1

(ZO"> @ufz (a; Ou), uweRxr, VneN,

=1

by Lemma 4.1 (iii) of [31]. Since

D ((im) @u,i*(ai @u)) =0,

one obtains

nggr_looD <<Z ai> ®u, lZ:::(ai @u)) =0.

That is

(i(h) Z al®u € Rr.
=1 =1
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Next we give

Proposition 2.7. Let F(z) = 2P ®u, x > 0, u € Rz, and p > 0 not an
integer. Then
Fl(z)=pzP ' Ou, p>0, x>0, (2.2)
and
F'(0) =0, forp>1. (2.3)

Proof. When p > 0 and —1 < z < 1 from [98], p. 232 we obtain the
Binomial series, which converges absolutely

(pfl)mz pp—1)---(p—n+1) ,

(142 =1+pz+ 2 +-- 4 R

2! n!
In the last we plug in instead of x, % for h,z > 0 and h < x. Clearly
-1< % < 1 is automatically fulfilled and x + h > 0. That is

h\" h —1) h?
1+ 2 gt e DA
x T 2! 72
1) (p— 1) pn
el Ep n+ )_nJr
n: X
And
—1
(x+h)P = xp+phxp*1+%h2xp*2+~~
1) (p— 1
+p(p )=t ) o

n!

By x+h > z we have (z+h)? > 2P > 0 and (z+h)? —zP > 0. Consequently
it holds
-1
A= pha? '+ p—(p2, T
pp—1)---(p—n+1)

R aP™" 4> 0.
n!

_|_

Therefore
(z+h)POu—a2POu=A0u exists in Rg.

Hence

P P
lim D((m—i—h) Qu—12POu

p—1
o0 )

h—0t

A A
= lim D(EQU,pxplé)u) Shlirg+‘ﬁpxp1

D(u, 0)

p(p_ 1)h$p72 4.
2!

plp—1)---(p—n+1) -1 p-n
n!

pat™! +

J’_..._pxp_l

D(u,0)
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That is,
Fi(z)=@’ou), =p ' Ou, p>0, z>0.

Next we evaluate in D-metric

2P Ou—(r—hPOu

F'(t) = lim

h—0t h
_ P —(p— h)P
—  m ((x—=h)+hPou—(z—hPOu
h—0t h
(B+hpou—pou
= lim ,
h—0t h

where 5 := x — h > 0, for h > 0 small enough. In fact we choose h such
that 2h < z, that is, h <z — h = . L.e., 0 < h < 8. Next we apply the

Binomial series for % Thus
-1
Brny = g phpt ¢ PE D g2y
— 1) (p— 1

n!

Clearly B+h > B and (B+h)? > 7 >0, by p > 0. And (B+h)? — 57 > 0.
Hence
* L p—1 p(p - 1) 2 ap—2 .
A* = php + TR h=p +

plp—1)---(p—n+1)
n!

+ RBP4 > 0.
Therefore
B+h)Pou—PFOu=A"Ou existsin Rg.

Furthermore we have
p _pp
limD((ﬁ+h) Ou—pou

prPtowu
h—0t+ h P © )

A*
= lim D( 3 @u,pxp_1®u>

. p—1 p(p_]-) p—2
hhr& D((pﬁ + T hpP—* +

— 1) (p— 1
=1 (p=n+ )hnlﬂp_”>®u,pw1’1®u>
n.

= D(pzP ' ©u,prP~t O u) = 0.

+

Le., F' (z) = (#? ©u)_ = pzP~t ®u, p > 0, 2 > 0. That is

Fl(z)=@Pou) =peP ' ou, p>0, z>0.
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Finally at x = 0 we get

(o+h)PoOu

FL(0) = Jlim = = lim M"" Ou.
Hence
hliré1+ D(h?~ ' ®u,6) = D(6,6) =0, p> 1.
Le, F'(0) = (z* ©u)| _,=0,p> 1. O
It follows

Proposition 2.8. Let u € Rx be fixed. Then

(e ®u) =e*®u, anyzxeR. (2.4)
Proof. We have
1‘2 1‘3 n
=142+ —~+55++—+, —0c0<x<+o0.
2! 3! n!
Then
h)? h)3 h)™
2! 3! n!
Consequently we get
gth o h+<2mh+h2>+(3x2h+3xh2+h3)
2! 3!
AR
n!

Here € R and x + h > 2. Since € is increasing then e**" > e* > (0 and
erth —e® > 0.Le., A > 0.
Therefore the next H-difference and quotient makes sense in Rz,

et ou—e*ou A

h - R e

B 1 2x + h 322 + 3xzh + h?
N + 2! + 3! +
Z (Z)J?n_khk_l

4 k=1 ~ —|—---}®U=5K®U, K> 0.
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Thus
lim D(K ®u,e*®u) < lim |K —e”|D(u,0)
h—0+ h—0+
x? z" "
= |l4a+ o+t —e.
2! n!

D(u,6) = |e* —e*|D(u,d) = 0.
We prove that (e” ®u)/, =e” © u.

Next we evaluate

T _ ,xz—h
(e ®u)_ = lim ¢ bu-c ®u7 z€R, u€eRg.
h—0+ h

By setting 8 := x — h we get

B+h _ B
(e* ®u)_ = lim ¢ Lu-eou
h—0t h

Again we have B+ h > $ and " > ¢/ > 0, and e/t —ef > 0.
Furthermore it holds

2 2 2 3
SHh _ B — h+<2ﬁh+h)+<3ﬁ h+ 38h -‘r-h)
2! 3!
Z(Z)/Bn_khk
4+ kle 4= AT,

Clearly 0 < A* < 400.
The next make sense in Rz
Bt ou—el ou A*

h = 5 o

26 + h 382 4 368h + h?
- (e () ()

> (o

+ | E=— R Yor
.

=: K*®u, K*>0.
Thus

lim D(K* ®u,e” ®u) < lim |K* —e”|D(u,0)
h—0t h—0+
2 n

— 1+x+x_+...+x_+...fe“" D(u,é):().
2 n!
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We have established
(e® Ou) =e" Ou,
and finally proved (2.4). O
Note. Clearly (e* ®u)®) =e* ®u, £ €N, u € Rg is fixed, = € R.
Next we need

Bernstein’s Theorem 2.9 (see [37], p. 418). Assume that f € C* on
an open interval of the form (a—0,b), where 6 > 0, and suppose that [ and
all its derivatives are non-negative in the half-open interval [a,b). Then,
for every xq in [a,b), we have

() (g
x) = Zofn(!o)(wxo)”, if vo <a <b.
We present

Proposition 2.10. Let u € Rg be fixed, and f € C®°(—e,r), € > 0,
r > 0 and assume that f, f', f”,... >0 on [0,r), with f(0) = 0. Then

(f(x)ou) = f(z)ou, for0<z<r. (2.5)
Clearly
(f@)ouw® =fOD@)ou, foro0<z<r, (ecN. (2.6)

E.g., f(x) =sinhz.
Proof. By Bernstein’s Theorem we have

> f(n)
fay =3 L0

n!
n=0

and

f(n)
flx+h)= Z x—i—h)”, x € [0,7)

n=0

and h > 0 such that © + h € [0,r). Since f is non-decreasing we have
fx+h)> f(x) >0, and f(z+ h) — f(x) > 0. Consequently we see that

> f£(n)

feem - fa@) = 3 IOy
n=0 :
S CON(0) B S N
n=0 k=1

Thus
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Therefore the next makes sense in Rz

fathou-fwou_ =0 ( S <”>h>> o
k

Then

That is,
(fx)ou)y =f(r)ou, 0<z<r

Cal B:=x —h, x>0, >hash— 0". Clearly 5 > 0. Here

n!

% r(n)
i@ =3 g4y,
n=0
and
> £(n)
fae—n=r3=3 W
n=0 :
Also f(x), f(x —h) >0 and f(z) > f(x — h). Thus

©  f(n)
fa) - fa-n = YO
n=0 ’

O ! (2!(0) (g (Z) 6”’%’“) > 0.

((B+h)"=p")

I
hE

n
Furthermore

z)— f(z— > fm " /n
[0 = fe=h) _ 100 (Z<k>ﬂmhk_l>zo.

n=0
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Consequently
. fl@)ou—flz—h)Ou
sy p(fELe= e o,

I
TP—‘
<5

T

N
N
[~
=
33
=
x>
-
Y
N

n) 6"khk_1> Ou, f'(z)® u)

A
5

= |f'(x) — f'(x)|D(u,s) = 0.

(fx)ouw. =f(z)ou, 0<z<r
We have established (2.5). O

Note. One can do other examples of calculation of H-derivatives of
basic fuzzy functions, working as above with power series over appropriate
intervals.

We mention

Lemma 2.11. Let f,g: (a,b) CR — R be fuzzy continuous functions.
Assume that the H-difference function f — g exists on (a,b). Then f — g is
a fuzzy continuous function on (a,b).

Proof. Let z,,,z € (a,b) such that x,, — z, as n — +oo. We observe
that

D(f(xn) -9 xn),f(x) - g(l‘))

= D(f(zn) = g(zn) ® g(zn), g(zn) & f(z) — g(2))
= D(f(zn), 9(xn) © f(z) — g(x))

= D(f(zn) ® 9(x), g9(xn) © f(2) — g(x) © g(x))

= D(f(zn) ® g(x), 9(xn) & f(x))

< D(f(xn), f(x)) + D(g(zn), 9(x)) — 0.

O

Lemma 2.12. Let U be an open subset of R? and let f,g: U — Rz be
fuzzy continuous (jointly) in (x,y) € U. Then D(f(x,y), g(x,y)) is contin-
uous (jointly) in (x,y).

Proof. It is similar to [66], p. 644, Lemma 13.2 (ii). It goes as follows:
Let U 3 z, := (xpn,yn) — 2z := (x,y), as n — +00. We have

D(f(zn),9(2n)) < D(f(2n), f(2)) + D(f(2), 9(2)) + D(9(2), g(2n)),
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and

D(f(2),9(2)) < D(f(2), f(zn)) + D(f(zn), 9(2n)) + D(g(2n), 9(2))-

Passing to the limit as n — +o00, from the continuity of f and g we obtain

lim D(f(zn),9(2n)) = D(f(2),9(2))-

n—-+o0o

We give

Proposition 2.13. Let I be an open interval of R and let f,g: I — Rz
be fuzzy differentiable functions with H-derivatives f’, ¢'. Then (f & g)’
exists and

(fog=fod. (2.7)
Proof. Let h — 0T, then by assumption
a:=f(x+h) = f(z), B:=glx+h)—g(x)eRs
Hence f(x 4+ h) = a® f(z), g(x + h) = 8@ g(x). Thus

(feglet+h) =aafo(fog)(r),

" (fog+h) —(fog)(r)=ad b
Therefore
((f@g)( })L (fDg)(z ),f’(x)EBg/(l“))
- p(ferr@adw)
<D (% e ) ( ) 0, as h— 0"

Next we set
vi=f(x) = flw=h), d:=g(x)—g(z—h).
Clearly 7,5 € Ry. Then f(x) = v & f(z — h), g(x) = § & g(x — h). Hence
(fog)(z)=(y@d)®(fdg)(z—h),

ie.,

(fog(e) - (fog)(z—h) =70
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Therefore
- 0(Xrwedw)
<D (%,f’(m)) +D (%,g'(m)) —0, ash—0T.
That is, proving the claim. (Il

The counterpart of the above follows.

Proposition 2.14. Let I be an open interval of R and let f: — Rz be
H-fuzzy differentiable, ¢ € R. Then

(c® f) existsand (c® f) =cO f'(z). (2.8)
Proof. We see

p (Lot o ia) . o)

cO flx+h)—co fx) , ,
:D( - m®f@>:@)

Here a:= f(z + h) — f(x) € Rg, so that f(x +h) = a® f(x). Then

cOflx+h)=cOad®co f(z).
Le,c® f(x +h)—c® f(x) =c® a. Therefore

(x) = D<C®Ta,c®f’(x)>

= |c|D (%,f’(ax))—>0, as h — 07,
Next let 8:= f(x) — f(x — h) € Rz, so that f(x) =& f(x — h). Hence
cO f(x)=coOBdcO f(z—h),

o cOf(x)—cO f(x—h)=cOp.
Therefore
p(LLDD NN g i)
(S0t g )

=D <C®ﬁ,c®f'(x)> = |c|D <§,f’(x)> —0, ash—07.
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That is establishing the claim. O
Note. Linearity is true in H-fuzzy differentiation, that is
Aofenog) =rofepod,

when A\, u € R and f, g are H-fuzzy differentiable.

2.4 Main Results

We present the “Fuzzy Mean Value Theorem".

Theorem 2.15. Let f: [a,b] — Rx be a fuzzy differentiable function on
[a,b] with H-fuzzy derivative f' which is assumed to be fuzzy continuous.
Then

D(f(d), f(c)) < (d—c) sup D(f'(t),0), (2.9)

t€le,d]

for any ¢, d € [a,b] with d > c.
Proof. By Corollary A of [11] it holds that

50 = f@e R | N

and

d
f(d) = f(a) ® (FR) / £/ (t)dt.

fwe @R [ foni@erEn) [ f’(t)dt>

|
!

d c
(FR) / f(t)dt, (FR) / f’(t)dt>

c d c
(FR) / f(t)dt ® (FR) / f(t)dt, (FR) / f’(t)dt)

Il
!

I
)
N~ N/ N/

d
(FR)/ 1 (t)dt, 5) =: (x).
Clearly k ® 6 =0 for k € R. And

6:6®(d—c):6®/d1dt:(FR)/d(6®1)dt:(FR)/dédt.
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Hence
d d
() =D ((FR) / 7'(t)dt, (FR) / adt>
(by Lemma 1,
/ D(f'(t),0)dt < (d —c) sup D(f'(t),0) < +o0,
te(e,d]
by Lemma 2 of [11]. O
We need

Lemma 2.16. Let u,,v,,u,v € Rr, n € N. Let u,, — u, v, — v,
as n — +oo. Then D(uy,v,) — D(u,v), as n — +oo (i.e., D(u,v) is
continuous in (u,v)). In particular D(u,,v) — D(u,v), as n — +oo. We
write

lim D(un,vn):D< lim w,, lir_ir_l vn> = D(u,v).

n—-+oo n—-+o0o

Lemma 2.17. Let uy,,u € Re; ¢y, c € Ry, such that w, — u and c,, — c,
as n — +oo. Then in D-metric

Up O Cp —u®e, asn— +09,

i.e.,

lim (unG)cn):< lim un> @( lim cn> =u®ec.

n—-+o0o n—-+o0o n—-+oo

Proof. We notice that

D(up ® cpyu®¢) < D(up, © epyti, ©¢) + D(uy ©c,u® c)
(by Lemma 2.2, [31])
< len, — | D(up, 0) + c¢D(uy, )

by L 2.16
(by Lemma 2.16) 1)\ 3) +c0 0.

That is
lim D(u, ®¢p,u®c) =0.

n—-+oo

We present the “Univariate Fuzzy Chain Rule".

Theorem 2.18. Let I be a closed interval in R. Here g: I — ¢ := g(I) C
R is differentiable, and f: { — Rx is H-fuzzy differentiable. Assume that
g is strictly increasing. Then (f o g)'(x) exists and

(fog)(z)=f(9(z) ©g'(x), Vzel (2.10)

Proof. Call u:= g(z). Let Az > 0, such that Az — 0T,
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i) Let Au:= g(z + Az) — g(z). Then Au > 0, and as Az — 0 we get
Ay — 0% by continuity of g. See that g(z + Az) = u + Au. We observe
that

RO (IR COI Ty

()

e e L)

o (20 =)

Az—0+ Au
e e L CIEC)
= D) © ¢/ (@), £ olx)) © 9'(2)) =0,

by Lemmas 2.16 and 2.17. Le.,

(fog)l =flgx)od ().

ii) Let Au := g(x) — g(x — Az). Then Au > 0, and as Az — 0T we get
Au — 0T by continuity of g. Notice that g(x — Az) = u — Au. We observe
that

Jim o (LD L=89) )y )

- o () —Slate— o))

Az—0+ g(z) — g(x — Ax)

o (ML 20) pigw) 0 d o)

— lm D ((f(u) - f(u—Au)>

Az—0+ Au
e e B CIET)
= D( () © (), (9(2) © ¢ (2)) = 0.
by Lemmas 2.16 and 2.17. Le.,
(fog)l = f(9(z)) © ' (2).

At the endpoints of I we take one-sided derivatives. (I

Next follows the multivariate fuzzy chain rule.

Theorem 2.19. Let ¢,: [a,0] CR — ¢,([a,b]) :=; CR, i =1,...,n,
n € N, are strictly increasing and differentiable functions. Denote x; :=
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zi(t) == ¢;(t), t € [a,b], 1 = 1,...,n. Consider U an open subset of R™
such that x7_1I; C U. Consider f: U — Rx a fuzzy continuous function.
Assume that fp,: U — Ryr, i =1,...,n, the H-fuzzy partial derivatives of

, exist and are fuzzy continuous. Call z := z(t) := f(x1,...,%,). Then %
st and ti Call t Then 4
exists and
dz "« dz dx;
== ® =L Vtelab 2.11
dt 21 dr; ~ dt [, ] ( )
where %, %, 1=1,...,n are the H-fuzzy derivatives of f with respect to

t, x;, respectively.

Proof. Let first ¢t € (a,b). Let a general (x1,23,...,2,) € U be fixed
and let Axz; > 0,7 =1,...,n, be small.
1) Call

a1 = f(xy + Az, x0 + Az, ...z, + Axy,)
— f(.1317332 + AQ?Q, RN 1759 —|—Aa:n) € Rr.

That is
fle1+ Az, zo+ Az, ... xn+Axy) = a1 B f(x1, w0+ Axo, ...,z +Axy,).
Call

as = f(xr,20 + Az, ...z, + Axy)
- f($1,$2,$3+A$3,...,.1‘n—|—A$n) € R]:-

That is
f(xl,IQ +ALE2,...,IIT” +A$n) = Q2 @f(LEl,SC27$3 +Al’3,...,l‘n +Ax7l)
Call

ag = f(xy,x9,23 + Axs, ..., x, + Azy)
—f(131,$27x3,l’4+A.'L’4,...,$n+A1‘n)GR}‘.

That is

flx1, 20, x3+Ax3, ..., o+ Axy) = a3®f (21, T2, T3, T4+ ATy, ..., Tp+Axy).

Etc. Call
Up = f(xlvx%"'ymnflvmn +A:L'n) - f(xlax%"'vxn) € Rr.
That is

flz1, 20, p_1, Tp + Axy) =y @ f(a1,29,. .., 2y).
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IL.e., it holds
Rr € f(z1 + Axy, 20 + Az, ..., xp + Axy) — f(21, 20, ..., 2,) = Z ;.
i=1

Since the partial derivatives f,, exist, the above H-differences «;, ¢ =
1,...,n exist in R# for small Az; > 0. In particular we define

Ax; = ¢;(t + At) — ¢, (), At>0, i=1,...n

(i.e.,
o, (t+ At) =z + Axyy, ;= ¢,(t)).

Since ¢,, ¢ = 1,...,n are strictly increasing we have that Az; > 0. So as
At — 0%, then Az; — 07 by continuity of ¢,.
We observe that

. D(fwl(t A, byt AY) = F(i(D), .., b,(1))

At—0+ At ’

Z* fo (1,0 x0) O xé(t))
i—1

(f(:cl—l—Axl,...,xn—i—Amn) — f(z1, ... )
At ’

= lim D

At—0+

S fewn o wa) @z;@))
=1

. Z*?:lai ~
= lim D(T,Z fwi($17"'7xn)®x2(t)

At—0t

< lim D flxy + Azy, 2o + Azy, .y + Awy)
s G At
xr1,T +Ax,,xn+A$n
f(x1, 22 2At )’ frl(zl,...,xn)Gxi(t)>
+ lim D f(xy, 2 + Az, .. + Awy)
At—0+t At

Azs,...,z, + Az,
ACIE I b Z’; I AT )7 fxg(xh...,a:n)@a:é(t))

4 km D f($1,$2,$3 + Axs,..., Ty + Aa:n)
At—0t At

_f($1,$2,$3,.’1}4 + AZC4, ey Ty A.’I}n)

N s Jus (T, ) @xé(t))
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4.4 lim D

35

amn)

(f(xlax%"'axn—laxn +A$n) B f(xlyw%"'

At—0t At

Jo, (21, 1) ® x’n(t)>

— lm D f(fEl+A1‘1,$2+A$2,...,I7L+A.Z‘n)
At—0t Axq

f($1,$2+A.T2,...,J}n+AZ‘n)> Az
- ©
ALIZl

4 lim D flz1, 20 + Axa, ... 2 + Axy,)
At—0t Axo

A;’ fm(wlv s ’xn)

f($1,$27$3+A$3,...,$n+A.’L‘n)> Ax
— ©
AQSQ

+ lim D
At—0t

flx1, 20,3 + Axs,y ...,z + Axy,)
A$3

f(xl,xg,xg,x4+Ax4,...,xn+Amn)> Az
At

3
Al‘g © ) fzg(xla"'a

Atla fw1(m17"'axn) Q:C&(t))

i

Tp) © wé(ﬂ)

At—0+ Az,

Y d lim D((f(ml,xg,...,xn_l,xn+Azn)f(xl,...,mn)>

Az,
© Txtafwn(xlv"wxn) @l‘;l(t)>

(by Corollary A, [11])

b D (FR) f;1+Aw1 Ju, (bywo + Ao, ..o my + Azy)di
im Arl

Ax
© Ttlvfan(zla"'vxn) ®‘T’1(t)>

At—0t

Lol D (((FR) f;22+AI2 fas (261, t,xs + Az, ..., T, + Amn)dt>
1m

A$2

Ax
© thafmz(mla cee 7'7:%) @.’Bé(t))

At—0t Al’g

T (((FR) f;33+Az3 Jus (21, T2, t, 24 + Ay, ... 2y + Axn)dt>
im
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Ax
© T;afmg(l‘la s ,In) ng(t)>

+ + i D<<(FR) f;::;""Axn*l fz",l(:vh...,xn,g,t,xn +A$n)dt>
DR lm

At—0t Amnfl

Az, _
© At l’f’%’n1($17""x‘n)®x;z—1(t)>

+ D(fo, (@1, 20) @ (1), fo, (@1, 20) © 2, (1))

(by Lemmas 2.16 and 2.17)

r1+Az
= zi(t) lim LD ((FR) / for (t, 22 + Az, .,z + Awy,)dE,

At—0+ Ay L

ALEl @fml(xl,~--azn)>

1 To+Axo
+apt) Jim Z=D((FR) [ fualertia + A
T2

coy Ty + Axy)dt, Axo © fo, (21, ... ,xn)>

1 x3+Ax3
+z5(t) Alin(l)+ A—%D (FR) / Jus (w1, w2, t, 4 + Ay,
— T3

,$n+Axn)dt7 Aw3®frg(x1u7xn)> +oe

+o (8 lim ——D (FR)/MﬁMM
n-l At—0t Aa:n_l o

n—1

fmn_l(xl):r% cee axnf%taxn + Amn)dta Al'nfl © fat,,,_l(xla s axn)>

n—1

1 i +Ax;
/ : )
.Tz(t) All—{%+ Ale) (FR)/I fxi(l‘l,zg,...,.fliz_l,

=1 i

;i +Azx;
t, g1 + Azig1, ... 2y + Az )dt, (FR) / fo, (1, ... ,xn)dt>
x

i
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(by Lemma 1 of [11]) n=1 1 zi+Az;
< (t) 1 D(fs. (1,
- ; i Atlfnlw Ax; /x (fus (1

Loy .- ,in_l,t,.’L'H_l =+ A.’EH_l, ey Iy + Al‘n), fh (.’L‘l, e ,l‘n))dt>

n—1
1
< z; su D(fz,(x1,22,...,2i—1,T
; AH0+ Az; (Te[%xﬁmi]( (fo:i (21,22 1
Tig1 + ATig1, ..o Ty + Axy), fo, (21, . .. ,:cn)))> Az;
by Lemma 1 of [11
(by = 1) (for some 7} € [z;,x; + Az;))
Z x;(t AIII’I(I) D(fml(iﬂhl'g, ey (Eifl,’l';-k,.’ﬂﬁ,l =+ A.’bﬁ,l,
; t—
Tyt Axy), fo, (21, ... ,xn))
(as At — 0T, then all Az; — 0% and thus 77 — z;, foralli =1,...,n)
n—1
= Z (0D (fo, (@1, @), for (@1, T0))
i=1
n—1
= > aj(t)-0=0,
i=1

by continuity of f;,, i =1,...,n — 1. Le., we have proved that

IT) Call

By = flz1,22,.. . xn) — f(21,22, .., Tpn1, T — Ay) € R
That is

f(xlvx% v 7xn) - 61 5% f(xlux% ey Tn—1,Tn — Awn)

Call
By = flar,xo, . 1, 2 — Axy)
— flx1,29, .. . Tp—9,Tp_1 — Azp_1, 2, — Ax,) € Re.
That is
flzr, 20, 1,y — Axy) = Bo® f(T1,22,. .., Tpo2,Tn-1 — ALpy_1,

Tp — Azy,).
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Call
ﬂ3 = f($17x2a---7xn727xn71 —Al’n,l,,’En _Axn)
- f(xlvx% ey Ip—3,Tpn—2 — Axnf% Tp—1 — A:L'nflal'n - Axn)
€ Rg.
That is
f(xlvx% sy Ip—2,Tpn—1 — Axnflaxn - Awn)
= 53 2] f(xlvm% sy In—3,Tn—2 — A1'71727%77,71 - Axnfhxn - Axn)
Etc. Call

B, = f(z1, 20— Az, ..., xy—Ax,)—f(x1—Azq, 20— ATs, ..., x,—Ax,) € Rf.
That is
flzr, 20— Axa, ... xy—Axy) = 8,8 f(x1 —Axy,x0 — Ao, ... 2, — Ay).

Le., it holds
Rz > f(xy,xe,...,x,) — f(x1 — Axy, 20 — Ao, ..., 2y — Axy) = Z B,
i=1

Since the partial derivatives f;, exist, the above H-differences 3;, i =

1,...,n exist in Rz for small Az; > 0. In particular we define Az; =
o, (t) — &;(t = At), At > 0,7 = 1,...,n (le., ¢,;(t — At) = z; — Axy,
x; = ¢;(t)). Since ¢;, i = 1,...,n are strictly increasing we have that

Az; > 0. So as At — 0T, then Ax; — 0" by continuity of ¢,.
We observe that

fim D(f(qﬁl(th L 6u(1) — [(6y(E— D), .., 6, (t — AD))

At—0+ At '

i=1

i D<f(:1c1,...,wn)—f(a:1 —Az1,..., T — Axy)

At—0+ At '

Z* le (xl7 cee ,xn) @ ‘T;(t)>
=1
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= lim D( iz i Z*n fai x1,w2,...,xn)®z§(t)>

At—0+
< lim D f($17x27"'7xn)_f(xlaxQM"vmnflaxn_Amn)
T At—0Tt A.Tn ’
fxn (Ila 7xn) © ‘T/n(t)) + A%EI%)JF
D f(mlax%"')xn—lamn*Axn)
At
flz1, 20, 0, X1 — Ay 1,2, — Ay)
B ’ — nAt - - = 7fzn71($17~'~7xn)Qx;Lfl(t) -
f(‘Tlava e T2, Ty — ATy, Ty — A:En)
im D _f(xla T2y yTn—3,TLn—-2 — A:L'ananfl - Axnflaxn - Al’n)
At—0+ At

7fa:n72(x17 s 7'73n) © x%2<t)> +---+ lim

At—0+
D <(f(1:17x2 - AZL‘Q,...,l’n _Axn)>

At
flzxy — Axy, 29 — Axo, ..., 2, — Az,
o ( : — Atz )7fr1(x17"'7xn)®$,1(t)
— ey Ty - A
lim D((f(ml’mz’ 7‘7:”) f(xlax27 s Tn—1yTn .'L'n>
At—0t Az,
Ax, _
@ Ax ,fmn(ml,,xn)QZE,’n(t)> +A11E.I%)+
D f(fl?l,fl'g, 5 Tn—1,Tn — AIL’”) - f(zlax27 ey -2, Tp—1 — Al'n_l,ilﬁ'n — AIL’n
Axnfl
AZEn 1 , .
x n _q(t 1
a1 (@1, @0) © o () +At1i)%+
f($173327 Ty, Ty — ATy, Ty — Axn)
D 7f(:rlax27 e Tp—3,Tp—2 — Axn—Q, Tp—1 — Azn—lyxn — A;L’n)

A337172
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A$n72 7 .
02T ) 0205 (0) + i
D (1,20 — Ay, .y wn — Azy) — f21 — Ay, 09 — Axg, oz — Ay,
AQ?l
Az
DR o 1) 9240

(by Corollary A, [11])

D(fxn(xl, s Tp) O (1), fu (T1, o Tn) O :C;L(t))
FR) [t Joo_ (@1, 2, Ty o, by — Amy)dt
+ lim D<<( )fxnfl_Axnfl 1( )

At—0+ Az, _q
A{E —1 .
® A;,ﬁnxmwuww®wkﬂﬂ>+£fa
b (FR) ffnn__;—Azn_a Jon_o(@1,m0, o 3, b, w1 — Axp_1,m, — Axy)dt
ACCTL72
Az o

O]

?fxn—2(x17"""1:n) Qx/n—2(t)> +---+ lim

At At—0+

D (F'R) f;llfAzl foy (22 — Az, .oy — Awy)dl
Al'l

Ax
® Ttl,fwl(xl,...,mn) @w&(t))

(by Lemmas 2.16, 2.17)

im
At—0+ A,

D ((FR)
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Tp—1
/ fon_(x1,22,. .., Tn_2,t,xn — Azy)dt,
x

n—1—Azp_1

A:C'nfl © fznfl(l'l, . .,Z‘n)>

! .
Tn_o(t) lim
+ 2( )At—>0+ Azn,_o

n—2—AxTp_2

Tp—2
D((FR)/ fx"72(331,.7)2,...,$n_3,
x

X1 — ATp_1,Tn — Axy)dt, Azy_2 ® fo, ,(x1,..., a:n))

() 1
+ +x1( )Atg»I(I)Jr Ay

1—Azy

z1
D ((FR)/ fer(t, w2 — Axa, .. xn — Axy)dt, Az1 O fa, (21, ... ,xn)>

n—1

1 i
- ! li D[ (F / s RPN
0 5 P\, o

i=1 i— Az

t, Tiv1 — A$i+1, ey Tp—1 — Al’n_l, Ty — Al’n))dt,

(FR) /Il Sai (@1, ... ,:vn)dt>

i— Az
(by Lemma 1 of [11]) n=1 1 @
S Zml(t)Algr(l)Jr Az / N D(fxi(x17x27"'7xiflat7
i=1 v zi— Az,

Tit1 — ATig1,. o, a1 — A1, Tn — Axp), fo, (T1,. .. 7:En))dt)

TE[xi —Amj,;)

n—1
. 1
< Z l'i(t) All—{%*' Az, ( sup (D(fwl ($1, T2y ey Tim1, Ty Tit1 — ATig1,

ey 1 — Axy 1, 0 — Axy), fo, (21, .. 7xn)))> Azi
(for some 77 € [z; — Axs, x5])

t) lim D(fzi(iljl,xz, ey Li—1,

(by Lemma 1 of [11]) nil ,
= o (
At—0+

1=1

T Tit1 — ATiq1, .o, Tne1 — AZp_1, T — Azy), fo, (T1, ... ,xn))

(as At — 0T, then all Az; — 0% and thus 7} — z;, foralli=1,...,n)

n—1

= > 2 O)D(fo, (@1, 20), fr (21, 7))
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by continuity of f,,, i =1,...,n — 1. L.e., we have proved that
dz " dz dx;

(E) _gl ar, O

When t = a, or b, then 4 equals (dz) 4o or (%)7, respectively. Clearly

here
t=b ( 7 >

o (d.Tl )
t=a dt +

Etc., the same proof as before. The theorem basically is proved.

dx i
dt

dx i
dt

, and

t=a

t=b

A further explanation follows.
If At — 0%, then all Az; — 0%, i=1,...,n.
We notice that

hm D (FR) f;11+Am1 fT1 (t7 Z2 + Al‘g, ceey Ty + Axﬂ)dt
At—0+ A$1 ’
(FR) [Z7F5 fo (t 2o, 2y )t
A$1

IN

1 z1+Ax
All—{%+A_xl/zl D (fo,(tyxo + Azgy ..oy + Axyy),

Jor (G oy o xy)) dE
(the integrand just above is continuous in t)

. 1 «
= All—r}%ﬁ A_xlD (fu, (t" 20 + Azo, ...z + Axmy,),

Jor 20, ) - Axy (¢ in [21, 21 + Azq])

= Ailtin%ﬁ D (ffh (t*v‘xQ + A:I:Q, ey Tyt Amn)vf:m(t*ax% cee ,l’n))

(ie. Azy — 0, and t* — 2q)

= D(f-ﬁl(xtha'"amn)?fah(xl?zQa"'axn)):Oa
by continuity of f,,, etc.

‘We further see that

r1+Azy
flrr+Axy,mo,. . xn)—f (X1, @2, . .., &y) = / Sy (t, 22, ... my) dt.

L1

That is

A,
[y +Axy, 2o, 2,) — f (21,22, .0 ,2,) fiﬁ oy (w2, Ty dE
Axl A.Tl '
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Also it holds

. flz1 4+ Axy,xe, .. xy) — [ (21,29, .., 2p)
1 D
Atl—%* ( AZL’] af:C1 (331,%2, ,.’L'n)
=0.
Therefore
i D (FR) f;ﬁAzl for (tyxo + Azo, .oz + Axy,)dl
Atl—{%Jr ALL‘l ’
Jor (1,22, ..., 2p))
- m D (FR) f;lﬁ_AM Jor (b2 + Azg, .o 2y + Ay )di
im
~  At—0+ Axy ’

AZL’l
((FR) ST f (8w, )

(FR) me_Azl fu, (t, o, .. ,xn)dt>

4+ lim D
At—0+

A.’L‘l ,fxl(llfl,lfg,...,fﬂn))

= 0.

Therefore we get

(FR) f;11+Aw1 faop (tx2+Azo,. .z +Axy, )dt D f ( ) "
— T1,T2,...,Ty),etc.
Azq us Abo0+ x\ L1, L2, ybn )y
The proof of the theorem now is clear and completed. (I
We need

Lemma 2.20. Let f be a fuzzy continuous function from the open set
UCR" neN, into Rg. Then fj@ are continuous functions from U into
R, for allr € [0,1].

Proof. Let z,,,x € U, m € N, be such that z,, — = as m — +oo. Then
by continuity of f we get D(f(zm), f(x)) — 0, as m — +oo. Hence we
have

D(f(zm), f(z)) = sup max{|(f(zm)" — (f(z)"],

rel0,1]

(F@m)) T = (F2) ]} = 0.

Therefore | (f ()" = (£(2))"] = 0 and [(f(2) = (£(@))] = 0, as
m — o0, for all r € [0, 1]. Consequently (f(wm))(ir) — (f(x))(ir), proving

that £ € C(U,R), for all 0 < r < 1. 0

We present the interchange of the order of H-fuzzy differentiation.
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Theorem 2.21. Let U be an open subset of R™, n € N, and f: U — Rz
be a fuzzy continuous function. Assume that all H-fuzzy partial deriva-
tives of f up to order m € N exist and are fuzzy continuous. Let x =
(x1,...,2n) € U. Then the H-fuzzy mized partial derivative of order k,

le ey f(x) is unchanged when the indices (1, . .., L are permuted. Each
l; is a positive integer < n. Here some or all of ¢;’s can be equal. Also
k=2,...,m and there are n* partials of order k.

Proof. We only need to demonstrate the proof for the case n = k = 2.
The rest is true by induction on k, and similarly true for n > 2. So here

2 2 2 2
z= f(z,y): U CR? - Rzr and %, g,—yé, ai-éfw aiéfx exist and are fuzzy

continuous functions from U into Rx. We make use of Theorem 5.2 from
[71] repeatedly. Here we have

(@) = [(f@y), (flay)], 0<r<1.

By that theorem and the above assumptions 3%( f(z, y))i) exist and

2t = [t 2]

forall0 <r < 1landall (z,y) € U. Furthermore, the same way a%m (f(z, y))(ir)
exist and '

P )] = [ ™, 2 (],
[8y8$ ] [8y8a: Iy

for all 0 <r <1 and all (x,y) € U. Similarly we obtain

0? " 0? o 02 r
)| = | ), 52w

forall 0 <r <1andall (z,y) € U.
Clearly it also holds that

0 N n 0 ()
@) = |5 @]
and
0 [ 0 )
st = [ |
forall 0 <r <1 and all (z,y) € U. By Lemma 2.20 we find that

82 ” 82 , 82 . 82 ,
g @ 55 (@ oo (Fa ), 5o ()Y
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are all continuous for any r € [0, 1]. But by basic real analysis, Theorem
6-20, p. 121 of [37] we have

0 o _ 0 (r)
s e = 5o (),

for any r € [0, 1]. Thus we get

{af—gyf(x,y)y = [%;xf(x,y)y,

for all 0 < r < 1. That is the H-fuzzy partial derivatives are equal,

2 82 f(x,
725 f(@,y) = ZLED for all (z,y) € U. 0

Finally it follows a multivariate Fuzzy Taylor’s formula.

Theorem 2.22. Let U be an open convexr subset of R™, n € N and
f:U — R be a fuzzy continuous function. Assume that all H-fuzzy partial
derivatives of f up to order m € N exist and are fuzzy continuous. Let
z:=(21,-.,2n), o := (To1,...,Zon) € U such that z; > xg;, 1 =1,...,n.
Let 0 <t <1, we define x; :== xo; +t(z; —x0:), 1 =1,2,...,n and g.(t) :=
flzo+t(z —x0)). (Clearly xo+t(z — o) € U.) Then for N =1,...,m we
obtain

n N
g™t = (Z*(zz — T0;) © %) f| (z1,ma, ... ). (2.12)

i=1

Furthermore it holds the following fuzzy multivariate Taylor formula

< g™ (0)
f(2)=f(zo) &)Y Z55— @ Rm(0,1), (2.13)
N=1 ’
where
1 S1 Sm—1
Rimn(0,1) := (FR)/O </0 (/0 ggm)(sm)d5m> dsm_1> ~~>d.91.

(2.14)

Note (Explaining formula (2.12)). When N = n = 2 we have (z; > xo;,
i=1,2)

9:(t) = f(zor + t(z1 — xo1), To2 + t(22 — 202)), 0<t <1

We apply Theorems 2.19 and 2.21 repeatedly, etc. Thus we have

g.(t) = (21 — z01) © 38—51(9017552) @ (22 — xp2) @ g—l{;(wl,xg).
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Furthermore it holds

2
gat) = (1—-201)*@ 8—;6]20(1‘1,962) ®2(21 —zo01) - (22 — To2)
i
an(xlaxZ) 2 82,]0
_— — —= . 2.1
© Huroa, w2 O 923 (@1,22) (2.15)
When n =2 and N = 3 we get
3f
gl't) = (n—z0)’© ﬁ(xhﬂfz) @ 3(z1 — z01) (22 — mo2) (2.16)
1
P f(x1,x2) P f(x1,x2)
© 023022 ®3(21 — ao1) (22 = 02)° 0z1023
3
(&) (22 - 1‘02)3 (9 3 ($1,1‘2)

When n = 3 and N = 2 we obtain (z; > zo;, ¢ = 1,2,3)
an 62f
glt) = (z1-201)’0® 8_a:%($1’x2’x3) @ (22 — 202)> @ 8_1:5(
2 Of
D (23 - ZCOS) 8 (.’El,x27:€3) D 2(,21 — 1‘01>(22 _ xOZ)

a f(x17$2,$3)

Z1, T2, L3)

—— P2 — 3 — X0 2.17
© 921024 @ 2(z2 — zo2)(23 — 03) ( )
32f($1,$2,$3) azf
CIILIB ) 9z — - S .
© D903 ® 2(23 — xo3)(21 — To1) © D021 (21,22, 23)
Etc.
Proof of Theorem 2.22. Let z := (z1,...,2p), o := (Zo1,...,%on) €

U, n € N, such that z; > zg;, 1 =1,2,...,n. We define
€T :¢z(t) ::x01+t(zi_m0i)7 OStSl, Z.:1727"'7’”‘

Thus ddit = z; — xg; > 0. Consider

Z:=g,(t) = f(xo+t(z—x0)) = flzor+t(z1 —x01)s--sTon + t(zn — Ton))

f(¢1(t)a o 7¢n(t))

Since by assumptions f: U — Ry is fuzzy continuous, also f,, exist and
are fuzzy continuous, by Theorem 2.19 (2.11) we get

dZ(x1,...,2n) En:* 0Z(x1,...,xn) _ dx;
dt 61‘L dt

i=1
G
Z f(xlafiﬂ@(zi—%i)-

i=1
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That is,
" Of (1, ..., T
aH=3 0@ s@m) o

ox;
i=1 v

Next we see

d2Z _ " o d n*af(xla"')xn)
W = 9 (t) - % (ZZ or; © (Zz - in)

- i*(zi — Z0i) © - (Miﬁé—xl’))

o N 02 f (w1, @)
= , (zi — x0i) © Z W © (2 — xoj)
i=1 j=1
= i*i* fEl, $n) @(Zi*$0i)'(z'*x0')~
- 8%8961 J J
=1 j=1

That is
Dok ek P (21, T

The last is true by Theorem 2.19 (2.11) under the additional assumptions
2
that fa,; %9%, 1,7 =1,2,...,n exist and are fuzzy continuous.
0w
Working similarly we find

>z L flxy, ... xy)
AR ) Z: ot o) ()
_ Z Z . - )i Pf(xy,... . 20)
B Oz 07 dt 8.2778213,
=1 j=1 .
S B f (21, 0)
= Z Z 3302 *1130]) Z 8.’17]{,—856]8{1}71 @(Zk*.’EOk)
i=1 j=1 k=1
* 8 f Ti1y...,T )
- Z Z Z T Ow0n,00; © (21 = xoi) - (2 — woj) - (21 — Zok)-
=1 j=1 k=1
That is

et = P (1, ..., T
90 =2 giké—xm)@(%—xm>~<zj—x0j>-<zk—m0k>.
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That last is true by Theorem 2.19 (2.11) under the additional assumptions

that
Bf(w1,...,20)
Oz 0x;0x;

do exist and are fuzzy continuous. Etc. In general one obtains that for
N=1,....meN,

" N flay, .
A =33 D b o @J]

’Ll 122 1

ijk=1,...,n

which by Theorem 2.21 is the same as (2.12) for the case z; > xg;, see also
(2.15), (2.16), and (2.17). The last is true by Theorem 2.19 (2.11) under
the assumptions that all H-partial derivatives of f up to order m exist and
they are all fuzzy continuous including f itself.

Next let t5 — t, as m — +00, t, t € [0, 1]. Consider

Ti, 1= Z0i + tm (2 — T0;)

and
HNIZ' = IL'()Z'-Ft(ZZ'—iL'OZ'), 7= 1,27...,71,

That is
Ty = (Qﬁlm,.’lﬁgm,...,.’l}nm) and T = (.’Z’l,...,.’fin) inU.

Then z;; — &, as m — +oo. Clearly using the properties of D-metric and
under the theorem’s assumptions, we obtain that

ggN) (t) is fuzzy continuous for N =0,1,...,m.

Then by Theorem 2.1, from the univariate fuzzy Taylor formula, we obtain

" (m—1)
5 =00 000 5o 0 D ar,01),

where

Ron(0,1) = (FR) /01 (/0 . </0m ggm>(sm)dsm> dsm1> . ~>dsl.

By Lemma 4, [11] and Corollary 13.2, p. 644, [66], the remainder R, (0, 1)
exist in Rx. Le., we get the multivariate fuzzy Taylor formula

" (m—1)
1) = fa 0 00 EP 00 D a R, 0.1),

when z; > xg;, 1 =1,2,...,n.



2.4 Main Results 49

Finally we would like to take care of the case that some zg; = z;. Without
loss of generality we may assume that xg; = z1, and z; > xg;, 1 = 2,...,n.
In this case we define

7 = §Z<t) = f(.’L‘Ql,JZOQ + t(ZQ — 2602), ey Top T+ t(Zn — Jl’on)>

Therefore one has

g, (t) _ Zn* 8f(l‘01,$2,...,$n)

. 2, ® (zi — oi),

i=2
and in general we find

n

_ «  ONf(xor, o, ..., 2y N
i = S LAwm ) T

aa?iNa.’EN,1 s 81:1-2

i2=2,...in=2

for N = 1,...,m € N. Notice that all ggN), N = 0,1,...,m are fuzzy
continuous and

gz(o) = f('r017z027 e ,l'on), gZ(l) = f(xOh 225235y Zn)

Then one can write down a fuzzy Taylor formula, as above, for g,. But
giN)(t) coincides with g,(ZN) (t) formula at z; = 291 = z7. That is both
Taylor formulae in that case coincide.

At last we remark that if z = z¢, then we define Z* := g% (t) := f(xo) =:
¢ € Rz a constant. Since ¢ = ¢+ 0, that is ¢ — ¢ = 0, we obtain the H-fuzzy

derivative (¢)’ = 6. Consequently we have that
gMty=6, N=1,...,m.

The last coincide with the g,(zN) formula, established earlier, if we apply
there z = xg. And, of course, the fuzzy Taylor formula now can be applied
trivially for ¢gZ. Furthermore in that case it coincides with the Taylor for-
mula proved earlier for g,. We have established a multivariate fuzzy Taylor
formula for the case of z; > wg;, i = 1,2,...,n. That is (2.12)—(2.14) are
true. O

At last we give the useful

Corollary 2.23. Let U be an open convex subset of R™, n € N, and
f:U — Rg be a fuzzy continuous function. Assume that all the first H-
fuzzy partial derivatives fy, of f exist and are fuzzy continuous. Let z 1=
(z1,--+,2n), o := (To1,.--,%on) € U such that z; > xo;, © = 1,...,n.
Let 0 < t < 1, we define x; := xo; + t(2z; — x0;), © = 1,2,...,n and
g:(t) == f(zo + t(z — zg)). Then

n

=3 @y nn) g, (2.18)

"
i=1 Oz;



50 2. About H-Fuzzy Differentiation

Furthermore it holds

fz) = flwo) ® (FR) /0 g.(s)ds (2.19)
- f(:co)@z*(zi_xoi)@(FR)/o (9f(:c1(s)é;i.,xn(s))ds.

Proof. By Theorem 2.22, case of m = 1. The second part of (2.19) is
valid by Theorem 2.6 of [53]. Here z;(s) = xo; + s(z; — zoi), s € [0,1],
7::1,...711Withzi21'07;. O

Comment . Theorem 2.22 and Corollary 2.23 are still valid when U is a
compact convex subset of R” such that U C W, where W is an open subset
of R™. Now f: W — Ry and it has all the properties of f as in Theorem
2.22 and Corollary 2.23. Clearly here xg,z € U.



3
ON FUZZY TAYLOR FORMULAE

We present Fuzzy Taylor formulae with integral remainder in the univariate
and multivariate cases, analogs of the real setting. This chapter is based on
[19].

3.1 Main Results

We present the following fuzzy Taylor theorem in one dimension.

Theorem 3.1. Let f € C"([a,b],Rz), n > 1, [, 8] C [a,b] CR. Then

(B—a)!
(n—1)!
B
® (FR) / B-t)"to fM(t)dt. (3.1)

B =fla) & o

1
(n—1)!

2]

The integral remainder is a fuzzy continuous function in 3.

Proof. Let r € [0,1]. We have here [f(8)]" = [f"(8), £”(8)], and by

Theorem 5.2 ([71]) fj(;) is n-times continuously differentiable on [a,b]. By
(1.7) we get

(f () = (F7(@)®, all i=0,1,...,n, (3.2)
and

@) = [ @), (17 (@) ).

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 51-63.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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Thus by Taylor’s theorem we obtain
V) = )+ (@) (6 -a)

— n—1 B
@ e s [0 0

Furthermore by (3.2) we have
£6) = @)+ (@) (6 - a)

— )1 B
o (T @) (ﬁ(n)l)! (nfl)! / (8- 6" (D Wyt

Here it holds S —a >0, 3 —t >0 for t € [a, (], and
FE@) < (FPE)D, vVt e [ab)

alli=0,1,...,n, and any r € [0, 1].

We see that
1@ 10B) = U@+ (@) VB )+ <f<"1><a>>(”%
B
* (n—1 1)!/a (B=0" " (f O @)t £ (@)
+ (@) (B =)+ + (" (@) )%
L ’ n—17 )\ (r
+m/a (B =" () dt|.

To split the above closed interval into a sum of smaller closed intervals is
where we use § — a > 0. So we get

O = 1F70), £76) = 117 (), £7 @] + [(f2 (@), (Fi(a) D)8 — a)

—« n—1
e (@), (I
- ﬁ
tamy | ot Owa e t)”l(f@mt)dt]
= @I+ B-a)+-+ [f<”—1>(a)]r—(5(;f‘)1§!_
1 W _ p\n—1 (n) (r)
+ o |, -t e s

B
/ (8-t ®f‘")(t))(f)dt] -
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By Theorem 3.2 ([67]) we next get

(ﬂ _ a)n—l
(n—1)!

B8
(FR) / (6 -ty @ f (t)dt]

B = @I + (B =a)+ -+ [ ()

r

1

* (n—1)!

Finally we obtain

@ = [ﬂa)@f“””(a)@%
1 B8

® =i © (FR)/a

By Theorem 3.2 of [67] and Lemma 1.5 we get that the remainder of (3.1)
is in Rz, and by Lemma 3 ([11]) is a fuzzy continuous function in 8. The
theorem has been proved. (I

B-t" e fm (t)dty, all 7 € [0, 1].

Next we present another multivariate fuzzy Taylor theorem.

We need the following multivariate fuzzy chain rule. Here the H-fuzzy
partial derivatives are defined according to the Definition 3.3 of [53], see
Section 1 there, and the analogous way to the real case.

Theorem 3.2 ([10]). Let ¢,: [a,b] CR — ¢,;([a,b]) ==L CR,i=1,...,n,
n € N, are strictly increasing and differentiable functions. Denote x; :=
x;(t) == ¢;(t), t € [a,b], i = 1,...,n. Consider U an open subset of R™
such that x7* 1; CU. Consider f: U — Rx a fuzzy continuous function.
Assume that fy,: U — Rg, i =1,...,n, the H-fuzzy partial derivatives of

f, exist and are fuzzy continuous. Call z := z(t) := f(x1,...,x,). Then %
exists and

dz "« dz dx;

— = —, Vt€la,b 3.3

i ;dxith la, 8 (3:3)
where %, jTi’ 1=1,...,n are the H-fuzzy derivatives of f with respect to

t, x;, respectively.
The interchange of the order of H-fuzzy differentiation is needed too.

Theorem 3.3 ([10]). Let U be an open subset of R™, n € N, and f: U —
Rr be a fuzzy continuous function. Assume that all H-fuzzy partial deriv-
atives of f up to order m € N exist and are fuzzy continuous. Let x :=
(x1,...,2n) € U. Then the H-fuzzy mized partial derivative of order k,

Dy, ey f(x) is unchanged when the indices Ly, . .., L are permuted. Each
L; is a positive integer < n. Here some or all of {;’s can be equal. Also
k=2,...,m and there are n* partials of order k.

We present
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Theorem 3.4. Let U be an open convex subset of R, n € N and f: U —
RF be a fuzzy continuous function. Assume that all H-fuzzy partial deriv-
atives of f up to order m € N exist and are fuzzy continuous. Let z :=
(215 -y 2n), o := (o1, ..., Zon) € U such that x; > xg;, i = 1,...,n. Let
0 <t <1, we define x; == xo; + t(z; — 201), © = 1,2,...,n and g,(t) :=
f(zo +t(z —0)). (Clearly xo +t(z —x9) € U.) Then for N =1,...,m we
obtain

n N
g™ (t) = (Z*(Zi_in)®%> fl (1,29, ...,20). (3.4)

i=1

Furthermore it holds the following fuzzy multivariate Taylor formula

A0
f(2) = flzo) @Y Z55— & Rm(0,1), (3:5)
N=1
where
S 1 —s)mt (™) (5)ds
Ro0.1) = oty @ (FR) [ (1= 9" 0 g (s (36)

Comment. (Explaining formula (3.4)). When N = n = 2 we have (z; >
L0y 1= 1, 2)

9:(t) = f(zor + t(z1 — xo1), Toz + t(22 — 202)), 0<t <1

We apply Theorems 3 and 4 of [10] repeatedly, etc. Thus we find

g.(t) = (21 — wo1) © ﬁ(thz) ® (22 — x02) © ﬁ(ﬁ,&?z)

31'1 6372
Furthermore it holds
" s Of
9. (t) = (21 - 5501) ® W(ml,xﬂ &) 2(21 — on1) . (ZQ — 1’02) (3.7)
1
O f (w1, o) ,  O°f
® m D (22 — xoz) ® a—x%(xl,mg).
When n =2 and N = 3 we obtain
" 3 83f 2
g, (t) = (z21—201)°© ﬁ(xlvxZ) @ 3(21 — x01)” (22 — wo2)
1
a3f($1,$2) 2 a?’f(%,xz)
© 0120, ®3(21 = 201)(22 = 202)" - 01073
3  Of
@ (22 — z02)” © 773 (21, 22). (3.8)

3
ox3
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When n =3 and N =2 we get (z; > zg;, ¢ = 1,2,3)

GO = (1= 2 © L (01,00,25) @ (52 — 200)® © Db (01,0, 25)
. 1— To1 922 1,T2,T3 2 — T02 022 1,T2,T3
2
D (23 — 203)* @ 8 5 (71,22, 23) ® 2(21 — 2o1)(22 — To2)
82f(l'1,.’1527.'1,'3)
— = P2 — — 3.9
© — w02, © 2(22 — 02)(23 — To3) (3.9)
82f(5€17962,$3) a2f
AN IR VPN YU _ vy
O] D903 @ 2(z3 — z03)(21 — 201) © 02200, (1,22, 23),
etc.
Proof of Theorem 3.4. Let z := (z1,...,2n), To := (Zo1,...,Zon) € U,

n € N, such that z; > zg;, 1 = 1,2,...,n. We define
T; :¢z(t) ::$0i+t(2i—$oi), 0<t<1; +=1,2,...,n

Thus % = z; — xg; > 0. Consider

7 = gz( ) = f(al‘o + t(Z — 1190)) = f(xm + t(z1 — l‘()l), .o, Ton T t(Zn — Z‘On))
= [(@:(t),.-,0,(1)).

Since by assumptions f: U — Ry is fuzzy continuous, also f,, exist and
are fuzzy continuous, by Theorem 3 (10) of [10] we get

dZ(xy, ..., Tn) zn:* 0Z(x1,...,xy) _ dx;
dt A ox; dt
n
o * af(.%'l,...,.’ljn)
_ ; BT 6 2 — ).

Thus .
gL(t) = Z* Of (@1, xn) o (21 — 03).

: Ox;
=1
Next we observe that

Pz d (= Of (@, @)
az = %(ﬂ—a(Z TQ(Zi—woi)

i=1

S d (O0f(x1,...,xp)
= X o g ()

. ~ 02 f (w1, @)
Z (ZZ-—SL'Oi)@ Z W@(Zj—xoj)

i=1 j=1
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That is
* *82f(a:1x)
") = R St S R (VA ) - (2 — 2o
0 =3 3 PIO ) )y )
The last is true by Theorem 3 (10) of [10] under the additional assumptions

2
that fo,; %, 1,7 =1,2,...,n exist and are fuzzy continuous.
7 i
Working the same way we find

B37Z " d [ =% =% 2f(1,...,2n
— = g'm==1>. > ml—_x)@(zi—wm)'(zj—xo‘i)

e dt = O0x;0x;
n* n* d an(l‘l,..-,Q?n)
- LY (M)
1=1 j*l
" Bf(xy,...,x0)
— ZZ i = 20i) - (25— 20j) | D —5 25 O (2 — won)
— 5 1 31‘]9637]61'1

Z Z Z* 8?;;:3—%35) ® (2 — o) - (25 — Toj) - (2 — Tow)-

=1 j=1 k=1
Therefore,
Srmt Bf (@, 1)
/// 3 n
z:: jzz:l %:: 3xk8$33$z © (2 = @0:) - (25 = T0j) - (2 — Tow).
That last is true by Theorem 3 (10) of [10] under the additional assumptions

that X
O f(x1,...,zn) .
—_— k=1,...
8.’1,‘]@81“76.’1,'% y b ) 1

do exist and are fuzzy continuous. Etc. In general one obtains that for
N=1,...,meN,

o 0N flay,. . @)
(N) Z Z Z axlNa;j; - 8$“ GE Zi. — szr

11 112 1

which by Theorem 4 of [10] is the same as (3.4) for the case z; > xq;, see
also (3.7), (3.8), and (3.9). The last is true by Theorem 3 (10) of [10] under
the assumptions that all H-partial derivatives of f up to order m exist and
they are all fuzzy continuous including f itself.

Next let t,5 — t, as m — +00, t, t € [0, 1]. Consider

Ti, 1= L0i + tm (2 — T0;)
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and
T; ::mol'—i—t(zi—xoi), 1=1,2,...,n.

That is
T = (T1m, T2y -« -5 Tnm) and & = (&q,...,3,) in U.

Then z; — %, as m — +oo. Clearly using the properties of D-metric and
under the theorem’s assumptions, we obtain that

ggN) (t) is fuzzy continuous for N =0,1,...,m.

Then by Theorem 3.1, from the univariate fuzzy Taylor formula (3.1), we
find

7 (m—1)
5 =g0 000 50 0 D ar,0.1)

where R, (0,1) comes from (3.6).
By Theorem 3.2 of [67] and Lemma 1.5 we get that R,,(0,1) € Rz. That
is we get the multivariate fuzzy Taylor formula

”(0) g(mfl)(o)
= (0 9= ( e P R,,(0,1
£ = flao) 00,0 & B & -0 Fo i O R (0.1,
when z; > xg;, 1 = 1,2,...,n.
Finally we would like to take care of the case that some zo; = z;. Without
loss of generality we may assume that xg; = z1, and z; > xg;, 1 = 2,...,n.

In this case we define

Z = gz(t) = f(l’()l,x()g + t(Zz — 1'02), e Ion + t(Zn — .’b()n))

Therefore one has

g/ (t) _ i* 8f($01ax27~-~7$n)

. 9z, ® (zi — oi),

=2
and in general we find
n N

i « 9N Ty, Ty
-y e ) o T ),

8a:iN(9xN_1 s 8331'2 —2

19=2,....in=2

for N = 1,...,m € N. Notice that all g§N>, N = 0,1,...,m are fuzzy
continuous and

gz(O) = f(il?()l,xog, e 7.CL'()n), gz(l) = f(xm, 292,23, ..., Zn)
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Then one can write down a fuzzy Taylor formula, as above, for g,. But
giN)(t) coincides with g,(zN) (t) formula at z; = zp; = z7. That is both
Taylor formulae in that case coincide.

At last we remark that if z = x, then we define Z* := g% (t) := f(zo) =:
¢ € Rz a constant. Since ¢ = ¢+ 0, that is ¢ — ¢ = 6, we obtain the H-fuzzy

derivative (¢)’ = 6. Consequently we have that
gdM™Mity=6, N=1,...,m.

The last coincide with the ggN) formula, established earlier, if we apply
there z = xg. And, of course, the fuzzy Taylor formula now can be applied
trivially for ¢gZ. Furthermore in that case it coincides with the Taylor for-
mula proved earlier for g,. We have established a multivariate fuzzy Taylor
formula for the case of z; > xg;, 4 = 1,2,...,n. That is (3.4)—(3.6) are true.
O

Note. Theorem 3.4 is still valid when U is a compact convex subset of R™
such that U C W, where W is an open subset of R”. Now f: W — Rz
and it has all the properties of f as in Theorem 3.4. Clearly here we take
xo,2z € U.

3.2 Addendum

As related material we give
Theorem 3.5. Let f : [a,b] C R — Rz be fuzzy continuous. Then

G(t) = (FR) [ f(s)ds < R,
any ¢ € [a,b]. Also G(t) is H—differentiable and G'(t) = f(¢), t € [a,b].

Proof. Clearly G(t) is fuzzy continuous in ¢, see Lemma 1.15.
Here

t+h
Git+h) = (FR)/ f(s)ds

¢ t+h
(FR)/ f(s)ds & (FR)/75 f(s)ds

G(t) & (FR) /t T rs)as.

Thus the H— difference

t+h
Gt +h) — G(t) = (FR) / f(s)ds € Ry,



exists. And furthermore we have

Thus

(&

t+h)
h

h

—_G(t)dv (t))

G(t+h) - G(t) _

IN

IN
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t+h
Zo (FR)/ f(s)ds € Ry

t+h
(FR) / f(t)ds)

/ D(f
the integrand just above is continuous in s)

—h sup D (f(s), f(t))

h sE[t,t+h]

D(f(s7),f () =0,

where s* € [t,t + h], and as h — 07 we get s* — ¢, and we assumed that
f is fuzzy continuous.
Similarly we have

and

t—h
Gt —h) = (FR)/ F(s)ds, (h > 0),

t—h t
G(t) = (FR) / f(s)ds @ (FR) /tih F(s)ds

Also it holds

h—0T.




60 3. On Fuzzy Taylor Formulae

Hence we have

b <G(t) — Gt - h)’f(t)> _

D
h

FR) /tthf(S)ds,th(t)>

D

S>= =

(¢
(m) [ st

) | th sioyis)
o

< 5| DU ds
t—h

< %h sup D (f(s), f(t))
sE€[t—h,t]

= D(f(s«),f(t) =0,
where s, € [t — h,t], by f—continuity; as h — 0T, then s, — t.
So that G is fuzzy differentiable and G'(t) = f(¢). O

Comment 3.6. Let f : [a,b] — Rz be fuzzy continuous. Then G1(t;) =
(FR) f;l f(s)ds is H—differentiable and G (t1) = f(¢t1). Here G1(t1) is
fuzzy continuous. Let Ga(t2) := (F'R) f:z G1(t1)dt; € Ry, it is also fuzzy
continuous, and G5 (t2) = G1(t2) = fatz f(s)ds.

Hence (Gh(t2))" = (G1(t2)) = f(t2). Le. GY(ta) = f(t2), etc. That is,
there are non-trivial higher order H—fuzzy derivatives.

We continue with

Theorem 3.7. Let f be fuzzy continuous on R := [a,b] x [¢,d]. Then
xry o
Flay, ) = (FR)/ ((FR)/ f(x,y)dy) de € Ry,
any (x1,x2) € R, and
Do F (z1,22) = f(21,22).

Proof. The function
Glasaz) = (FR) [ ey
is fuzzy continuous in x5, and belongs to Rz for each x € [a, b] . We have
F(z1,22) = (FR) /wl G(z,z2)dx.

We would like to prove that G(z,x2) is fuzzy continuous in x € [a, b] . Here
f(x,y) is fuzzy continuous, and thus uniformly fuzzy continuous on R.
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Let h be such that = + h € [a,b]. Uniform fuzzy continuity implies
Ve > 0,36 > 0 such that, whenever ||(z + h,y) — (z,y)|| < J, where ||| is
anorm in R2, we get D (f (z +h,y), f (2,9)) < e

Notice that

(@ +h,y) = (2, 9)| = [[(h, 0)[| = |[[|(1,0)] .
Thus

D(G(x+ h,z2),G (z,22)) = D((FR)/zz flx+ h,y)dy,

) [ 1 y)dy)

(both integrands just above are fuzzy

continuous in y, hence by Lemma 1.13 we get)

/ D+ hy), S y) dy

< e(zy—c),

IN

proving fuzzy continuity of G (x,22) in x € [a,b].
Clearly then F (x1,x2) € Rz, by Corollary 1.11.

Therefore
OF (x1,x 2
DT — G arma) = (FR) [ Jono)iy
X1 c
by Theorem 3.5.
e OPF (a1.22) _ 96 (w1.22)
L1, L2) L1, 22)
823265(}1 - 8.’172 - f(xla ZQ)a
proving the claim. O

‘We finish with

Theorem 3.8. Let f be fuzzy continuous on R = [a,b] X [¢,d]. Then

M(z1,22) = (FR) / ((FR) / ((FR) / ’ f(a,zs)ds) dy> do € Ry,

any (x1,x2) € R, and
Do 1M (21,22) = f(x1,72) .

Proof. Call .
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Notice ¢ is fuzzy continuous in z and y. Then

M (21,22) = (FR) /;1 ((FR) /jz go(a:,y)dy) dx.

Call
Gz, x2) = (FR)/ o(x,y)dy € R,

notice G is fuzzy continuous in x5 and

M(z1,25) = (FR) /x Gz, 22)dz.

a

We need to prove that ¢(z, y) is (simultaneously) fuzzy continuous in (z, y).
Indeed for letting v,, > y we observe

Yn

D (9l o) ol 3) ——.D(uwa f@msma<FRy/5ﬂxﬁﬁh>

C

_ D((FR) /y Fams)ds @ (FR) [ o, s)ds,

Y

wm[VLM%)
D ((FR) / " Fan, 8)ds, (FR) / ! f(m,s)ds) +
D ((FR) /y " Fon $)ds, 5)

(>0 small)
< €

IN

) ((FR) yy F(wn, $)ds, (FR) /y " 5ds>

(since the integrands just above are fuzzy

continuous in s, by Lemma 1.13 we get)

e+ [ D)0

< e+7(yn—y) — 0,

IN

(here D (f(zy,s),0) < 7,7 >0, as in Lemma 2, [11]), i.e.

D (o(xn, yn)s p(2,y)) — 0,

as (n,Yn) — (z,y), with y, > y.
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Let now y,, <, then

Dplenin) o) = (R [ s sas bR [ fas)as)

- D((FR) y F(@n, 5)ds ® (FR) /y jf(zn,s)ds,
(FR) yy Fn,5)ds & (FR) / ' o, s)ds)

= o(@n) [ fensas
oy fansyise (FR) [ fa,s)as)

IN

D ((FR) / " P, 8)ds, (FR) / ’ f(:c,s)ds) +
D((FR) yf(xn,s)ds,5>

Yn

(e>0 small)
< €+

D((FR) / " Fon, s)ds, (FR) /y ! Eds)

y
e+ [ D(f(nrs),0)ds
< e+7(y—yn) — 0.

IN

So as (zn,yn) — (z,y), with y, <y, we get again

D (¢(zn,yn), p(z,y)) — 0.

Therefore we have proved that ¢(z,y) is (jointly) fuzzy continuous in
(z,y) over R.
Consequently G(z,z2) is fuzzy continuous in € [a,b], i.e. M (x1,22) €

Re.
Thus M ( e )
M (xq, 29 . Ty, T2)
856281’1 o 8:@ o @(xh l‘g),
and

OPM (xq,5) B 0%G (21, 72) ~ 0p(xy, 1)
0x30x, 0z3  Ox

= f (x17$2) .

O

Conclusion. There are higher order nontrivial H—fuzzy partial deriva-
tives.






4

FUZZY OSTROWSKI
INEQUALITIES

We present optimal upper bounds for the deviation of a fuzzy continuous
function from its fuzzy average over [a,b] C R, error is measured in the D-
fuzzy metric. The established fuzzy Ostrowski type inequalities are sharp,
in fact attained by simple fuzzy real number valued functions. These in-
equalities are given for fuzzy Holder and fuzzy differentiable functions and
these facts are reflected in their right-hand sides. This chapter relies on
[13].

4.1 Introduction

Ostrowski inequality (see [92]) has as follows
1 (z— b)2
< (= 2 _ /
— (4 + (b— G)Q (b a)Hf HOO?

where f € C'([a,b]), z € [a,b]. The last inequality is sharp, see [5].

Since 1938 when A. Ostrowski proved his famous inequality, see [92],
many people have been working about and around it, in many different
directions and with a lot of applications in Numerical Analysis and Prob-
ability, etc.

One of the most notable works extending Ostrowski’s inequality is the
work of A.M. Fink, see [64]. The author in [5] continued that tradition.

b
7 | Wi )
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This chapter is mainly motivated by [5], [64], [92], [103] and extends
Ostrowski type inequalities into the fuzzy setting, as fuzziness is a natural
reality genuine feature different than randomness and determinism.

4.2 Background

We use the Fuzzy Taylor formula.

Theorem 4.1 (Theorem 1 of [11]). Let T := [zg, o + 5] C R, with 5 > 0.
We assume that f): T — Ry are H-differentiable for alli = 0,1,...,n—1,
for any x € T. (Le., there exist in Ry the H-differences f(x + h) —
@), fOx) - fO(x—h),i=0,1,...,n—1 for all small h: 0 < h < j.
Furthermore there exist f+V(z) € Rx such that the limits in D-distance
exist and

£+ () = Tim fO@+h) — fO) lim FO(x) — fO(z —h)
h—0+ h h—0+ h

)

for alli = 0,1,...,n — 1.) Also we assume that f), is fuzzy continuous
onT. Then for s > a, s,a € T we obtain

(s —a)?

1) = f@ef@et-as e

PP f(n—l)(a) ®

where

Ru(a,s) = (FR) /a (/a (/an f(")(sn)dsn) dsn1> ) ds,.

Here R, (a,s) is fuzzy continuous on T as a function of s.
We use

Proposition 4.2 (Proposition 1 of [10]). Let F(t) :=t" ®u, t > 0, n € N,
and u € Rx be fivzed. Then (the H-derivative)

F'(t) =nt" ' 0 u.

In particular when n =1 then F'(t) = u.
We mention

Proposition 4.3 (Proposition 6 of [10]). Let I be an open interval of R
and let f: I — Rg be H-fuzzy differentiable, ¢ € R. Then

(cof) emists and (c® f) =cO f'(x).

We use the “Fuzzy Mean Value Theorem".
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Theorem 4.4 (Theorem 1 of [10]). Let f: [a,b] — Rz be a fuzzy differen-
tiable function on [a,b] with H-fuzzy derivative f’ which is assumed to be
fuzzy continuous. Then

D(f(d), f(c)) < (d —¢) sup D(f'(t),0),

tele,d]

for any ¢, d € [a,b] with d > c.
We finally need the “Univariate Fuzzy Chain Rule".

Theorem 4.5 (Theorem 2 of [10]). Let I be a closed interval in R. Here
g: I — ¢ :=g(I) CR is differentiable, and f: ( — Rx is H-fuzzy differ-
entiable. Assume that g is strictly increasing. Then (f o g)'(z) exists and

(fog)(x)=f(g(x)Od (x), Veel

4.3 Results

We present the following

Theorem 4.6. Let f € C([a,b],Rz), the space of fuzzy continuous func-
tions, x € [a,b] be fived. We assume that f fulfills the Holder condition

D(f(y),f(Z))SLf|y—Z|a, 0<C¥§17 vyvze[avb},
for some Ly > 0. Then

1 b (w _ a)a+1 + (b _ m)oz+1
D(b—CL@(FR)/a f(y)dy,f(m))SLf< (a—i—l)(b—a) >
(4.1)

Proof. We have that

D(@ FR/f )dy, f )
:D<® FR/f )y, 7— FR/f dy>
)

(by Lem<ma 1.13)

< [ uw. e

e

< Ls
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([l
Optimality of (4.1) comes next.
Proposition 4.7. Inequality (4.1) is sharp, in fact, attained by f*(y) :=
ly —z|* ®u, 0 < a <1, withu € Rg fized. Here x,y € [a,b].
Proof. Clearly f* € C([a,b],RzF): for letting y,, — v, yn € [a,b], then
D(f*(yn); ")) = D(lyn — 2|* O u, ly — 2|* © u)
(by Lemma 1.2)
< lyn — 2[* = |y — x[*[ D(u,0) — 0, asn — +oo.

Furthermore

D(f*(y), [*(2)) = D(ly — z|* O u, |z — 2" © )
(by Lemma 1.2)
< |y — =" — |z — 2|*| D(u, 0)
<ly ==l = |z = 2[|" D(w,6) < |y — 2|*D(u, 0).
That is, for Ly« := D(u, 6) we get

D(f*(y), f*(2)) < Ly

So that f* is a Holder function.
Finally we have

y—z% 0<a<l, any y,z € [a,b].

b
D (bfa & (FR) / £ (y)dy, f*(x)>
b
D (bla ® (FR)/a (ly—=z|*© u)dy»5>

b
— bla-D<(FR)/a (|y—x|"‘®u)dy,6)

1 b
= D / ly —z|“dy | ®u,o
b—a o

_ a+1 _ a+1
_ 1 D<<(x a)*t + (b—1x) >®u,5)
b—a a+1
L ((z—a)*™ + (b—z)*t! .
b—a a+1 '

Next comes the basic Ostrowski type fuzzy result in

Theorem 4.8 let f € C'([a,b],RF), the space of one time continuously
differentiable functions in the fuzzy sense. Then for x € [a, b),

" (bl o [ (y>dy’f<w>> < ( - D<f'<t>,a>) (= sosy

2(b—a)
(4.2)

t€la,b]

)
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Inequality (4.2) is sharp at x = a, in fact attained by f*(y) == (y —a)(b—
a) ®u, u € Ry being fized.

Proof. We observe that

D <b_1a © (FR) /bf(y)dy,f(x))
D(bi FR/f )y, — FR/f dy)
— bi (FR/f )dy, FR/f dy)

(by Lemma 1.13) b
T bia / D(S), f())dy

(by Theorem 4.4)
— x| (tzupb D(f'(t), )) dy
( sup D(f'(t),0)

<
telad ) <<x—a>2—;<b—x>2>’

b—a
proving (4.2).

By Propositions 4.2, 4.3 and Theorem 4.5 we get that f*'(y) = (b—a)Gu
We have that

1 b
LH.S.(42) = D (ba ® (FR) / (y—a)(b—a)® u)dy,é)

N2 N2

_ p(l=9 @u,a) _ =9 g

2 2
And
_ _ 2
RLS.(42) = sup D((b—a)ou,6) =Y = L= b, 5.
tela,b] 2 2

That is equality in (4.2) is attained. O

We conclude with the following Ostrowski type inequality fuzzy general-
ization in
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Theorem 4.9. Let f € C""Y([a,b],Rx), n € N, the space of (n+ 1) times
continuously differentiable functions on [a,b] in the fuzzy sense. Call

M= Zb D(/9(a), ).

(i 4 1)!

Then

D<® FR/f )dz, f(a ) (4.3)

(n+1) 5 M

[ff(i)(a) =0,i=1,...,n. Then

! ' ‘ (1) < | (B—a)" !
D (b—aG(FR)/a f(m)dx,f(a)) < (tzl[g,)b]D(f + (t)70)> CEDI

(4.4)
Inequalities (4.3) and (4.4) are sharp, in fact attained by

()= b-a)z—a)"" ou, u € Rx being fixed.

Corollary 4.10. Let f € C?%([a,b],Rz). Then

1 b
D(b FR/f Vdz, f(a )) (4.5)

D pis(@),0) + ( sup D(f"(t)’6)> o 1 |

t€la,b]

<

When f'(a) = 0, then

D (@ (FR) / f(z)dz, f(a ) < (f:l{lpﬂD(f”(t),é)) @

Proof of Theorem 4.9. Let x € [a, b], then by Theorem 4.1 we get

where

Ro(a, ) := (FR) /j (/j </j f(")(xn)dxn> d:cn_1> ) diy
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(here we need = > a). We observe that

(@ FR) / f(2)d, f(a )

- D <<FR> / fa)de, (PR) | bf(a)dx>

- =D ( /(Z £ @) o = @R,,(a,x))dm,
o [ f(a)dx>

a)i-‘rl

_ 1 . i (b— ’
S (Z () 6 W FR)/a Ro(a, z)dz,

(FR) / ™ (a) )
Lyt W“D(f%),a)
+D <(FR) / "R (a,2)de. (FR) / "o @ ;L!“)ndxﬂ

: b—a i=1 (i + 1!
b b —a)"
_ M+ﬁD ((FR)/@ Ro(a, )de, (FR)/ e P : dm)

a
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e gtgo(om [([ ([ ([ o)
. ~)d:c1>dm,
o (L[ ([ o) oo

(by Lemma;l.lB, 1.15) M+[/b(/ ( </ac
D (), f(n)(a))dxn>dxn 1) )dx1> ] a

(by The%rem 4.4) . [ (/ (/ < l(xn —a)
(amoueros >> ) )

(sup D(f"*(t),0))

t€(a,b] (b—a)"t?
=M
M b—a (n+2)!
~ (b _ a)nJrl
= M+ | sup D(f**V@),6) | ———
(te[a,b] (/ ®).9) (n+2)!

We have established inequalities (4.3) and (4.4).

Consider g(z) := c(z —a)! ©Ou, x € [a,b], ¢ >0, £ € Zy, u € Ry fixed.
We prove that ¢ is fuzzy continuous. Let z,, € [a,b] such that =, — x as
n — +o00. Then

D(g(wn),9(x)) = D(c(zn —a)' ©u,c(z —a) ©u)
< d(zn —a) = (z —a)|D(u,5) — 0.

Hence by the last argument, Propositions 4.2, 4.3 and Theorem 4.5 we
obtain that f* € C""*([a, b], Rx).
We see that

That is M = 0. Furthermore it holds

f*("'*'l)(m) =0b-a)(n+1)!Ou.
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Finally, we notice that

L.HS.((4.3),(44) = D (b i - O (FR) /ab((b —a)(z—a)" o u)dm,é)
= D (u@ /ab(x - a)”“dz,é) =D (u@ %0)
- (b;i);HD(u,o)

Also we find

RS, ((4.3), (4.4)) = (b—a) (n-+1)D(u, ) 2= )t _ (b a)n+2D(u, 5).

(n+2)! n+ 2

Proving (4.3) and (4.4) sharp, in fact attained inequalities. O






D

A FUZZY TRIGONOMETRIC
APPROXIMATION THEOREM OF
WEIERSTRASS-TYPE

In this chapter we show that any 2mw-periodic fuzzy continuous function
from R to the fuzzy number space Rz, can be uniformly approximated by
some fuzzy trigonometric polynomials. This chapter is based on [31].

5.1 Introduction

A fuzzy valued function f: [a,b] — Rz is said to be continuous at xy €
[a, ], if for each & > 0 there is § > 0 such that D(f(z), f(z0)) < €, whenever
x € [a,b] and |z — x| < 0. We say that f is fuzzy continuous on [a,b] if f
is continuous at each zq € [a, b], and denote the space of all such functions
by Cxla,b].

For f € C#z[0, 1], let us consider the Bernstein-type fuzzy polynomials

BE(f) (@) =Y "f(k/n) Opn(x), neN, zel0,1]  (51)
k=0

where pi,(z) = (7)2z"(1 — 2)""* and Y means addition with respect
to @ in Rg. It is obvious that p,x(z) > 0, Vx € [0,1] and p,o(z),
Pn1(Z), ..., Pnn(x) are linearly independent algebraic polynomials of de-
gree < n.

Concerning these fuzzy polynomials recently was proved the following

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 75-82.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010



76 5. A fuzzy trigonometric approximation theorem of Weierstrass-type

Theorem 5.1 (see [49]). If f € Cx[0,1], then for any € > 0, there exists
ng € N, such that

D(B)(f)(x), f(x)) <e, Vael0,1]. (5.2)

no

Moreover, in [66, p. 642, Theorem 13.13] it is proved the following quanti-
tative estimate

NG

where Wi (f:6) = sup{D(f(2), f(4)): v =yl < 6. z.y € [0.1)} is the
modulus of continuity of f.

DB @) < 5ol (fiz). wmeN veebal 63

It is the main aim of this chapter to present an analogue of Theorem 5.1
in the case of approximation of 27-periodic fuzzy continuous functions, by
some trigonometric fuzzy polynomials.

5.2 Preliminaries

The proof of the main result requires some auxiliary results and concepts.

A function f: R — Rz will be called 2m-periodic if f(z + 27) = f(z),
vV € R.

A generalized fuzzy trigonometric polynomial of degree < n, will be
defined as a finite sum of the form > " T () ® ¢y, where ¢ € Ry and Ty (z)
are trigonometric polynomials of degree < n. Here, from approximation
theory’s point of view, that is to approximate a function by other simpler
functions; the polynomials Ty (z), are not necessarily supposed to be linearly
independent on R.

We need a particular case of the Henstock integral introduced in [52].

Definition 5.2 ([66, p. 644]). Let f: [a,b] — Rz. We say that f is Riemann
integrable to I € Ry, if for any £ > 0, there exists § > 0, such that for any
division P = {[u,v]; &} of [a,b] with the norm A(P) < §, we have

D <Z (v —u) O f(€), 1) <e. (5.4)

P

b
We write I = (R) [ f(z)dz.
We also need the following:

Lemma 5.3. For any a,b € R, a,b > 0, and any u € Rx we have

D(a®u,bou) < |b—al-D(u,o), (5.5)
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where 6 € Ry is defined by 0 = x o} -

Proof. If a = b then the inequality becomes o = o.
Let us suppose 0 < a < b (the case 0 < b < a is similar). We get
(denoting A =a/(b—a) > 0)

Da®u,bou) = D((b—a)@(ﬁ@u),(b—a)@ (ﬁm))

(b—a)- (a @u,%@u)

DAOu, (1 =X Ou)

[D(A®u,u) + D(u, (1 — ) ©®u)
b—a)[DIAOuU®O,AQud (1 —N) Ou)
+DAOud(1-XN)Ou,(1-XN)Oudo)
(b—a)[D(6,(1 —=X) ®u)+ DAGwu,o)

( (1 = X)D(6,u) + AD(6,u)] = (b — a)D(u, o).

IN

(b—a)
(b—a)
(b—a)

—a
]

Remark 5.4. If a,b are not both > 0 then Lemma 5.3 is not in general
valid, because the property (a+ ) Qu=a®udLOu, (o, € R, u € Rg)
is valid only when «,5 > 0, but in general it is not valid for arbitrary
a, B eR.

5.3 Main Result

Let us denote by C(f)( R) ={f: R — Ryg; f is fuzzy continuous and 27-
periodic on R}.

Theorem 5.5. For any e > 0, there exists a generalized fuzzy trigonometric
polynomial T'(z), such that

D(f(z),T(x)) <e, VreR (5.6)
Proof. Let us define the fuzzy Jackson-type operators (see [66, p. 646])

Tulf)(a [K YO [+t [ﬂK7Lu—x>@f<>

where K (t) = Ly (8), o' = [3], Lo(t) = A, " [snf2)" pm g,

According to [66, p. 647, Theorem 13.14], we have

D(Tu(f)(2), f(z)) < Cwi” <f; %) , VneN, VzeR,
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where wgf)(f; §) = sup{D(f(z), f(y)); |x —y| < I, x,y € R} represents the
modulus of continuity of f. Then, for fixed ¢ > 0, there exists ng € N such
that

no

Do () @), () < Cl) (f; 1) <=

Now, divide [—m, 7] into m equal parts and consider the Riemann sum
of the integral J,,(f)(z), i.e.,

Z;(f)(fﬂ) = i:g:lKno <—7T+2:f—x> @f(—ﬂ—ki:k).

Obviously >°° (f)(z) represents a generalized fuzzy trigonometric polyno-
mial of degree < ny.
By [52, Theorem 2.5] we can write

Tu(Dx) = ) [ " Ky — ) © f(u)du

m —m4k2Z
= Z*/ Ky, (u—2)® f(u)du.

=1 —nm+(k—1)27/m
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-y (f T (1) © flu)du
k

w4 (k—1)2c

m

i 2 2
/ Ky, (—w+k—”—x>@f<—w+k—”)>
—7r+(k—1)27—§ m m

< (see [52, Remarks 3.2] or [66, p. 644, Lemma 13.2, (ii)])

mo pemtkIE
>/ D(K o1 —2) © f(u)

h—1 m+(k— l)ﬁ"

Ky, (—W—I—k— —x) of (—W+k2£>)du
m m

2T
< 2l (Ko=) 0 105 2T ).
m
Let uy,ug € [—m, 7], Jup —us| < %r be fixed. We have

D(Kn,(u1 — ) © flur), Kng(uz — ) © f(uz))
< D(Kpy(u1 —2) © fur), Kny(ur — ) © f(uz))
+D(Kny(u1 — ) © f(uz), Kn, (u2 — ) © f(uz))
- Kno (U1 - I)D(f(ul)a f(UQ)) + D(Kno(ul - I) © f(uQ)a
Kno (U'Q - Jj) © f(uQ))
< Ml (£520) 4 D0y 01~ ) © S un) Koy 12— ) (02)
(by Lemma 5.3)

< Myl (f; 2—”) Ko (1 — ) — Ko (2 — 2)] - D(F(uz), )

< Mp,wl® (f, 2n > +wp <Kn0;—27r>
m
~sup{D(f(u),0);u € [0,27]}

2
SMnow )<f7 >+COJ1< TL07_7T>7
m

because by e.g., the proof of Lemma 13.2 in [66, p. 644], we get that F(u) =
D(f(u),0),u € Ris 2r-periodic and continuous on R, that is 0 < F(u) < C,
Vu € R. Now, choose m( € N sufficiently large such that

2 2
ngf) (f 72) + Cwy ( no;%) < g

(this is possible because

2 2
lim w{" <f; —”> = lim w (Kno;—”) =0).
m m

m— 400 m——+oo
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Finally, we obtain

D(3 D@ f@) < D(3 (NE):Tu(HE)
£

+ Dy (@) S (@) < 5 + 5. VaeR,

i.e., the theorem is proved with T'(z) = 377 (f)(x). O

5.4 General Remarks

In this section we present some properties in the space (Rz, D) that can be
useful in the study of approximation of fuzzy valued functions. They can
be summarized by the following:

Lemma 5.6. (i) If we denote 6 = X{o} then o € Rz is neutral element with
respect to &®, i.e.

(e}

uPo=0bu=u, forallué€Rg.

(ii) With respect to 0, none of uw € Rg, u # 0, has opposite in Rg.
(iil) For any a,b € R with a,b >0 or a,b <0, and any u € Rg, we have

(a+bd)Ou=a0udbOu.

For general a,b € R, the above property does not hold.
(iv) For any A € R and any u,v € Ry, we have

A0 (udV)=A0udAOwv.
(v) For any A\, € R and any u € Rz, we have
AO(pou) =\ p)ou.

(vi) If we denote ||u||F = D(u,0), Yu € Rz, then ||| = has the properties
of a usual norm on Rg, i.c., |ullz =0 iff u =06, |X©ullz = |\ - [Jul =,
lu@ vz < llullz+ ol [lluls —llvle] < D(u,v).

Proof. (i) It is immediate by the definitions of 0 and @.
(ii) Let uw € Rz be fixed and let us suppose that there exists v € Ry,
such that u @& v = o.
We get
[u]"+ [v]" = [0]", Vrel0,1],

that is [u” ,u’ ]+ [v" 0" ] = [0,0] = {0}, and finally u” +v" =0, v, +v" =
0, Vr € [0,1]. Because u” < u/_ at least for one r (since u # 6), the previous
relation implies that for r the contradiction v’ <o’ .
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(ili) Let [u]" = [u”,u% ], r € [0,1]. For a,b > 0 we get

(a+b)ou,u] = [(a+du’,(a+b)u]=[au” +bu", au’, + bul}]
= [au”,auf ]+ [bu’bul ] =a-[u]"+b-[u]",
vr € [0,1].

If a,b € R, a,b <0, we get (a+b) <0 and

(a+0b)-[u,ul] = [(a+bul,(a+Ddu]=I[au] +bu,au” +bu]
= [au!,au’ ]+ [bu! ,bu’” | = alu” ,u ] + blu”,u’ ],
vr e [0,1].

If a,b € R are arbitrary, we cannot in general apply the above reasonings.
(iv) For any r € [0, 1] we get by the definitions of ® and &

PO @ov)]” = Auov]" =AMu]" +[]")
= A[ul,uf ]+ 5, 0h]) = Aful + o7, ul 4+ 0L]).

Now, if A > 0, then

Ao (mev)) = [Dul 4+ ", 4+ ]
= [l Ml ]+ Aol ] = Afu]” 4 Af]”.
If A <0, then
PO = AW +vh) AW )]

(A
= [+ A+ AT = [l Al ]+ [l Al
= Au]" + Q]

(v) By definition of ®, for any r € [0, 1] we get
Ao (pouw)]" =Apou]" = Apful".

(vi) The first three properties are immediate consequences of the prop-
erties of D. For the last property, by e.g. [69, p. 21, Exercise 1.2], in any
metric space we have |D(u,w) — D(v,w)| < D(u,v). Taking w = 6 we get
the proof. O

Remark 5.7. The properties (ii) and (iii) in Lemma 5.6 show us that
(Rx, @, ®) is not a linear space over R, and consequently (Rg, || -||#) is not
a normed space. But the properties of D and Lemma 5.6, (iv)—(vi), have as
an effect that the metric properties of a function defined on R with values
in a Banach space could be translated also to fuzzy functions in a similar
manner.

Remark 5.8. The fact that the above Bernstein-type and Jackson-type
(see the proof of Theorem 5.5) generalized fuzzy polynomials are of the
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form > ¢ ® Pr(x) and . ¢ © Ti(x) (respectively), where Py(z) and
k=1 k=1

T (z) are positive polynomials on [0, 1] and R (respectively), is essential in
applying the properties of the metric D. In case Py(x) (or Tg(x)) are not
positive, by Lemma 5.6, (iii), the properties of D cannot be applied.

The concept of fuzzy polynomials can also be defined as in e.g. [66, p.
621, Definition 13.2]

Z*ck ozF, ze [a,b], ¢k € Ry,

and
n

Z*(akcacoskcc—l—bk@sinkx), ap, b €R, k=0,n.
k=0

Unfortunately, because of Lemma 5.6, (iii), we cannot apply the prop-
erties of D in order to obtain approximation results by such polynomials, so
the problem of closure (in the uniform metric D*(f, g) = sup{D(f(x), g(x))})

x

of the set of such polynomials remains open.
Obviously the generalized fuzzy polynomials of Bernstein-type and of
Jackson-type mentioned earlier are not of the latter kind.

Remark 5.9. The property (iv) of Lemma 5.6 is useful to show the linearity
of some approximation operators, like that of Bernstein-type

B(s —i 7(£) ©pna

for example. Indeed, we have

=) "AOpu(@)Of (:) +Y) nOpak(x)©g (i)

k=0

=20 "puk(@)Of <:) +pOY pak(@)©g (:)
k=0

k=0
= A0 B (f)(@) + 1o B (g)(@).
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ON BEST APPROXIMATION AND
JACKSON-TYPE ESTIMATES BY
GENERALIZED FUZZY
POLYNOMIALS

In [31] was proved that any 2m-periodic continuous fuzzy-number-valued
function can be uniformly approximated by sequences of generalized fuzzy
trigonometric polynomials, but without giving any estimates for the ap-
proximation error. In this chapter, connected to the best approximation
problem we present Jackson-type estimates. For the algebraic case we also
give a Jackson-type estimate, using the Szabados-type polynomials. Finally,
as an application we study the convergence of fuzzy Lagrange interpolation
polynomials. This chapter relies on [41].

6.1 Introduction

A function f: R —Rg is called 2r— periodic if f(z + 27) = f(x), Va € R.

A generalized fuzzy trigonometric polynomial of degree < n is defined as
a finite sum of the form T'(z) = Y_}'_ tx(z) ® cx, where ¢ €ERz and ty(z)
are usual trigonometric polynomials of degree < n.

Let us denote CJ_(R) = {f : R =Rx; f is 2r—periodic and continuous
on R}.

In [31], the following Weierstrass-type result is proved.

Theorem 6.1. For any f € C3_(R), there exists a sequence of general-
ized fuzzy trigonometric polynomials (T}, (z))nen such that

lim sup D(T,,(x), f(x)) = 0.

=00 zeR
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Other results concerning approximation and interpolation of fuzzy-number-
valued functions can be found in: [11], [59], [57], [81], [84], [72], [80]. But
the problems of existence of best approximation by fuzzy polynomials and
of convergence of fuzzy Lagrange polynomials, were not discussed much in
the fuzzy mathematical literature.

In Section 6.2 we consider some problems of best approximation by gener-
alized fuzzy trigonometric polynomials (of degree < n) and a Jackson-type
estimate is proved.

Section 6.3 contains the case of best approximation by generalized fuzzy
algebraic polynomials.

In Section 6.4, as an application, we prove the convergence of Lagrange
interpolating polynomials for the class of fuzzy Lipschitz functions of order
> 5.

6.2 Best approximation, trigonometric case
On C{_(R) let us consider the uniform distance

D*(f,g) =sup{D(f(x),g9(z);x € R} =sup{D(f(z), g(x);z € [-m, 7]},

vf,g € CL(R).

For an interval I C R and a subset K C Rr, K # (), let us consider

VEL =T Ty (x) = > te(z) © cx, where all ¢ € K and each ty(z)
is an usual trigonometric polynomial of degree < n with all its coefficients
belonging to I}.

For fixed f € C{ (R), K C Ry and I C R and for each n € N, it is
natural to consider the following problem of best approximation.

Er[z(’l(f) =inf{D"(f,Tn); T, € VnK’I}'

In the study of this problem, it is essential the following

Theorem 6.2. If K C Ry, K # (), is a compact and [ = [A, B] is
compact subinterval of R, then the set VnK T is sequentially compact in the
metric space (C3(R), D*), for all n € N.

Proof. Let us denote by 7,/ = {t;t; is usual trigonometric polynomial
of degree < n, with all coefficients belonging to I} and define ¢ : K" ! x
(T 5 CE(R), by 9(C0r.ms s tr oo bn) () = S0 (1) © .

First let us prove that ¢ is continuous.

Indeed, let another generalized fuzzy trigonometric polynomial of degree
< n, Y p_oSk(z) ® di. By the properties of D in Introduction and by [31,
Lemma 2.2], we get

D (i: ti(z) ® g, i:sk(ﬂ?) ® dk) <

k=0 k=0
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Zuk |Dck,dk+2|tk ) — si(z)] ® D(ex, 0),

k=0

where 0 = X0y € Rr.
Because each () is of the form ag + Y°7_ (e cos jo + 3, sin jx), with
aj, B; € I = [A, B], it immediately follows that
ltr(z)] < (2n + 1) max{|A|,|B|} = M, for all k =0,n and all = € R.
Also, because ¢, € K— compact, Yk = 0,n, we get that K’ = K U {0} is
compact too (in the metric space Rz ), which implies that it is bounded and
therefore there exists a constant M’ > 0 such that D(ck,ﬁ) < M, Ve, € K.
As a conclusion, it follows

D (itk(m) ® cg, isk(x) O] dk) <
k=0

k=0

MZD Ck,dk -‘rM ZHtk _Sk )H

(here ||-|| denotes the usual uniform norm on the set of real valued, 27—
periodic functions, denoted by Ca,).

This last inequality immediately shows that ¢ is continuous, if K"+ x
(7,F)n*1 is endowed with the box metric given by

PlCoy s Cry oy ooy tn),y (doy ooy iy S0y ooy S )] = Iglal{D(ck,dk), Itk — skll}-

=0,n

Now we claim that 7,/ is compact in (Car, |-]|). Indeed, if we consider
It — Oy, defined by

(g, ooy 0ty By oy B ) (T) = a0 + Z[ak cos kx + f3, sin k],
k=0

then it easily follows that 1 is continuous and therefore 7,7 = 1 (I*"*1) is
compact.

As a conclusion, K"*! x (7,])"*+1 is compact which implies that V5! =
O(K™t x (7.))"*+1) is compact, and therefore as a compact subset of a
metric space, VX! is sequentially compact. (I

As an immediate consequence of Theorem 6.2, we get

Corollary 6.3. Let f € C{ (R). If K C Rz, K # () is compact and
I = [A, B] is a compact interval of R, then for each n € N, there exists
T* € VEI guch that EXI(f) = D*(f,T*), i.e. T* is a generalized fuzzy
trigonometric polynomial (of degree < n) of best approximation for f.

Proof. Since K # (), it follows that V57 £ ().

For ¢ = L there exists T,,, € V.1 such that EX'(f) < D*(f,Tn) <
EXI(f)+ L, m = 1,2,.... Since by Theorem 6.2, V,/ is sequentially
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compact, the sequence (T},)n, has a convergent subsequence (T, )i to an
element T* € VX!, Passing above to limit, we get EXI(f) = D*(f,T%),
i.e. T™ is of best approximation, which proves the corollary. ]

Note. If f € C{ (R), then by f([-7,n]) = K compact, it follows that
in Corollary 6.3 we can take K = f([—m,x]) (i.e. depending on f).

In what follows we will derive a Jackson-type estimate for EX!(f) with

K = f([-n,n]).
Theorem 6.4. If f € C{ (R) and [-1,1] C [A, B], then there exists a

constant C' > 0 (independent of f and n) and an index ny € N (independent
of f) such that for K = f([—m,n]) we have

EXASI() < Cof (£.1) . oz
n

where wi (f,8) = sup{D(f(2), f(y); 2,y € R, | —y| < 5}.
Proof. In [66, p.646] was introduced the following fuzzy Jackson operator

BN@ = ®) [ K)o fnde= (8) [ Kalw—2)© fu)dn
where K,,(t) = L,/ (t), n' = [n/2] + 1,
B 3 sin(nt/2)]" i B
L (t) = 2n/[2(n')? + 1] { sin(t/2) } ’ /_Tr L (t)dt =1,

and it was proved [66, p.647, Theorem 13.14] the estimate

D(Ju(f)(@), f(z) < CwT ( £ i) VneN, xR

On the other hand by taking the Riemann sum of J,(f)(z) (on an
equidistant division of [—7, 7]), we get

2m " 2km 2km
T”(x):ﬁzl’”' (—ﬂ'—l— o —x) @f(—ﬂ'—l— o )
k=0

Obviously T),(x) is a generalized fuzzy trigonometric polynomial of degree
< n (since n’ < n) and by [40, Corollary 3|, for all z € [—7, 7] and n € N,
we have

D(J,(f)(@), Tu()) < 2707 <f’ Z/r)

[=m.7]

1 1
< 2m(2m + 1w (f, /) < Ar(2m 4+ Dw (f, )
n n
[—,7]

[_ﬂ-vﬂ]
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(since n' = [n/2] +1 > n/2).
But reasoning exactly as in the usual case (see [30, p.75, Lemma 2.2.1],

we have wi (f,0)_ , < w{ (f,0) < 2w (f,0)_,
As a consequence, we obtain the following Jackson—type estimate

D(T,(z), f(x)) < D(T(), Ju(f)(@)) + D(Jn(f)(2), f(z)) <
< Cw? (f, %) , foralln e N, z € [—7,7].

(Note that above w{ (f,2) can be replaced by w (f, %)[_W . t00).

To finish the proof, we have to calculate the bounds for the coefficients of
the usual trigonometric polynomials L, (—7r + 25—,“ — x) in the expression
of T, (z).

First, it is well known the identity

sin 22\ ? e
(sin?”) =m+22(m—k)coskx.

2 k=1

It follows .
(S:ng) = (m +2 Zmil(m — k) cos k'x) (m +2 ijl(m — k) cos km)
= m2+4m ZZ! (m—k)coskz+4>"" Z ( —i)(m—j) cos(izx) cos(jx) =
= b 0 ) cos ka4 57 S i) (m ) Bcos a(i+
)+ cosa(i — 1))} = o
=m24+4m Y " (m—k)coskx+2> " Zm (m—1)(m—j)cosz(i+
J+2ymt Y 1( —i)(m — J)COW(Z—J)

=m?+4m (m k)coskz+23" "L (m—i)(m—j)cosaz(i+j)+
i+ji<m
23" JFJ; (m—i)(m—j)cosz(i+ ) +2 37} (m—1i)(m—j) cosw(i—j) :=
i+i>m
m? + 51+ Sy + S35+ 54.

By simple calculation we can write

m k—1
= > 2 (m—i)(m — (k - i))eos(k),

k=2 =1

m—2 m—p—1

2 Y (m—(p+i)(m— (m—d)eos((m +p)z),

=1 i=1

S|

m—2 m—1-k

Sy=4(12+2°+ ...+ (m )+ [4 Z (m—1i)(m— (k+1))]cos(kx).
k=1 i=1

By the relations

k—1 k—1

k—1
> (m—i)(m—(k—i)) =Y _[~i®+ik+m(m—k)] < Y _[K>+4m(m—Fk)]/2 <

i=1 i=1 i=1
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(k — D[k + 4m(m — k)]/2 < (m — 1)[m? + 4m(m — 2)]/2,k = 2, ...,m,

1 m—p— 1

P m—p—
Z —(p+1)) Z —i%4i(m—p)] Z (m—p)?/2 <
i=1

=1 i=1

m—

(m—pPm-p—1)/2<(m—-1*m-2)/2,p=1,...,m—2,
m—1—k m—1—k

m—i—k)< i: m—1—k) <
i=1 =1
(m—-1)(m—-1-k?><(m-1(m-2%k=1,...m—2,
12+22 4.+ (m—-1)%=m(m—1)(2m —1)/6,

i 4
it follows that for k € {0, ..., 2m — 2}, the coefficients of cos kz in (51,1. 2 )

are all positive and bounded by an algebraic polynomial of degree 3, %Vith
constant coefficients, independent of f, let us denote it by Hs(m) (in Sy,
obviously all the coefficients of cos(kz) are bounded by 4m(m — 1)).

As a conclusion, it easily follows that in (27 /n') L, (—m + 2% — z) (which
contains terms in coskz and sinkz), all the coefficients are bounded, in
absolute value, by F(n’) = 3Hs(n’)/[(n'?(2(n? +1)], that is an ng € N (in-
dependent of f) can be found (constructively), such that for all n’ > ng we
have F(n') <1 (since F'(n') converges to 0 when n’ converges to infinity).

Therefore, for n > 3nyg, it follows that T, (z) belongs to VnK’[_l’l]. Now,
for [-1,1] C [A,B] it is obvious that Ej’ 4. B](f) < E,If’[_l’l](f), which
proves the theorem. 0

Remark 6.5. From the proof it is easily seen that an interval [A, B]
(independent of f and n) can be constructively determined such that the
Jackson kind estimate in Theorem 6.4 holds for all n = 1,2, ...

6.3 DBest approximation, algebraic case

Let Crla,b] = {f : [a,b] — Rg; f continuous on [a,b]} where [a,b] is a
compact subinterval of R. If we define the concept of generalized fuzzy
algebraic polynomial of degree < n as in [49], i.e. as a finite sum of the
form Y, pr(x) ® cx, where ¢, € Rx and py(z) are algebraic polynomials
of degree < n, we can repeat the reasonings in the above Theorem 6.2 and
Corollary 6.3 simply by replacing [, 7] there by [a, b], C3 (R) by Crla, b]
and the generalized fuzzy trigonometric polynomials by generalized fuzzy
algebraic polynomials. But if we consider probably the simplest generalized
fuzzy algebraic polynomials, given by the fuzzy Bernstein polynomials

n

Bo(f)(x) = Y pui(x) © f(k/n),z € [0,1]

k=0
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where p,, ;(z) = (})2"(1 — 2)" ", we easily see that the coefficients of
2® in pp i(z) are in general unbounded, for k¥ = 1,n — 1 , while however
Ipnk(z)] < 1, Vz € [0,1], n € N, k = 0,n. Therefore, in algebraic case,
would be more natural to consider the problem of best approximation as
follows. For a constant M > 0 and a subset K C Rr, K # 0, let us consider
AEMq b] = {P,; Po(z) =Y 1_opr(z) ® g, where all ¢, € Rz and py ()
are algebraic polynomials of degree < n, satisfying |pr(z)| < M, for all k
and all x € [a,b]}.

For fixed f € Cxla,b], K C Rz, K # 0 and M > 0 and for each n € N,
we can consider the following problem of best approximation

ESM(f) = mf{D*(f, Po); P € A M a, b]},

where D*(f, g) = sup{D(f(x),g(x); x € [a,b]}, for f,g € Cxla,b].
We have:

Theorem 6.6. If K C Rr, K # () is compact and M > 0, then the set
AKM[q p] is sequentially compact in the metric space (Cx|a,b], D*), for
all n € N.

Proof. Let us denote by PM = {p; p usual algebraic polynomials of
degree < n, satisfying |p(x)| < M, for all z € [a,b]} and define  : K"! x
(PMYnH1 — Cxla,b], by ©(Cos-ees Cry POs s Pr) (T) = D pe Pr(T) © .

Reasoning exactly as in the proof of Theorem 6.2, we get that ¢ is con-
tinuous and because PM is compact in C[a, b] (endowed with the uniform
norm ||-||), see e.g. [56, p16 Lemma 1], we get the desired conclusion. O

Consequently, we obtain the following

Corollary 6.7. Let f € Cxla,b]. If K C Rx, K # () is compact and M >
0, then for all n € N, there exists T* € AKXM[q,b] such that EXM(f) =
D*(f,T%), i.e. T* is a generalized fuzzy algebraic polynomial (of degree
< n), of best approximation for f.

Remark 6.8. By [66, p. 642, Theorem 13.13], we immediately obtain

EX(f) < Cwl (f, VneN, feCH. 1), K = £((0.1]).

=)
v/ o

In what follows we deduce Jackson-type estimate for EXM (f) by using
some fuzzy analogous of Szabados-type polynomials (see e.g.[101]). For this
aim we need the following lemmas.

Lemma 6.9. Let [ : [—i, %] — Rz, be continuous and

n

Rn(f,l') = Z rn,k(l') Gf(xk)v

k=—n
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with 7, x(z) = % and z, = ﬁ, k = —n, n. Then the following

D*(f, Ry) < 5] (f%){ .

Proof. We follow the proof of Lemma 1 in [101] for » = 0 and s = 4.
Thus, for fixed x, let ¢ be an index such that

estimate holds true:

— x| = — < 6.1
o= @il = min |z — 2] < oo (6.1)

Then evidently

li — k|
&n

i —k
<o —ag| < lZQn |, for i # k. (6.2)

Denote I = [—1,1]. Since ry, () > 0, Vk = =n;n and Y rni(z) =
1, by the properties of D we have:

D(f(z), Ru(f,2)) = D (( > Tn,k(w)> O f(x), Y rax(z)® f(xk)>

k=—n k——n
< Y k(@) @ D(f(@), flan) £ Y ragl@w] (f |z — zl),
k=—n e
- (fﬁ—$¢)4 Z W < (@=wi) Z |z —2k|” 4w1 (fs ]z —xkl);
k=—n =
- 4
<of (Fle—aif); + )" ) of (f, : k|) (Iignkl)
ok !
<|re Spw|of (51) snr(n1)
k=—n n/r n),;
ki

O

Remark 6.10. The result in the above Lemma 6.9 can be seen as a
Jackson-type estimate for the error of the approximation by fuzzy general-
ized rational functions.

For the next results we need an embedding theorem.

Theorem 6.11. (see e.g. [52]) Let C[0, 1] be the class of all real valued
bounded functions f on [0, 1], such that f is left continuous on (0, 1] and f
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has right limit for « € [0, 1), especially f is right continuous at 0. With the

norm || || = sup,eoq7 £ ()], ([0, 1] is a Banach space. For u € Rz, define
i Re — C[0,1], j(u) = (u_,uy), where u_(r) = u” and uy(r) = u';.
Then j(R) is a closed convex cone in the Banach space C[0,1] x C[0, 1]
and:

() j(sQudteov) =s-j(u)+t-j(v), Vu,v € Rr and s,t € Ry (here ”+”
and ”-”denote the addition and scalar multiplication in C0, 1] x C[0, 1]).

(ii) D(u,v) = [|j(u) —7(v)|, Yu,v € Rx. i.e. j embeds Rz in C[0, 1] x
([0, 1] isometrically and isomorphically (||-| being the usual product norm
in C[0,1] x C[0,1]).

The following lemmas give some approximation properties in Banach
spaces.

Lemma 6.12. Let (B,||-||) be a Banach space and g : [-1,1] — B
continuous. Let R, (g,2) = > p__, Tnk(z) - g(xx), with 7, as in Lemma
6.9. Then

1
IR0, < 900ma (9.%)

(4.4
where R/, (g, x) is the Fréchet derivative of R,,(g,x) in B and w® (g, 5)[

sup {[lg() —g()lls =,y € [-3, 3], |z —yl < d}.
Proof. The proof is the same as that of [101, Lemma 2], written in the

case of functions with values in a Banach space.
Thus by (6.1) and (6.2) we get

=43 g — ) Y (e — )T .

(Sh @ —2) )
43 g9y (@ — o)t 300 (2 — )70
(S =) )

l} =
4

Bl

172, (g, @)l =

+

k=—n j=—n
J#k
-3, B 1
- (8n) 3Wl (97 5)[*i7i]
- 2n
- 8n )5 5 - sn\° 9 "L |5 — k|
="+ |k —il"+
> (575 2 = 2 i
j#i k#i G#i
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1
§32nw]B<g,> j—i| 2+ k—i| 2 [1+4 j—il™3
ORI D SIS b SIS D oIS

11
44 j=—n k=—n j=—n

J#i k#i J#i

O

Lemma 6.13. Let (B,|||) be a Banach space and f : [-1,3] — B

2
continuous. Let P,(z) = ¢, (w) where ¢,, is chosen such that

22 —sin?
f P, (z)dr =1 and let

Kalfa) = [ 100) = FOIPu(e = )t + 10

_1
2

be the Bojanic-DeVore operator, where the integral is considered to be the
usual Riemann integral for functions g : [ 5 2] — B. Then

1

I = Kollo(-s.410) < Cu? (1.
42

Proof. The proof is the same as the proof of [56, p. 275-276, Proposition
3.4] but for functions with values in a Banach space. Indeed, firstly P, (x)
is an even algebraic polynomial of degree 4n — 4, therefore K, (f,z) is a
generalized (algebraic) polynomial of degree 4n — 4, with coefficients in
the Banach space B. Let us denote I = [-1,1], I’ = [—i,ﬂ and for
fixedw € I', I, = [-4 + z,1 — 2] . If we denote g(z) = f(z) — f(0) and

L,(g,z) = fél g(t) P, (t—x)dt, then by [56, p.276, relation (3.10)], it follows

If = Knl(f )Hc(l’ B) — =llg— Kn(g)”c(p,]g)a (6.3)
where C(I',B) = {f : I' — B; f continuous on I’}. Then for fixed z € I,
as in [56, p.276] we get

Lo(g,2) — glz) = / oz +u) — g(@)|Pa()du — g(z) [ Pu(u)du

P NI,

[N

where Hg(x) I, Pn(u)duHC(I/ B> Coll9llo ) -2 and

’ / [9(x +u) — g(2)]Pn(u)du < ClwaB (97 1) = C’lw]lB (f, 1) )
I (I ,B) n/p nj)p

1
4
1 1 1
I = Kl leqrmy < Ca [ (£.%) vt (1 4)1/ | <ot (1, n) |

I’
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taking into account that w? (f, }1)1, <W¥(f, 1), =¥ (f,n~ %)1, <
< nw (f, %)1, <n2Wf (f, %)1/ . The lemma is proved. O

Now let us consider h : [—i, ;ﬂ — B and

) A3,y <es )
Ry(h,z) =< Ry(h,z), if —31<a<i
h(1),ifi<a<i

For f € Cr [—i 1], let Ky, (Ry(j o f),z) be the Bojanic-DeVore operator
associated to R, (j o f), where j is the embedding in Theorem 6.1, i.e.

KB ),0) = [ Rl PE) = Rl o HONPe — a)at+
R, (7 © £)(0).
Then we have

1
2

Kn(ﬁn(jof),x)Z(jof) (0) [1_/_ Pn(t_x)dt‘|

1
2

rion(-3) [ ; Pt — )t

P,(t — x)dt
+Z (50 f) (L’k/ CEFAL SN

k=—n =—n

woen (3 [ i

Tt is easy to see that all the terms in z associated to (jo f)(xy) are positive
and therefore we obtain the form

n

Ku(Ru(jo f)ia) =Y (G o f)(@)par()

k=—n

with p,x(z) >0 for all x € [_Z i]
With the help of p, x(x) given as above, we deﬁne the Szabados-type

fuzzy generalized polynomial associated to f : [ I 4] — Rz, by

Z Prk(T) © f (zk) -

k=—n

The following theorem gives Jackson-type estimate for the error of ap-
proximation by Szabados-type polynomials.
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Theorem 6.14. Let f: [—i, i] — R£ be continuous and
Z k() © f (x1)
k=—n

defined as above. Then

D (r.8) <0t (1.3)

[-4.4]

Proof. Since all p,, ;(z) > 0, we have

> (o H)@n)pns(x) (ank @ka)>.

k=—n k=—n

But j is an isometry, so we have:

D(f(z),S(x)) = ( Z Pnk(z) © f( CEk))

k=—n

(Gof)) =3 ( > pai(@) ®f($k)> H

k=—n

n

Gof)@) = > (o f@e)pni(@)

k=—n

where ||-|| is the norm in B C[O 1] x C[0,1].
We observe that the last sum is K,, (R, (j o f),z). Also we have:

|G o @) = Kn(Ru(jo f),2)|| <G o f)(@) = Ru(jo fra)ll+

+||Bul o f.2) = Kn(Bn(j o f), ) -

Since the coefficients r,, () of R, in Lemma 6.9 are all positive, we have

Rn(jofax): Z rn,k( )(]Of :I:k _](Z pnk @ka)>

k=—n k=—n

and taking into account that j is an isometry, we obtain for all z € [ 1 %]

D(f(x),S(x)) < D(f(x), Ru(f,2)) + ||Bn(j o f,2) = Kn(Ru(j o f), )
= D(f(2), Ra(f,2)) + || Ru(j o f,2) = Kn(Ru(j )

(this last inequality is obvious by the definition of R,,).



6.3 Best approximation, algebraic case 95

By Lemma 6.9 and Lemma 6.13 we obtain

n

by sy < (1) ot (Reng)

It is easy to see that w} (En(jOf), %)[—ié] =P (Rn(jOf), %)[_1 -

4
By Lagrange theorem for functions with values in Banach spaces we obtain

[Rn(Gofry) = Bu(jofix)| < sup [IRL(G o f,)lloq p - 1y — 2l

§€[z,y]

with I’ = [~1, 1] and for |y — 2| < 1, taking into account Lemma 6.12 we
obtain

_ 1 1 1 1
w?(RnUkyﬂ,—> gsm0n-w?(jof,ﬁ> -;;=5m0w?<jof,ﬁ) .
I’ I’ I’

n

It is easy to check that w} (j o f, %)I, =wi (f, %)1/ and we finally obtain

1 1 1
D(f(e), S(a)) <50 (£.2) +Cooonet (1.7) —cuf (£.2)
njp n)p n/p
which completes the proof. O

As an immediate consequence we obtain the following Jackson-type es-
timate for the error in approximation by generalized fuzzy algebraic poly-
nomials.

Corollary 6.15. For the best approximation by algebraic polynomials
we have

1 11 11
K1 < o, F 2+ 2 _ 2 2)
E}" < Cuwy (f,n>[—1,i]’ VnGN,fGCf[ 4,4], K f<[ 4,4])

where C' > 0 is an absolute constant independent of n and f.
Proof. Since the polynomial P,(t—=z) > 0, Vt,z € [-1,1] and f_ll P,(t—
x)dt = 1, we have

— /:Z Pot — z)dt + /’ Pn(tn— z)dt

-1 (t - wfn)zl Zj:—n(t - mj)74 B

T

=

e

< / Pn(t—.r)dt < 1.

[N

Also

PN

‘pn,n(x” = AQ Pn(t - x)dt + ‘/_‘11 (t . xn)fnz(:tn_ x)(cit_ -Tj)_4 B L.

j=-n
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and
3 T P,(t — x)dt
o) =1 | nlt _ <
" — (t7x0)4 Zj:—n(tixj) 4

§1_/ &@—mﬁ+/ Pult — 2)dt < 1.

&U—@ﬁ+/

W= o)
= M—A

[N
NS

For k ¢ {—n,0,n} we have

1

T P, (t — ) /
Pn,k\T)| = oy S P,Lt—.%‘dt<1
(@) /i@mﬂzrwt% =</,

and the proof is complete. ([

Remark 6.16. We can obtain the above results in any interval [a, ] in-
stead of [71 i by mapping this interval in [a, b] through a linear function
which maps —7 to a and % to b.

6.4 Application to fuzzy interpolation

In this section we prove the convergence of fuzzy Lagrange polynomials for
some classes of fuzzy functions.

The fuzzy Lagrange polynomial is defined in [84], [72] as follows (see also
(66, p.651)) L (w) = 31y Li(w) © f(xs), where I; (w) = {imteferttotol,
are the usual fundamental Lagrange interpolation polynomials and the sign
” /” means that the it® operand is missing.

Theorem 6.17. Let f : [-1,1] — Rz be a Lipschitz mapping of order
o > 1(i. e. there exists L such that D(f(z), f(y)) < L]z —y|® for all
x,y € [—1,1]. Let (1), n € N be a normal matrix of nodes and L,,(x)

the fuzzy Lagrange polynomial which interpolates f on {xn0,...,Znn}
Then

i=1,n"

lim L,(z) = f(z), Yoz € [-1,1].

The convergence is uniform in any interval [-1+ h,1 —h], 0 < h < 1.

Proof. By Corollary 6.15 if we take M = max {1, \/%} , Yh > 0, then
EEM(f) < Cwi (f, %)[7171] , where K = f([—1,1]) and also the best ap-
proximation polynomial in A% (denoted 7,,) exists. By [43, Lemma 8.3.2,
p. 351] for a normal matrix of nodes we have |l;(z)| < Y1 |li(z)| < \/;
forz € [-1+h,1—h] and so L,, € AZM_ Then D*(L,,, f) < D*(Ly, )+
D*(7,,, f). By Corollary 6.15 we obtain D*(m,, f) < Cw{ (f7 %)[_171} .

Let L, (m,) be the fuzzy Lagrange polynomial associated to ,, at
{Zn.0,...;Tnn}. We prove that L, (m,) = m,. We observe that 7, (z, ;) =
St o li(@) O (2n,) since li(xy ;) = 6;,; (Kronecker symbol §; ;).
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So Ly (7)) (%n,;) = Tn(xn,;), j = 0,n. Since the Lagrange polynomial is
unique (see [66, p.650]), we get L, ( n) = Tp. Then using the properties of
the metric D we obtain:

D (Lu(x), 7 (Z li(z) ® £ ( xm>,zzz—<x>@w<xn,i>> <

i=0 =0

n

< ZD(lz(x) © f (xn,i) y i( ) Oy xn z Z xn,i) , T (xn,z))

=0 i=0

Using again Corollary 6.15 we obtain

1
D(Lo(a Zu ) owt (f,g)[ .
1,1

By [43, Lemma 8.3.2, p. 351], for a normal matrix of nodes we have

- (b—a)n
;|li(m)| < ‘/T’ for z € [a + h,b— h).
D*(Ly, f) < Cw? (f, %)[1 ; (1 + \/%\/ﬁ> .

Since f is of Lipschitz-type, we have w; (f, n)[ 11] < Lnia, o> % Then

Then

1 2 1
D*(L,,f) <CL— + CL\/j—l,
ne hno‘fé

which completes the proof. O






7

BASIC FUZZY KOROVKIN
THEORY

We present the basic fuzzy Korovkin theorem via a fuzzy Shisha—
Mond inequality given here. This determines the degree of con-
vergence with rates of a sequence of fuzzy positive linear opera-
tors to the fuzzy unit operator. The surprising fact is that only
the real case Korovkin assumptions are enough for the validity
of the fuzzy Korovkin theorem, along with a natural realization
condition fulfilled by the sequence of fuzzy positive linear op-
erators. The last condition is fulfilled by almost all operators
defined via fuzzy summation or fuzzy integration. This chapter
relies on [18].

7.1 Basics

Motivation for this chapter are the references [4], [60], [57], [66], [78], [96],
[102]. References [60], [102] are the first articles dealing with the fuzzy
Korovkin issue and only one reference [102] provides a fuzzy Shisha—Mond
inequality but to a very different and specialized direction for fuzzy random
variables. Of course pre-existed some Korovkin type set valued literature
not related at all to this chapter. The results of Theorems 7.7 and 7.8 are
simple, basic and very general, directly transferring the real case of the
convergence with rates of positive linear operators to the unit, to the fuzzy
one. The same real assumptions are kept here in the fuzzy setting, and they
are the only assumptions we make along with the very natural and general

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 99-104.
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realization condition (7.5). Condition (7.5) is fulfilled by almost all example
— fuzzy positive operators, that is, by most fuzzy summation and fuzzy
integration operators. At each step of the chapter we provide an example
to justify our method.

We use the following

Definition 7.1. Let f: [a,b] — Rz be a fuzzy real number valued func-
tion. We define the (first) fuzzy modulus of continuity of f by

W (1,6) = swp D(f(@). f(v))
glci’y*ylaéé

any 0 < <b—a.

Definition 7.2. Let f: [a,b] C R — Rz. We say that f is fuzzy continuous
at xo € [a, b] iff whenever x,, — xo, then D(f(x,), f(xo)) — 0, as n — oo,
n € N. We call f fuzzy continuous iff it is fuzzy continuous Vx € [a, b] and
we denote the space of fuzzy continuous functions by C'z([a, b]).

Denote [f]" = [f@, fJ(:)] and we mean

(@) = [f (@), 7 (2)], Veelab], allrelol].

Let f,g € Cx([a,b]) we say that f is fuzzy larger than g pointwise and we
denote it by f 2 giff f(2) 2 g(a) iff S (2) > ¢ (2) and /1 (2) > g1 (a),
vz € [a,b], Vr € [0,1], iff £ > ¢ 1 > gl v e (0,1).

Let L be amap from C'x([a, b]) into itself, we call it a fuzzy linear operator
iff

L(C1®f1€902®f2) c1 O L(f1) @ c2 © L(f2),

for any c¢1,co € R, f1, fa € Cx([a,b]). We say that L is a fuzzy positive
linear operator iff for f,g € Cx([a,b]) with f 7= g we get L(f) 7 L(g) iff
(LT = (L(g)T and (L(F)T = (L(9)} on [a,8] for all r € [0,1].

Example 7.3. Let f € C#([0,1]), we define the fuzzy Bernstein operator

(B () () = i* (Z) *l—z)" ko f (i) , Vz e0,1], neN.

k=0
This is a fuzzy positive linear operator.

We mention the very interesting with rates approximation motivating
this chapter.

Theorem 7.4 (see p. 642, [66], S. Gal). If f € Cx([0,1]), then

D (B0).) < 3647 (1. Vn e N

5
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i.€.
lim D*(BY)(f), f) =0,

that is B,(f)f — f, n— 00 in fuzzy uniform convergence.

The last fact comes by the property that wgf)(f, d) — 0as d — 0,
whenever f € Cx([a,b]).
We need to use

Theorem 7.5 (Shisha and Mond (1968), [96]). Let [a, b] C R. Let (L )nen
be a sequence of positive linear operators from C([a,b]) into itself. For n =
1,2, ..., suppose Ly (1) is bounded. Let f € C(la,b]). Then forn=1,2,...,
we have

”Enf — flleo < Hf”ooninl — oo + Hzn(l) + Uloow1 (f; i),

where wy 1s the standard real modulus of continuity and

= 1/2
pn = | (Lt = 2)))(@)]| 7
and || - ||so stands for the sup-norm over [a,b]. In particular, if L,(1) =1

then }
I Lnf = flloo < 2w1(f, )

Note. One can easily see ([96]), for n =1,2,...,
o < NEn@))(@) = 2%, + 26 L)) = 2] + [ La (W) (@) = 1],

where ¢ := max(|al, |]).

Assuming that L, (1) —= 1, L, (id) == id, L, (id*) = id? (id is the
identity map), n — oo, uniformly, then from Theorem 7.5’s main inequality
we get L, (f) — f, Vf € C([a,b]), that is the famous Korovkin theorem
in the real case.

We finally need

Lemma 7.6. Let f € Cx([a,b]), [a,b] CR. Then it holds

W (£,6) = sup max{w (£, 8),w1 (£, 5)},

rel0,1]

forany 0 <6 <b-—a.
Proof. Let z,y € [a,b]: [t —y| <6, 0 < d < b—a. Then we have
Df(e).fw) = sup max{|(F@)® ~(FE)VLIG@E = FOILT}

< sup max{wl(fy),5),w1(f4(:),5)}.
rel0,1]
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Thus

W (f,8) < s%pl]max{wl ,8),w1(f7,6)}.
re

For any r € [0,1] and any x,y € [a,b]: |x —y| < 6 we see that

P(£.8) = D(f(@), f) = |(F @)™ = (FN D), [(F @)D = (Nt

)

Therefore -
wi(f0,6) < (f,8), vrelo1).
Hence
sup max{w1 f( ),6) wi( f(r) J) } <w (f7 9),
re(0,1]
proving the claim. O

Note. For f € Cx([a,b]) we get that f is fuzzy bounded and w(lf)(f, 9) is

finite for all 0 < 0 < b—a. Also fir) are continuous on [a, b] and wl(fg), 9)
are finite too, all r € [0,1].

7.2 Main Results

We present the fuzzy analog of Shisha—Mond inequality of Theorem 7.5.

Theorem 7.7. Let {L,}nen be a sequence of fuzzy positive linear opera-
tors from Cx([a,b]) into itself, [a,b] C R. We assume that there exists a
corresponding sequence { Ly Ynen of positive linear operators from C([a, b])
into itself with the property

(Ln(f));:) = En(fir))a (7.1)

respectively, Vr € [0,1], Vf € Cx([a,b]). We assume that {L,(1)}nen is
bounded. Then for n € N we have

D*(Lnf, ) < |Lnl = s D*(£,8) + || Ln(1) + Lot (fo11n),  (7:2)

where s
= (|(Eul(t = 2D (@)]| )", (7.3)

Vi e Cx([a,b]), 0 := X{O} the neutral element for &. If L,1 =1, n € N,
then -
D*(Lnf, f) < 2057 (£, 11,)- (7.4)

Note. The fuzzy Bernstein operators Bgf) and the real corresponding ones
B, acting on Cx([0,1]) and C(]0, 1]), respectively, fulfill assumption (7.5).

We present now the Fuzzy Korovkin Theorem.
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Theorem 7.8. Let {L,}nen be a sequence of fuzzy positive linear opera-
tors from Cx([a,b]) into itself, [a,b] C R. We assume that there exists a
corresponding sequence { Ly Ynen of positive linear operators from C([a, b])
into itself with the property

(LMY = Lu(7), (7.5)
respectively, ¥r € [0,1], Vf € Cx([a,b]). Furthermore assume that
Lo(1) 251, Ly(id) =% id, Ly (id?*) =% id?,
as n — oo, uniformly. Then
D*(L.f,f) — 0, as n — 00,

for any f € Cr(la, b)), i.e. Ly f o, f, that is L, — I unit operator in the
fuzzy sense, as n — oo.
Proof. Use of (7.2), property of (7.3), etc. O

Example for Theorem 7.8 the fuzzy Bernstein operators By(f).

Proof of Theorem 7.7. We would like to estimate

D*(Lnfa f) sup D((Lnf)(x)af(x))

z€la,b]

= sup sup max{|(L, /)" (z) - ()" ()],
z€la,b] r€[0,1]

(LT (@) = (N ()]}

= sup sup max{|L,(f"(z) — ()T ()],
z€la,b) re(0,1]

L (£ @) — () ()]}

— s?p]max{uL f“ F oo 1L £ = £ loo
rel0

(by Theorem 7.5)
S‘ﬁp]max{<l|f£’">||oo||in1 oo+ 1T (1) + aown (£, 1)),

rel0,1

(oo 1 BT = Ulso + 1En (1) + Lloowr (£, 1)) }
11 = 1eo sup max(|[£7 oo, 11470

rel0,1]

IN

IN

FILa(D) + Uloo sup maxc{wr (7, ) w1 (£, 1)}
re

s

(by Lemma 7.6)
= | Lnl = e D*(f,0) + [ Ln(1) + U|ocet) (£, 1),



104 7. Basic Fuzzy Korovkin Theory

proving (7.2). O
Application 7.9. Let f € C'£(]0,1]) then by applying (7.2) we obtain
1

D*(Bf. f) < 2w(” (f, NG

) , VneN. (7.6)



8

FUZZY TRIGONOMETRIC
KOROVKIN THEORY

We present the fuzzy Korovkin trigonometric theorem via a
fuzzy Shisha—Mond trigonometric inequality presented here too.
This determines the degree of approximation with rates of a se-
quence of fuzzy positive linear operators to the fuzzy unit opera-
tor. The astonishing fact is that only the real case trigonometric
assumptions are enough for the validity of the fuzzy trigono-
metric Korovkin theorem, along with a very natural realization
condition fulfilled by the sequence of fuzzy positive linear oper-
ators. The latter condition is satisfied by almost all operators
defined via fuzzy summation or fuzzy integration. This chapter
is based on [32].

8.1 Basics

Motivation for this chapter are the references [102], [18], [24], [97], [96]. Ref-
erences [102], [18], [24] are the first articles dealing with the fuzzy Korovkin
matter and inequalities, however [102] is very specialized and restrictive
though very interesting dealing with fuzzy random variables and positive
linearity. The main results here are Theorems 8.12 and 8.13. They are sim-
ple, basic and very general directly transferring the real trigonometric case,
of the convergence with rates of positive linear operators to the unit under
trigonometric assumptions, to the fuzzy one. The same real trigonometric

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 105-113.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010



106 8. Fuzzy Trigonometric Korovkin Theory

assumptions are kept here in the fuzzy setting and they are the only conver-
gence assumptions we make, along with the general realization condition
(8.5).

Condition (8.5) is satisfied by almost all example-fuzzy positive linear
operators of fuzzy summation or fuzzy integration form. At each step of
the development of our method we present an example that satisfies our
theory.

Let f,g: I C R — Rz be fuzzy real number valued functions. The dis-
tance between f,g is defined by

D*(f.9) = sup D(f(2), g(x))-
S
The function f: R — R is 2n-periodic if f(z) = f(z + 27), Vo € R. Here
S stands for the fuzzy summation and 6 = X(oy-
We use the following

Definition 8.1. Let f: R — Rz be a fuzzy real number valued function.
We define the (first) fuzzy modulus of continuity of f by

A7 (F:0) = sup D(f(@). S 1),
lo—yl<s

for any § > 0.
We have a similar obvious definition for subsets of R.

Definition 8.2. Let f: R — Rxr. We say that f is fuzzy continuous at
xzg € R iff whenever z,, — g, then D(f(zn), f(z9)) — 0, as n — oo,
n € N. We call f fuzzy continuous iff it is fuzzy continuous Vx € R and we
denote the space of fuzzy continuous functions by Cx(R). We call f fuzzy
uniformly continuous iff Ve > 0 3§ > 0: whenever z,y € R with |z —y| < §
then D(f(z), f(y)) < e and we denote the related space by C%(RR). Denote

=10, 10

and we mean

@) = @), (@), VaeR,

all € [0,1]. Let us denote Céf) (R) ={f: R — Ryg; f is fuzzy continuous
and 2m-periodic on R}.

Let f,g € Cx(R) we say that f is fuzzy larger than g pointwise and we
denoteit by f = giff f(x) 1 g(x) iff £ (2) > ¢ (x) and £ () > g{" (@),
Vo € R, Vr e [0,1], iff £ > g™ 7 > ¢ v e 0, 1].

Let L be a map from Cx(R) into itself, we call it a fuzzy linear operator
iff

L1 © fi® e ® f2) =1 O L(f1) ® c2 © L(f2),
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for any c¢1,c0 € R, f1, fo € Cx(R). We say that L is a fuzzy positive linear
operator iff for f,g € Cx(R) with f 7= g we get L(f) == L(g), iff (Lf)(j) >
(Lg)" and (Lf)g:') > (Lg)g) on R for all r € [0, 1].

We need

Lemma 8.3. Let the fuzzy trigonometric polynomial

Qn(z Z {(coskz) ® ar, @ (sinkz) © by},
k=0

where x,y € R; ag, by € R, k = 0,1,...,n. Then Qn(z) is a fuzzy 27-
periodic continuous function in x € R.

Proof. Clear. O
We present

Lemma 8.4. Let f: R — Rx be a 2mw-periodic and fuzzy continuous func-
tion, i.e. f € Céf) (R). Then for all § € [0, 7] we have

i (Fli0.0mr0) < @i (£,8) < 2087 (], 002 0)-

Proof. The left hand side inequality is obvious. Now, let us denote [}, =
[2km,2(k 4+ 1)7], Vk € Z. For x,y € R, |z — y| < J, there exist two possibil-
ities:

(1) 3k € Z such that z,y € I,
(2) Ik € Z such that « € I, y € Iyq1, or « € Ij11, y € Ij.

Case (1). We have: o/ = ¢ — 2km, v = y — 2kr € [0,27], |2/ — /| =
|z —y| <0 and

D(f(@), f») = D(F(), FW) < & (Flig.amy8) < 2087 (] .1 6)-

Case (2). Let « € Iy, y € Iyy1 (the case y € Iy, x € Ixy1, as symmetric,
is similar).

We have: ' = © — 2kw € (0,27, v =y — 2kw € [2m,47n], |2/ —¢/| <6,
7 <27 <y'. Thus

D(f(x), f(y))

D(f(z"), f(y')) < D(f(2"), f(2m)) + D(f(27), f(y))
7 (f’[o,zw]’ 8) + "Jgf) (f|[27r,47r]’ )

(since f € C’é‘:) (R) we obviously have

7 (f}[o,zw]’ 0) = ng) (f‘[erATr]’ 8)) = 2“’&}—) <f|[0,27r]’ 9).

IN
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Taking the supremum in the above with z,y € R, | — y| < § we establish
the claim. (]

We give
Lemma 8.5. Let f € C’z(f)(R), then f is fuzzy bounded and fuzzy uni-
formly continuous. I.e. 02(}-) (R) = 2:CZ(R); the space of fuzzy uniformly

™
continuous 2m-periodic functions.

Proof. By Lemma 2 of [11] we have
D(f(x),0) < M, Vzxe€][0,2r], M >0.

For any z ¢ [0, 27| there exists « € [0, 2x] such that z = z+2kn, k € Z—{0}.
Hence we have

D(f(z),0) = D(f(z),0) <M, VzeR-]0,2n],

proving that f is fuzzy bounded on R.

By Proposition 2 of [24] we have that %i_r%wgf) (f‘[o’%],é) = 0 be-
cause f is fuzzy uniformly continuous on [0,27]. Thus by Lemma 8.4
we get }IL% wg}-)( f,0) = 0, equivalently by Proposition 2 of [11] we have
[ € 2:C%(R), proving the claim. O

We also need
Proposition 8.6 ([24]). Let f: R — Rz be a fuzzy real number valued

function. Assume that wg}—)(f, d), wl(fy),é), wl(fy),é) are finite for § >
0, where wy is the usual real modulus of continuity. Then it holds

wg}—)(f, §) = s1[1p]max{wl(fy),(5),w1(fJ(:),6)}.
rel0,1

Definition 8.7 ([66]). Let f: [a,b] — Rxz. We say that f is fuzzy-Riemann
integrable to I € Rz if, for any € > 0, 30 > 0: for any division P = {[u,v]; {}
of [a,b] with the norms A(P) < ¢, we have

D (Z*(U —u) @f(§),[> <e.

P
We write

b
I:= (FR)/ f(z)dx,

we also call an f, as above, (F'R)-integrable.
By Corollary 13.2 of [66], p. 644 we have that if f € Crz([a,b]) (fuzzy
continuous on [a,b]), then f is fuzzy-Riemann integrable on [a,b]. Also,
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by Lemma 13.2 of [66], p. 644 for f: R — Rz which fuzzy continuous
2m-periodic function we have that

27

(FR) (z)dz = (FR) /

0 a

a+2m

F(z)dz < (FR) 7; f(:p)dx) , Va€eR.

We need the following.

Theorem 8.8 (see [67]). Let f: [a,b] — Rz be fuzzy continuous function.
Then

a a

b r b b
(FR)/ f(x)d:p] _ V (f)<_">(x)dz,/ (f)@(z)dx], vr < [0,1].

Clearly f(ir): [a,b] — R are continuous functions.
We are motivated by

Definition 8.9 (see [66], p. 646). Let f € C’éf) (R) we give the fuzzy Jack-
son operator

(@) = () [ " Ka(t)© fla+ ),

where
Ko(t) = L (t), n' = H 4,

[ ] the integral part,

Lin(t) = A% {W] 4 :

with A, being determined by

/ Ln(t)dt =1, meN.

—T

It is noticed that K, (t) > 0 being even trigonometric polynomial of de-
gree n. By [66], p. 647 it is shown that (J,(f))(x) is a fuzzy continuous
trigonometric polynomial (also by Lemma 8.3). Note by

™

(Ju(@)(@) = | Ku()g(x+t)dt, g € Con(R).

—T

the corresponding real Jackson operator.
We mention

Theorem 8.10 ([66], p. 647). There exists a constant C > 0 (independent
of n and f), such that for all f € Céf:) (R) we have

D(Tn(F)(@), f(@)) < O™ (f, }1) . VneN, ek
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By Lemma 8.5 and Proposition 2 of [11] we notice that as

n — oo, w(f)(f,%) — 0

and we get D*(J,f, f) — 0. Based on Theorem 3.4 of [67] we trivially
have that J,, is a fuzzy linear operator.

By Theorem 8.8 we have

s

[(Jn (P (@)

[(FR) K,(t)© f(z + t)dt] '

—T

[ K, f T @+ tydt, [ Ko@) £\ (@ + t)dt |
vr e [0,1], Vz € R. Le. (J f)(; = T, (£, ¥r € [0,1]. Here £\ € Cyx(R),

Vr € [0,1]. Let f,g € C’27T (R) such that f = g iff f(r) (T) , Vr € [0,1],
respectively. Then

K,0)f\x+t)ydt > | Kot)g(z+t)dt, Vrel0,1],

—Tr —T

respectively, Vo € R, i.e.
(L)Y = (gl ¥relo,1],

respectively, iff
(Jnf) Z (Jng), meN.

That is proving that J, is a fuzzy positive operator. In fact almost all
fuzzy operators defined via fuzzy summation or fuzzy integration are fuzzy
positive linear operators.

We further need to use

Theorem 8.11 (Shisha and Mond (1968), [97]). Let Ly, Lo, ..., be lin-
ear positive operators, whose common domain K consists of real functions
with domain (—oo,00). Suppose 1, cosz, sinzx, [ belong to K, where f is
an everywhere continuous, 2m-periodic function, with usual modulus of con-
tinuity wy. Let —oo < a < b < 00, and suppose that forn=1,2,..., in(l)
is bounded in n over [a,b]. Then forn=1,2,...,

1Znf = flloo < IflloollLn(1) = Uloo + [1Lnl + Lloowr (fs ), (8:1)

where
o (5

where || - ||oo is the supremum norm over [a,b]. In particular, if L,(1) =1,
as is often the case, the last inequality (8.1) reduces to

ILnf — flloo < 21 (f, p2,,)- (8.3)

1/2
7 (8.2)

fi =T

oo
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Remarks ([97]). (1) In forming L, (sin*(%5%)), t is the independent vari-
able.
(2) We have that

i< (5 ) 0Ea) = 1l + szl (Ea(cost) o) ~ cosallo

+ | sinx||oo||(l~}n(sint))(x) — sianoo). (8.4)

So if L, F converges uniformly to F in [a,b] for F(t) = 1, cost, sint, then
as n — oo, we get by (8.4) that p,, — 0 and wy(f, u,,) — 0, thus by (8.1)
giving us L, f — f uniformly on [a,b], YV continuous 27r-periodic function
on R. Hence we get with rates in an inequality form, quantitatively, the
famous trigonometric Korovkin theorem, see [78].

8.2 Main Results

We present the fuzzy analog of Trigonometric Shisha—Mond inequality of
Theorem 8.11.

Theorem 8.12. Let {L,}nen be a sequence of fuzzy positive linear oper-

ators on C’Q(f) (R). We assume that there exists a corresponding sequence
{L,}nen of positive linear operators on Cor(R) with the property

(L)Y = La(£), (8.5)

respectively, ¥r € [0,1], Vf € C’Q(f)(R). We assume that {L,(1)}nen is
bounded in n over [a,b] CR. Then for n € N we have

D*(Lof, ) < 1Lnl = oD (£,8) + 1Ln(1) + Ui (fr 1), (8:6)

(52

where D* and ||| oo -sup norm are taken over [a,b]. In particular, if L, (1) =
1, then we get

where
1/2
, (8.7)

My =T

(oo}

D*(Lnf, f) < 20§ (f, ), neN. (8.8)

Here wgf) 18 the fuzzy modulus of continuity over R.
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Proof. We would like to estimate

D*(Lnf,f) = sup D((Luf)(z), f(2))

z€a,b]

= sup sup maX{\(Lnf)(f) (@) — (N ()],
z€Ja,b] r€[0,1]

(Lu )Y (@) (@)1}
= sup sup max{\ f(T )( ) (f)(_7)(33)|7

z€[a,b] r€(0,1]
Lo (f) () — () ()]}

—  sup max{nLnfi”— Floos 1 £ = 100}
rel0,1]

(by Theorem 8.11)

< g{g]max{ UF 7 Mool Znt = 1o
+ Lo (1) + Uloows (P, 1)) (1F7 oo | Znt = 1o
+ | Ln(1) + Lsotor (£ ,un»}

< JLal =1l sup max((lf oo, 177 1100

rel0,1]

+ 1L (1) + 1o sup max{wr (f7), ), 00 (F7, 1)}

rel0,1

(by Proposition 8.6)
T * ~ T F
= Ll = UoeD*(£,6) + |1Z0a(1) + Lot (f, ),
proving (8.6). O
We present now the first Fuzzy Trigonometric Korovkin theorem.

Theorem 8.13. Let {L,}nen be a sequence of fuzzy positive linear oper-

ators on C’Q(f) (R). We assume that there exists a corresponding sequence
{Ln}nen of positive linear operators on Con(R) with the property

(La(f)Y) = Lo (£, (8.9)

respectively, ¥Vr € [0,1], Vf € C’Q(f) (R).

Furthermore assume that L,(1) % 1, L,(sinz) - sinz, L,(cosz) =
cosx, as n — oo, uniformly over x € [a,b] C R. Then D*(L,f,f) — 0
as n — oo, over [a,b], Vf € C’Q(f)( R). Le. L,f 2t over [a,b], that is
L, — I fuzzy unit operator, over [a,b], as n — oo.

Proof. From (8.4) we get p,, — 0, as n — co. By Lemma 8.5 any f €

C’éf) (R) is uniformly continuous on R and thus wgf)( fy ) — 0. Also L1
are bounded in n over [a,b]. Hence by (8.6) we get D*(L,f, f) — 0 as
n — oo, over [a, b]. O
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Application 8.14. As an example for Theorem 8.13 we mention the fuzzy
Jackson operator J,, we discussed earlier, see Theorem 8.10, etc. Notice
that jn(l) =1, Vn € N and by Theorem 2.2, p. 204, [56] of Jackson, we
have that

~ 1
g = gl < Cir (.2 ) . Vg € Car(®)
C > 0 universal constant, giving us also that .J, (sinz) — sinz, .J,, (cos z) —
cosx over R, as n — oo. Furthermore, by [96] we get p, < %, C >0
constant independent of f and n. Then by Theorem 8.12, inequality (8.8)
we obtain

D*(Juf. 1) < Cut”) (f, %) . neN,

where C' > 0 universal constant. That is reconfirming Theorem 8.10.  [J






9

FUZZY GLOBAL SMOOTHNESS
PRESERVATION

Here we present the property of global smoothness preservation
for fuzzy linear operators acting on spaces of fuzzy continu-
ous functions. Basically we transfer the property of real global
smoothness preservation into the fuzzy setting, via some nat-
ural realization condition fulfilled by almost all example-fuzzy
linear operators. The derived inequalities involve fuzzy moduli
of continuity and we give examples. This chapter relies on [21].

9.1 Basics

Motivation to this chapter are [26], [30]. In general and in applications,
we prefer to have nice and fit approximations. That is the approximants,
in this case operators, e.g. see [24], [32] should not wiggle more than the
approximated functions. This feature is expressed with the property of
global smoothness preservation by the approximating operators. In general
let L be a fuzzy linear operator acting on a space of fuzzy continuous
functions T' defined on a metric space (X, d) and taking values in Rz, the
set of fuzzy real numbers.

We say that L preserve the property of global smoothness preservation,
iff

WU(Lf,8) < T (1,6), VfeT, V5>0,

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 115-124.
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where wg}-) is the fuzzy first modulus of continuity and ¢ > 0 a universal
constant possibly depended only on L.

In the real setting the analogous to the above inequality is true under
certain conditions, see [26], [25], [30], [33]. So here we establish related
inequalities in the fuzzy setting for various spaces T, by transferring from
the real case under a minimal and natural realization assumption on L, see
Theorems 9.10, 9.12, 9.14 and Proposition 9.15.

This assumption is fulfilled by almost all fuzzy operators defined via
fuzzy summation or fuzzy integration. We provide also some interesting
examples that motivate and fulfill our general theory. On the way to prove
the main results we prove other important side results.

We need

Definition 9.1. Let f: X — R, we call it fuzzy bounded, iff D(f(z),d) <
M, M > 0, Vx € X and we denote the related space by Bx(X). We
call f fuzzy continuous, iff whenever x,,x € X with z, 2 2 we have
D(f(xy), f(x)) — 0, as n — oo, and this is true for all x € X, and we
denote the related space by Cx(X). We denote by C¥(X) = {f: X —
Rz | Ve > 0, 30 > 0 so that whenever z,y € X with d(z,y) < J, then
D(f(x), f(y)) < €}, the space of fuzzy uniformly continuous functions on
X.

Set

CZ(X) = Bx(X)nCx(X),
CEU(X) = Br(X)nCY(X).
If X is compact metric space then C2(X) = Cx(X) = CBY(X) = C¥(X),
see [2], pp. 52-53. Denote [f] = [fir)7 ]‘ELT)]7 which means

[f(@)]) =), £ @), VeeX, vrelo1].

We use

Definition 9.2. Let f: (X,d) — Rz. We define the (first) fuzzy modulus
of continuity of f by

W (1,0):= sup D(f(x), f(y)), V6> 0.
z,yeX
d(z,y)<d
It holds

Proposition 9.3 (sce [24]). Let f: (X,d) — Rzr. Assume
1.0, (fD.0). w(f.0). rel]

that they are all finite V6 > 0. Here wy is the usual real modulus of conti-
nuity. Then

W) (f,6) = 31[1p]max{wl(fy),é),wl(f_(:),5)}, V5 > 0. (9.1)
rel0,1
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We need

Definition 9.4. Let L be a map on Cx(X), we call it a fuzzy linear oper-
ator, iff

L(c1®fi®ezO fa) = et OL(f1)Dea®L(f2), Vei,c2 €R, fi, fo € Cr(X).
(9.2)
The linear operator L is called fuzzy bounded, iff

D*(Lf,5) < AD*(f,0), Vf e CZ(X), (9:3)

where A > 0 depending only on L. We denote ||L|| = inf A, the norm of
the operator. Similarly (9.3) is defined on C2Y(X).
We need

Proposition 9.5. Let L be a fuzzy linear operator acting on C]’?(X), or
CgU(X), respectively. We assume that to L there corresponds a bounded
linear operator L # 0 acting on Cp(X) (bounded continuous real valued
functions on X), or CB(X) (bounded uniformly continuous real valued
functions on X ), respectively, with the property

(LHY (@) = (L) (@),

vr € [0,1], Vo € X, Vf € CB(X) or CBY(X), respectively. Then L is a
fuzzy bounded linear operator on CE(X), or CBY(X), respectively, with
IZ]] < 1Ll

Proof. Here 0 < ||L|| < oo by assumption. We observe that

D(Lf.9) = sup sup max{|(L)" ()|, (L) ()]}
= sup sup max{|L(f)(@),|L(f7) (@)}
zeX rel0,1]
< sup max{ || L(FT) oo IZCF) oo}
rel0,1]

< L s%pl]max{nf@nm,Hfi’")noo} = || L|D*(f, ).
re|0,

Le. we got that D*(Lf,5) < ||L||D*(f,5). Hence L is a fuzzy bounded
operator. Clearly then ||L|| is finite and ||L|| < ||L]|. O

We require also

Proposition 9.6. Let [a,b] C R and ty € [a,b] fized. Let L be a linear
operator that maps C(la,b]) into Z = {g € C([a,b]) | g(to) = 0}, i.e.
(Lg)(to) = 0,Yg € C([a,b]). Furthermore assume that

wi(Lg,6) < cwi(g,6), V6 >0, Vg € C([a,b]),
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where c is universal constant possibly depended on L, i.e. L has the property
of preservation of global smoothness. Then L is a bounded linear operator.

Proof. By wi(g,0) < 2|/g]|ec we have

wi(Lg,8) < 2¢/|glloe, all0<§<b—a.

Thus
sup |(Lg)(to) — (Lg)(z)| < sup |(Lg)(z) — (Lg)(y)| < 2c]lg]lco-
z€[a,b] @,y€[a,b]
|z—to| <o lz—y|<d

Setting 6 = b — a we have

IZglloo < 2¢]lg]oo,
proving that L is a bounded operator. (I
‘We present
Example 9.7. Let f € C#([0,1]), we define the fuzzy Bernstein operator

(B f) (=) = i (Z) Fl-z)"Faf (%) , Vze[0,1], neN. (9.4)

k=0

Notice that B,g}-) is a fuzzy linear operator mapping Cx([0,1]) into itself.
Furthermore we easily see that

D*(BY) f,6) < 1-D*(f,5) < oo,
(F)

i.e. (see also [24]) By’ is a fuzzy bounded operator.
By p. 642, [66], we have that

DB, ) < 2wl (ﬁ Wn € N, (9.5)

w7 (4 5),

Let the real Bernstein operator

B =3 (F)ata-a o (£). vwe ge et

k=0
(9.6)
which converges uniformly to g with rates. We notice that
BIHY = Bu(rL), vre 0,1, (0.7)

respectively in +, Vf € Cz([0,1]). That is an important property motivat-
ing our theory next. Also from [26] and [30], p. 244 we have that

w1(Brg,d) < 2wi(g,t), Vge C(]0,1]), (9.8)
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and number 2 is the best constant. I.e. real Bernstein operators possess the
global smoothness preservation property.
‘We also present

Example 9.8. Let f € C;f) (R) (space of 2m-periodic fuzzy continuous
functions on R). We define (see [66], p. 646) the fuzzy Jackson operator

(@) =FR) [ Ku®)o fla+tyd, ¥neN,  (9.9)

—T

where ((FR) [)) the Fuzzy-Riemann integral is as in [67], [66], p. 644. Here
K, (t) = Ly (t), n' = [2] + 1, and

Lon(t) = \,} [%] , (9.10)

such that .
/ Lo®dt=1, ¥meN.

That is [ K, (t)dt = 1. It is known that K, (¢) > 0 being an even trigono-
metric polynomial of order n. The fuzzy operator .J,, is linear, by the lin-
earity of Fuzzy—Riemann integral, see [67].

By Lemma 13.2, p. 644 of [66] we get

D((Jnf)(@),6) = D((FR)/ZK,L(t)@f(x+t)dt,5>
< _: (Ko(t) © flz + 1), 6)dt
_ 7; Ko(t)D(f(x + 1), 6)dt

D*(£,6) [ Ku®)dt = D*(£,5) < .

—T

IN

I.e. we have
D*(Jnf,0) <1-D*(f,0), (9.11)

proving J,, a fuzzy bounded operator, Vn € N.
By Theorem 13.14, p. 647 of [66] we have that

D((Jp f) (), f(z)) < Cw'P) <f, %) , VneN, zeR, (9.12)

C > 0 universal constant, that is convergence with rates.
Next we mention the real Jackson operator

™

(Ju(@)(@) = [ Kn(t)glz+1t)dt, YneN, geCor(R).  (9.13)

—T
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From Theorem 2.2, p. 204, [56] we have that

. 1
||Jngngoo SCWl (ga ﬁ) ’ VRGN, gGCQW(R)a (914)

C' > 0 universal constant, that is convergence with rates. By [67] we observe
that )
(Juf @) = Jo(f) (), Ve eR, relo,1], (9.15)

respectively in &, Vf € C’éf) (R).
Next we see

(Ga)e) = o)l = | [ Kulato+ e~ [ Kooty + e

Kn(t)|g(z +1t) — gy +t)|dt

IA

—Tr

/ () (g2 — yl)dt = wn(g, |2 — g,

IN

i.e. giving us
w1(Jng, |7 —yl) < wi(g, |z —yl),

and
w1(Jng,8) < wi(g,68), VY3 >0, Vg € Cor(R), (9.16)

that is proving that property of preservation of global smoothness for the
real Jackson operators. Similarly we see that

D((Jnf)(@), (Jnf)(y))
=D ((FR) K,(t)® f(z +t)dt, (FR) K,(t)® f(y +t)dt>

(by Lemma 13.2, p. 644 of [66])

us

D(K,(t) ® f(x + 1), K,(t) ® f(y +t))dt

IN

—T
s

Kn(t)D(f(x +1), f(y +1))dt

—T

< [ K. (f e — yl)dt = oD (f, 2 —y)),

—T

i.e. giving us
W (Jaf,8) < D(£.8), V8> 0, Vf e O (R). (9.17)

That is proving the property of fuzzy global smoothness preservation for the
fuzzy Jackson operators.
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Next let X := (X,d) be a compact metric space, and C(X) the space of
continuous real-valued functions on X endowed with || - ||eo. Let f € C(X),
we define the first modulus of continuity of it by

wi(f,0) = sup [f(z) = fy)l, Vé>0. (9.18)

z,y
d(z,y)<6
Let Lip(X) the sub-space of all g € C'(X) with finite semi-norm
l9(x) — 9(y)|
glLip == sup —————. 9.19)
| ‘ P d(z,y)>0 d(l’7y) (

It is known Lip(X) is a dense subset of C(X).

Let @1(f,d) the least concave majorant of wq(f,d), this also measures
smoothness of f.

We would like to mention the following related fundamental result.

Theorem 9.9 (see [26] and [30], p. 234). Let X be a compact metric space,
and L: C(X) — C(X), L # 0, be a bounded linear operator mapping
Lip(X) to Lip(X) such that for all g € Lip(X),

ILg|Lip < clglLip, (9.20)

with constant ¢ possibly depending on L, but independent of g. Then for all
feC(X) and 6 > 0 we have

wi(L.6) < || (ﬂ ”Lé”) , (0.21)

where ||L|| denotes the operator norm of L on C(X). It is known that over
[a,b] C R we have wy < @y < 2wy, ete.

9.2 Main Results

Examples 9.7, 9.8 and Theorem 9.9 motivate the main results next.

Theorem 9.10. Let (X, d) be a compact metric space. Let L be a fuzzy
linear operator acting on Cx(X). Assume for L there corresponds a real
linear operator L on C(X) with the property

LD @) =L @), Yrepa) veeX,  (922)
respectively in £, Vf € Cr(X). Furthermore it holds

wi(Lg,8) < cwi(g,8), ¥4 >0, Vg e C(X), (9.23)
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where ¢ > 0 is a universal constant may be depended only on L. Then
WL, ) <l (£.6), V6 >0, Vf € Cr(X). (9.24)

That is L possesses the property of preservation of fuzzy global smoothness.

Proof. Notice here that all f(ir) € C(X). Also wgf)(f, 0); wl(f(r),é), Vr e
[0,1], V&6 > 0, are all finite, easily observed since X is compact. Then by
Proposition 9.3 we see that

WL < sup max{wi (LN, 6),w1 (L), 6)}

rel0,1]
9.22 < -
2 sup max{r (20,801 (E(),9))
re|0,
(9.25) (r) (r)
< sup max{cwi(f2”,0), cwi(f}”,6)}
rel0,1]
= ¢ swn[lp]max{wl(fgr),é),wl( f),é)} @) ' (1,6).
rel0,1
That is proving (9.24). O

We give
Example 9.11. Using Theorem 9.10 and (9.8) we obtain
WIBI1).0) < 27 (1.9), Vo> 0, ¥f e Cr(0.1). (9:26)

We present also

Theorem 9.12. Let © open convex subset of a real normed vector space
(V,1I-1)- Let L be a fuzzy linear operator acting on CZ(©). Assume for L
there corresponds a real linear operator L on Cp(0©) with the property

(L)L (@) = LU ) @), ¥rel01], veeo,  (9.26)
respectively in +, Vf € CE(©). Furthermore it holds
wi(Lg,d) < cwi(g,0), ¥6>0, Vg e Cp(0), (9.27)
where ¢ > 0 is a universal constant may be depended only on L. Then
WL, 6) < D (f,6), V6> 0, Ve CB(O). (9.28)

That is L possesses the property of preservation of fuzzy global smoothness.

Proof. Since f € CE(©), this implies that fg) € Cp(©), Vr € [0,1].
Consequently we get that all wgf)(f, 9), wl(fj(:) 0), Vr € [0,1] are finite,
V§ > 0. Then the proof goes the same way as the proof of Theorem 9.10.C1
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We give

Example 9.13. In [32] we proved that C’Q(f) (R) = 2,CY(R), the space of

fuzzy uniformly continuous 27-periodic functions. Also C’Q(f) (R) = 2,rC’J(9}-) (R)

the space of fuzzy bounded continuous 2m-periodic functions on R. Clearly,
working as in Theorem 9.12 we can derive again (9.17).
We give also

Theorem 9.14. Let © open conver subset of a real normed vector space
(VoI - I)- Let L a fuzzy linear operator acting on CZ(©). Assume for L
there corresponds a real linear operator L on Cyy(©) (the space of uniformly
continuous real valued functions on ©) with the property

(LN (@) = L) @), wrelo1], vaeo, (9.29)
respectively in +, Vf € C¥(©). Furthermore it holds
wi(Lg, ) < cwi(g,8), VY8 >0, Vg e Cy(0), (9.30)
where ¢ > 0 is a universal constant may be depended only on L. Then
W(LF,6) < el (£,6), V>0, VfeCy(®). (9.31)
That is L possesses the property of preservation of fuzzy global smoothness.

Proof. Since f € CY(©), this implies that fg) e Cy(©), Vr € [0,1].
Consequently, by [24] and as in [30], p. 281, 298, we get that all wgf)(f, 9),

o.)l(f(r)7 ), Vr € 0,1] are finite, V§ > 0. Then the proof goes the same way
as the proof of Theorem 9.10. O

‘We finish with

Proposition 9.15. Let [a,b] C R, ¢y € [a,b] fized. Let L be a fuzzy linear
operator acting on C'x([a,b]). Assume for L there corresponds a real linear
operator L from C([a,b]) into Z = {g € C([a,b]) | g(to) = 0}, with the
property

(LN (z) = L) (@), ¥re[0,1], Yz € [a,b], (9.32)
respectively in =, Vf € Cx([a,b]). Furthermore it holds
wi(Lg,8) < cwi(g,8), Y6 >0, Yg € C([a,b)), (9.33)

where ¢ > 0 1s a unwwersal constant may be depended only on L. Then

(1)
WL, ) <l (£.6), V6 >0, Vf € Cr(la,b]). (9.34)

Le. L possesses the property of preservation of fuzzy global smoothness.
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(2) L is a fuzzy bounded linear operator with |L|| < ||L|| < oo.

Proof. (1) Same as in Theorem 9.10.

(2) By Proposition 9.6 we get that L is a bounded real linear opera-
tor. And by Proposition 9.5, for X = [a,b] and L, L acting on Cx([a,b]),
C([a,b]), respectively, we establish the claim,that L is a fuzzy bounded
linear operator. O
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FUZZY KOROVKIN THEORY AND
INEQUALITIES

Here we study the fuzzy positive linear operators acting on fuzzy
continuous functions. We prove the fuzzy Riesz representation
theorem, the fuzzy Shisha—Mond type inequalities and fuzzy
Korovkin type theorems regarding the fuzzy convergence of
fuzzy positive linear operators to the fuzzy unit in various cases.
Special attention is paid to the study of fuzzy weak convergence
of finite positive measures to the unit Dirac measure. All conver-
gences are with rates and are given via fuzzy inequalities involv-
ing the fuzzy modulus of continuity of the engaged fuzzy valued
function. The assumptions for the Korovkin theorems are min-
imal and of natural realization, fulfilled by almost all example
— fuzzy positive linear operators. The surprising fact is that the
real Korovkin test functions assumptions carry over here in the
fuzzy setting and they are the only enough to impose the con-
clusions of fuzzy Korovkin theorems. We give a lot of examples
and applications to our theory, namely: to fuzzy Bernstein oper-
ators, to fuzzy Shepard operators, to fuzzy Szasz—Mirakjan and
fuzzy Baskakov-type operators and to fuzzy convolution type
operators.

We work in general, basically over real normed vector space
domains that are compact and convex or just convex. On the
way to prove the main theorems we establish a lot of other
interesting and important side results This chapter relies on
[24].
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10.1 Background

Motivation for this chapter are [102], [18]. In [102] the authors establish
some Korovkin type theory for fuzzy random variables under some spe-
cialized assumptions. In [18] the author proves the first fuzzy Shisha—Mond
type inequalities and the first basic fuzzy Korovkin theorem over [a, b] C R.

The surprising fact is that the basic assumptions of real Korovkin theory
for the test functions 1, id, id? carry over there and here and they are the
only ones needed. Of course a natural realization condition is needed in
the fuzzy setting to prove the fuzzy convergence. Here we continue the first
study [18], see also Chapter 7, now over compact convex subsets of real
normed vector spaces (V, || - ||) or just convex subsets. On the way there we
prove the interesting fuzzy Riesz representation theorem and its implica-
tions. Also we prove a lot of other needed interesting results which by them-
selves independently have their own merit, e.g. about fuzzy continuity and
boundedness and about abstract fuzzy modulus of continuity properties,
etc. So this chapter is essentially the study with rates and quantitatively
of the fuzzy convergence of a sequence of fuzzy positive linear operators to
the fuzzy unit operator.

In duality one can see it as the study with rates and quantitatively of
the fuzzy weak convergence of a sequence of finite positive measures to the
unit Dirac measure. The concept of positivity we use in our operators is
the natural analog of the real case. The same thing with linearity, in our
case is over R, in [102] is only over R .

Our fuzzy integral here is defined according to the excellent and great
article [75]. Finally a lot of examples are given. The application of the
fuzzy Korovkin theory to fuzzy Szasz—Mirakjan and fuzzy Baskakov-type
operators is very elaborate. It takes a great deal of probabilistic and fuzzy
real analysis tools and work to accomplish the results. Also it reveals a
lot as these operators are defined on R, they are infinite fuzzy sums, and
still fulfill our basic realization condition defined over compact sets, see
Assumption 10.20 and (10.46).

Remark 10.1. (1) Let (ug)ken € Rr. We denote the fuzzy infinite series
by Z*Zozl ug, and we say that it converges to u € Rz iff nlin;o D (Z*Zzl U, u)

= 0. We denote the last by Z*iozl ug = u. Let (ug)ren, (Vk)ken, u,v € Re
such that

OO

0o
*
E U = U, E Vp = V.

k=1

Then

Z* uk@vk —u@vzz uk®z V-

oo [e'S)
k=1 k=1
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The last is true since

nan;OD (Z (ug ® vg), u@v) _nILH;OD ((Z* uk> &) (Z* fuk> ,u@v)

k=1

o ol

Let S°"1-  ux = u € Rx then one has that
oo oo (r)
S = = (3w
k=1 k=1 .

and

0 oo, (r)
Z u) S—T)_UJF = <Z uk) , Vr e [0,1].

k=1 k=1 +

We prove the last claim: We have that
0 = lim D (Zuku>

k=1
n
Z(uig)(f) —

k=1

)

n
> ()¢ —ul

n—oo T‘E[O,l] =1

lim {

proving the claim.

}

}, vr e [0,1],

= lim sup max{

n

o) - ul?)

k=1

n

, Z(Uk)g:) _ ’LLS:)

k=1

Y

Also we need: let (ug)reny € Rr with Y up = u € Rz, then clearly one

k=1
has for any A € R that 3" \uy, = Au.
k=1
2) From [75] we see: Let u,, = {(uglr), 5;)_) |0 <r <1} € Rg such that
&) (o)
> ufﬁ = 4" and > USQF = ui) converge uniformly in r € [0,1], then
= n=1

u= {(u@,uﬁ)) |0<r <1} €eRypand u= Y u,. Le. we have

n=1

i{( Doalosr<i}= {(Z“n »Zum> |0<r<1}.

We use the following
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Definition 10.2. Let U C (M, d) a metric space and let f: U — Rxz. We
define the (first) fuzzy modulus of continuity of f by

W (f56) = sup  D(f(), f(y))
z,yelU
d(z,y)<é

for 0 < 0 < diameter(U). If 6 > diam(U) then we define
}—)(f; ) = wgf) (f; diam(U)).

Proposition 10.3. Let U C (M, d) metric space and f: U — Rg. Assume
that

W (1,8), wr(f7,6), wi(£7,6)

are finite for any 0 > 0. Here wy is the usual real modulus of continuity.
Then it holds

WP (f58) = sl[lp]max{wl (F7,6), w1 (£, 6)).
relo,1

Proof. Let z,y € U: d(z,y) < 0. We have

D(f(x),f() = sup max{|(f()) — (F) LI — LN}

rel0,1]
< swp maxfun (£ 0) (. 0).
relo,1

Hence

wgf)(fj) < s1[1p]max{wl(fﬁrx5)7w1(fJ(rT),5)}.
rel0,1

For any r € [0,1] and any x,y € U: d(z,y) < 6 we see that

Pf:6) = D(f(2), F) = 1(f@) = (DL @) — (F)d)-

Therefore

wi(f17;0) <P (f:0), vrelo1).

Hence
sup max{wy(f ET),(S) wi( f+),6 )} <w F)(f 3)
re(0,1]
proving the claim. O
We need

Definition 10.4. Let U open or compact C (M,d) metric space and
f:U — Rg. We say that f is fuzzy continuous at xzy € U iff whenever
Ty — X, then D(f(xy,), f(xo)) — 0. If f is continuous for every zy € U,
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we then call f a fuzzy continuous real number valued function. We denote
the related space by Cz(U). Similarly one defines Cx([a,b]), [a,b] C R.

Definition 10.5. Let f: K — Rz, K open or compact C (M,d) metric
space. We call f a fuzzy uniformly continuous real number valued func-
tion, iff Ve > 0, 36 > 0: whenever d(z,y) < §, z,y € K, implies that
D(f(z), f(y)) < e. We denote the related space by C¥(K).

Definition 10.6. Let f: U — Rz, U C (M, d) metric space. If D(f(x),0) <
M, Yz e U, M >0, we call f a fuzzy bounded real number valued function.
In particular if f € Cx([a,b]), [a,b] C R, then f is a fuzzy bounded

function, also wgf)(fgé) < oo for any 0 < 6 < b — a. Also notice that

CY(K) = Cr(K), for K compact C (V| -||) real normed vector space.
We use

Proposition 10.7. Let K C (V| - ||) a real normed vector space and

A0 = s D(f@), ), §>0,
laZyl<s

the fuzzy modulus of continuity for f: K — Rx. Then

(1) If f € C¥(K), K open convex or compact convex C (V,| -||), then
W (£;6) < 00, ¥6 > 0.

(2) Assume that K is open convex or compact convexr C (V.|| - 1), then
wgf)(f;é) is continuous on Ry in & for f € CL(K).

(3) Assume that K is convex, then

=

WE (ot +12) <P (1) + 0D (fota), b, b0 >0,

that is the subadditivity property is true. Also it holds
F F
Wi (f,n8) < nwi™(£,9),

and
W (£08) < N (£,8) < A+ Dt (1,0),

where n € N, A >0, § >0, [-] is the ceiling of the number.

(4) Clearly in general wgf)(f;(S) > 0 and is increasing in 6 > 0 and
(%)
wy ' (f;0) = 0.

(5) Let K be open or compact C (V.|| - ||). Then wgf)(f; §)—0asd |0
if f € CHK).
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(6) It holds
W7 (f @ 9:0) <7 (136) + 0 (g:),
ford >0, any f,9: K = Rz, K C(V,| -|) is arbitrary.

Proof. (1) Here K is open convex. Let here f € CY(K), iff Ve > 0,
30 > 0: ||z — y|| < 0 implies D(f(z), f(y)) < e. Let €9 > 0 then 35y >
0: ||z —y|| <o with D(f(z), f(y)) < €0, hence w1 (f,d0) < gp < 0.

Let § > 0 arbitrary and z,y € K such that ||z — y|| < §. Choose n €
N: ndg > 9, and set z; = = + T%(y—as), 0 < i < n. Notice that all z; € K.
Then

D(f(x), f(y))

D(Xff Xjfzﬂ>

D(f(x), f(x1)) + D(f(21), f(x2)) + D(f(x2), f(x3))
+ 4+ D(f (1), f(y)

nwg}-)(f;éo) < ngy < 00,

IN

IA

Since ||z; — @i41]| = Lz — yl| < 26 < Jp. Thus wl (f J) < mey < o0,
proving the claim. If K is compact, then claim is obvious.

(2) Let z,y € K and let ||z — y|| < t1 + t2, then there exists a point
z €Ty, z € K: ||z — 2] <ty and ||y — z|| < ta, where £y, > 0.

Notice that

D(f(l‘),f(y)) < D(f(x)vf(z)) + D(f(z)7f(y)) (fvtl) +wl (fa t2)

Hence
(it 1) < 0 (f ) + w0 (F12),
proving (3).
Then by the obvious (4), we get

0 <P (fits +t2) — {7 (Fit1) < (fit2),

and

Wi (5t + 1) =i (fit)] < i (5 12).
Let f € CY(K), then hrf(l)wl (f, t2) = 0 by (5). Hence wl (f7 ) is contin-

uous on R .

(5) (=) Let w7 (f;6) — 0 as 6§ | 0. Then Ve > 0, 35 > 0 with
w:(t}-)(f;é) <e le Va,y € K: |z —y| <6 we get D(f(x), f(y))
That is f € CZ(K).

(«<) Let f € CY(K). Then Ve > 0, 36§ > 0: whenever ||z — y|| <
z,y €K, it implieb D(f(z), f(y)) < e Le. Ve > 0,35 > 0: ') (f;6) <
Thatls(,u1 (f ) —0asd |0

IN

E.

g,
E.
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(6) Notice that

D(f(z) @ g(x), f(y) ® g(y)) < D(f(), f(y)) + D(9(z), 9(y))-
That is (6) now is clear. O
We also need

Lemma 10.8. Let K be a compact subset of the real normed vector space
(Vi - 1) and f € Cr(K). Then f is a fuzzy bounded function.

Proof. Let z,,, 2 € K such that x,, — x, as n — oo, then D(f(x,), f(z)) —
0 by continuity of f. But

D(f(zn), f(2)) = sup max{|(f(z,))"~(f@) 7L 1(f@) L~ (F )T}

re(0,1]

Hence |(f(2,))! — (f(z){’| — 0, all 0 < r < 1, as n — +oc. That is
(F@a ) = (f@)T, all 0 < r < 1, as n — +o0. Hence (f)) € C(K),
all 0 <r < 1. Consequently, (f)(ir) are bounded over K, all 0 < r < 1. Here

D(f(x),6) = sup max{|(f(x)"],|f@){[}.

rel0,1]

From basic fuzzy theory we get that

(f@) < (F@)” < (fa)?,

IN

and
(F@)Y < (F@)Y < (F)y,
for all r € [0, 1] and for any z € K. Thus
[(F@)] < max{|(£(@) ] 1(F@) D]},
and
|(f(m))(+r)|§max{|(f( (O| [(f (1 Y}, allo<r <1, forany z € K.

Therefore

D(f(2),6) < max{|(f(2) L], (£ @)L} < max{[| £ ]loos [ 12 ]loo } =2 M,

Vo € K, where M > 0, that is proving the claim. Le. for all 0 < r < 1,
M < (f@)) < M, Ve € K = Xy < f(z) < X{ary, where f(z) €
Rz.

O
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10.2 Related Results

We start with

Proposition 10.9. Let U open or compact C (M,d) metric space, f €

Cr(U). Then g) are equicontinuous with respect to r € [0,1] over U,
respectively in =+.

Proof. Easy. (]

For the reverse we have

Proposition 10.10. Let f(_r), f_(f) be equicontinuous with respect to r €
[0,1] on U-open or compact C (M, d)-metric space, respectively in +, then
feCe(U).
Proof. We have Ve > 0,35, > 0: |f£r)(x)—fﬁr) (xo)| <e,Vr e U: d(z,zp) <
01, all 7 €[0,1], 2o € U.

Similarly, we have Ve > 0, 302 > 0: \f_s_’")(z) - fir)(:z:o)\ < e Vo €
U:d(z,x0) < 02, all r € [0, 1].

Taking ¢ := min(d1, d2) > 0 we get for

D(f(x), f(z0)) = sup max{|f"(x) — f(zo)], [/ (@) — £ (o)}

rel0,1]

that if € U with d(z,z¢) < 0 then

£ @) = 17 (@)l 17 (@) = f7 (wo)] <e,

for all » € [0,1], and so is the max of both over all » € [0,1]. That is
D(f(x), f(xo)) < &, proving the claim. O

We need
Definition 10.11. Let L: Cx(U) — C#(U), where U is open or compact
C (M, d) metric space, such that
Lerf 4+ cog) = a1 L(f) + c2L(g), Vep,co € R,
We call L a fuzzy linear operator.
We give the following example of a fuzzy linear operator, etc.

Definition 10.12. Let f: [0,1] — Rz be a fuzzy real function. The fuzzy
algebraic polynomial defined by

BP(f)(z) = zn: <Z’> -2k f <z> . Vaelo,1],

k=0

will be called the fuzzy Bernstein operator.
We do have
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Theorem 10.13 (see p. 642, [66], S. Gal). If f € C£([0,1]), then
DEL (@), @) < 3ot (fi=). nen veel,

i.€.,

that is B,({F)f —n—too [, fuzzy uniform convergence.

We also need

Definition 10.14. Let f,g: U — Ry, U C (M, d) metric space. We denote
[z g, i f(2) 2 g(a), Vo € U, iff f7(2) > ¢ (2) and [0 (@) 2 ¢ (@),
Vo e U, Vr € [0,1], iff ff) > g(j) and 7 > ¢ wr e [0,1].

We give

Definition 10.15. Let L: Cx(U) — Cx(U) be a fuzzy linear operator,
U open or compact C (M,d) metric space. We say that L is positive, iff
whenever f,g € Cz(U) are such that f 7= g then L(f) zZ L(g), iff

LN > (L(g)P

and
(LN = (L), vrelo,1].

Here we denote

L) = [N @)P]. vrelo ).

An example of a fuzzy positive linear operator is the fuzzy Bernstein oper-
ator on the domain [0, 1], etc.

For the definition of general fuzzy integral we follow [75] next.

Definition 10.16. Let (2,3, 1) be a complete o-finite measure space. We
call F': Q — Rz measurable iff V closed B C R the function F~(B): Q —
[0,1] defined by

FYB)(w):= 21612 Fw)(z), allweQ

is measurable, see [75].

Theorem 10.17 ([75]). For F: Q — Rz, F(w) = {(FST)((JJ)’F_E_T)(W)) \
0<r< 1}, the following are equivalent.

(1) F is measurable,

(2) vr €10,1], i FJ(:) are measurable.
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Following [75], given that for each r € [0, 1], FST), FJ(:) are integrable we
have that the parametrized representation

{(/ Ffr)du,/Ff)du> |0§r§1}
A A

is a fuzzy real number for each A € 3.
The last fact leads to

Definition 10.18 ([75]). A measurable function F': Q@ — Ry,
F(w) = {(FV(w), ) |0 <r <1}
is called integrable if for each r € [0, 1], Fj(:) are integrable, or equivalently,

if Ff) are integrable. In this case, the fuzzy integral of F' over A € X is
defined by

/quzz{(/F“)du,/Fi”du) 09s1}.
A A A

By [75], F is integrable iff w — [|F(w)||# is real-valued integrable.

‘We need also

Theorem 10.19 ([75]). Let F,G: Q — Rz be integrable. Then

(1) Let a,b € R, then oF + bG is integrable and for each A € ¥,

/(aFerG)dp:a/ quer/ G du;
A A A

(2) D(F,G) is a real-valued integrable function and for each A € X,

D(/Aqu,/AGdM> S/AD(F’G)d,u.
|[Fau| < [ 171 an

We need to state the following.

In particular,

Assumption 10.20. Let L be a fuzzy positive linear operator from Cx(K),
K compact C (M,d) metric space, into itself. Here we assume that there
exists a positive linear operator L from C(K) into itself with the property

(LhHY = L),

respectively, for all 7 € [0,1], Vf € Cr(K).
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As an example again we mention the fuzzy Bernstein operator and the
real Bernstein operator fulfilling the above assumption on [0, 1], etc.

Remark 10.21 (following Assumption 10.20). Then by Riesz representa-
tion theorem we have

1)y / £ (), (d),

(the last is true for all real continuous functions on K) respectively, Vr €
[0,1], where p,, is the unique positive finite Borel measure on K, Vz € K.

Furthermore in the last integral we can take as p, the unique positive
finite completed Borel measure of the same mass on K as the initial one.
Hence

{LU) @), L) @) | r e [0,1])

j(/ O dt/ e det>|re[0,1]}
f @)y (dt),

the general fuzzy integral with respect to u,, Vo € K, see Definition 10.18.
But we also have

L@ = {(LH @), LH @) | r e 0,11}
= {@E) @), L) @) | € [0,1]}.

Based on the above we have proved the following Fuzzy Riesz Represen-
tation Theorem.

Theorem 10.22. Let L be a fuzzy positive linear operator from Cx(K) into
itself as in Assumption 10.20, K compact C (M, d) metric space. Then for
each x € K there exists a unique positive finite completed Borel measure
on K such that

Hg

(Lf) () = /K FOua(de), Vf € Cx(K).

The other way around follows.

Remark 10.23. Let L be a positive linear operator from C(K) into itself,
K compact C (M, d) metric space. Then by the basic Riesz representation
theorem we have

(E(9))(x) = /K gD (dt), Vg C(K),

where (1, is a unique positive finite completed Borel measure on K.
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Next consider any f € Cx(K), thus

/ f ), (dt), all r e [0,1].
Then

(L) @), L) @) | r e 0,1}

_{(/ 1 (0, (dr) /f+ Mx(dt)> |relo, 1]}

/f (B (dt) = L)),

by Definition 10.18. Clearly by Theorem 10. 19 L is a linear operator.
Next let f = h; f,h € Cx(K), iff fir) > h , respectively, all r € [0,1].

Thus
[ 10 wmatdn = [ 10w,
K K
respectively, all r € [0, 1]. But
(L)@ = {(@HD @), @hH @) [re o1}

That is by Definition 10.18 we have
NP @) = [ £ O

etc. Hence we observe (Lf)g) > (Lh)g:), respectively, all » € [0,1], i.e
Lf 7= Lh. We have proved that L is a fuzzy positive linear operator.
We get the important conclusion by using also Proposition 10.10.

Theorem 10.24. Any positive linear operator L from C(K) into itself,
K compact C (M,d) metric space, induces a unique fuzzy positive linear
operator L on Cr(K). It holds

LHY = L), Vf € Cx(K), allre0,1].

If additionally f/(fg)) are equicontinuous with respect to v € [0, 1], respec-
tively in £, then Lf € Cr(K) whenever [ € Cr(K).

10.3 Main Results

We need
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Lemma 10.25. Let (V. ||-]]) be a real normed vector space and Q is a subset

of V whzch is star-shaped relative to its fized point xo. Let f: Q — Rz with
0<oJ1 (f J) < o0, any 6 > 0. Then

D(s(0). fteo) < [P wlP 750,

for all 6 > 0, [-] denotes the ceiling of the number, ¥t € Q.

Clearly Lemma 10.25 is true when @ is convex and we have

Lemma 10.26. Let (V.|| -||) be a real normed vector space and Q@ C 'V, Q
is convex. Let f: Q — Ry with 0 < wgf)(f;é) < 00, any § > 0. Then

p(r@). ) < | LS P 0) a0, vy e

In particular we obtain

Lemma 10.27. Let f: [a,b] — Rz with 0 < wg}-)(f;é) < 00, any 6 > 0.
Then

p(so) ) < |58l ir:0)

all 6 >0, Vz,y € [a,b] CR

Proof of Lemma 10.25. Let ¢ # xo: ||t — x| < 0, i.e. fw] =1, then

D(f(t), f(x0)) < wi™(f56) = 1-w.

Now for another t: ||t — zo|| > ¢ we have that (n —1)d < ||t — zo| < nd, for
some n > 2 integer. That is
It —aoll] _
)

Consider the points

j(zo — 1)

t+ €Q, j=0,1,....n

and see that ||@H < 4.
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Then observe that

D(f(t), f(x0))
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Thus

proving the claim. O
Sometimes it is useful

Lemma 10.28. Let f: Q — Rx, Q convex C (V, ||-]|) with 0 < w (f 9) <
oo, any 0 > 0. Then

D(f(:c),f(y))g(1+|| 63’”) )(£:8), all§>0, Yo,y € Q.

It holds

Lemma 10.29. Let f: Q — Rx, Q convex C (V, ||-]|) with 0 < w (f 9) <
00, any § > 0. Then

D(f(t), f(z)) < (1 = ” )w§f>(f;5), Vi, z €Q, V5 > 0.

In particular, let f: [a,b] — Rg, [a,b] C R, with 0 < wgf)(f;é) < 00, any
6 > 0. Then

2
p(so. ) < (14 55 )50, ha el v o
Proof. If ||t — x| > 0 then @ > 1. Thus by Lemma 10.28 we have

— X x 2
o, fa) < (1+ 5 w0 < (14 570 ) o 100,
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Le. when ||t — z|| > § we get

D(F(b). f() < (1+” ) *)(:6).

But the last is obviously true when ||t — z|| <. O

Convention 10.30. From now on, unless otherwise stated, the o-fields
we consider will be the power sets of the spaces we are working on to the
effect that every real-valued function there is measurable and the measures
considered are complete.

‘We need

Definition 10.31. Let K be a compact convex C (V.|| - ||) real normed
vector space. Let (1, )nen be a sequence of finite positive measures on K.
We say that 1, converges fuzzy weakly to Dirac measure 6,,, 9 € K, iff

an<Af@mﬂm0=a Vf € Cr(K).

n—00

We denote it by
f
fy =2 0z, as m — 00.

Clearly real weak convergence cannot imply fuzzy weak convergence.

We study here the degree of fuzzy weak convergence with rates.
We present the first main result.

Theorem 10.32. Let K be a convex and compact subset of the real vector
space (V|| -|). Let zp € K fized and v a finite measure on K with p(K) =
m > 0. Let also f € Cx(K). Then

D(Af@ﬂ@&f@d) (10.1)

< fm = 11007 0).0) + 7 150) ([ 520 i)

for all 0 < 0 < diam(K). When m = 1, that is when p is a probability
measure on K we get

o( [ soutan.sen) <o) ([ B2 uan), o

for all 0 < 6 < diam(K).
Proof. By Lemma 10.8 we have that

D(f(z),6) <M, VzeK, M>0,
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so that f is integrable. Also we see that

mo fzo) = {(mfao)” mf(wo)))|0<r < 1}
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We then observe

o)

(/f >@m)+Dumw@mem

(/f (dt) /fﬂ?o >+D(f($0)®m7f($0))
/K D(f(t), f(zo))pu(dt) + [m — 1{D(f(xo),0)

(the last comes by Theorem 10.19, and Lemma 1.2, respectively)
t—x )
= (/ PM;O”W M(dt)> W (f38) + [m — 1D(f (o), 3),
K

0 < ¢ < diam(K) (the last comes by Lemma 10.26). We have established
(10.1) and (10.2). O

IN

Remark 10.33. 1) By the use of geometric moment theory methods
(method of optimal distance, see [74], [4]) we can find best upper bounds for

various interesting cases to [} [@W w(dt) subject to the given moment
condition

(] ||txo||w<dt>)l/r — D, (a0). (103)

Here » > 0, D,(z9) > 0 are given. For the existence of u we assume
D,.(z0) < m'/"diam(K). Le. to find the optimal quantity

= o [ [152 n)

over all measures p with p(K) = m that fulfill (10.3). Here we assume that
for fixed 0 < § < diam(K) we have that

W (f56) <w

where w > 0 is given. The precise calculation of quantity K (z¢) is given in
Theorem 7.2.1, pp. 212-213 of [4] for all cases.
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2) Consider iz € Rz such that
iz = {",i) [0 <r <1 withall i) =1},

actually 17 = Xy1y. Then the fuzzy integral

A
) {(/KW?;COHL“%ZM/JW?%JH%%N) 0<r< 1}
B {</JHTJZOHP“/J§%”LZAL> l0<r< 1}
:(/,JW]@)M@JH%&@;(/Jtéwolwdu)

@ir.

I.e. we got that

/K Pt}%” ©irdn = (/K “t;xow du) ©ir.

Also notice that D(iz,06) = 1. Then the equality sign in (10.1) cannot be
attained but it can be arbitrarily closely approached by the close approx-
imations to f(t) = w(ww ®ix, where w > 0 is a prescribed value of
(F) ..
Wi ( ’ 6)
We give

Corollary 10.34 (to Theorem 10.32). We get that
D ([ st f(a)) <lm - 14D((a0). 0
K
cl0g50) (mo+ 5 [ - molta@n). 0

Forr > 1 we obtain
D ([ sttt f(a)) < lm - 14D((a0). 0
+ wg}—)(f;(s) (m+ Dr(x(])ml(},)> ’ (105)

and

D ( /| f(t)u(dw,f(xo)) < |m — 1D(f(z0), 0

1/r
w(]:) . — zall” m m—l/r ) )
T ol (f(/K T u(dt)> ) (1 +m/"). (10.6)
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When r = 2 we get

D ([ soutan), )} < m = 11D o).
+ul” < (/ t—x0||udt>1/2> (m ++/m). (10.7)

Proof. Obvious. O
We further present

Theorem 10.35. Same assumptions as in Theorem 10.32. Then

D ( / f(t)u(dt%f(wo)) < |m — 11D (f(z0),3)

(F) (. fKHt_$H2 (dt)
+ w; (fﬁ)( 52 ) (10.8)

for all 0 < ¢ < diam(K).

if
= ([ 1= alPutan)

D ([ st f(ao)) <lm = 11D(s(a0). 0
+wl” < (/ ||t—:c||,udt>1/2> (m+1).  (10.9)

For m =1 we get

(/f (dt) f(xo><2w ( (/ t—x||udt> 2). (10.10)

Corollary 10.36 (to Theorems 10.32, 10.35). It holds

1/2

then it holds

D (/Kf () dt),f(xo)> < |m —1{D(f(z0),0)

+w§f>( (/ ||t$0||ﬂdt> ) min{(m + /m),

(m+1)}. (10.11)
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In case of K = [a,b] C R we have

D < - f(t)u(dt),f(xo)> < |m = 1[D(f(x0),0)

1/2
w(}-) ; — )2 min{ (m m
+ (f, (/[a,b](t 0) u(dt)) ) {(m +vm),
(m+1)}. (10.12)

Clearly by (10.11) or (10.12), as m — 1 and [ ||t — zol|*u(dt) — 0 or
f[a . (t — x0)?pu(dt) — 0, we get the degree of approximation of fuzzy weak

].‘
convergence (L = 05, with rates, respectively.

Proof of Theorem 10.35. Most here are as in the proof of Theorem
10.32. Furthermore, we make use of Lemma 10.29 and we have

(s

_/JD 20))ldt) + m — 11D(f(z0), 5)

m—lDuwm@+(@(HW“;W)MﬁQwPUﬁ>

[m — 11D (f(x0).0) + ”kfa< hﬁ*;”mﬁ».

IN

O

Remark 10.37. (1) Theorems 10.32, 10.35 and Corollaries 10.34, 10.36
are true also when g is the completed Borel measure, same proofs.

(2) Theorems 10.32, 10.35 and Corollaries 10.34, 10.36 are true also when
f s integrable in the fuzzy sense, see Definition 10.18. So we do not need
always to assume that f € Cz(K). Also we do not need to assume always
that K is compact. Again same proofs.

Based on Theorem 10.22 and Remark 10.37(1) we present the following
fuzzy Shisha—Mond inequalities result.

Theorem 10.38. Let K be a convex and compact subset of the real normed
vector space (V|| -]). Let L be a fuzzy positive linear operator from Cx(K)
into itself with the property that there exists positive linear operator L from
C(K) into itself with (Lf)i) = I g')), respectively for all v € [0,1], Vf €
Cr(K). Then

D(L(f)(@), f(2)) < |L(1)(x) — 11D(f(), ) (10.13)
+ P (£ (B =2)2) (@) *) min{(L(1)(@) + y/ L(1)(@)),
(L)) + 1)}
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Furthermore we get

D*(Lf, f) < D*(f.0)|IL1 — 1| (10.14)

+ min{[|Z(1) + /(1) oo I E(1) + Lo}t (£ LA =) (@)I122),

and || - ||eo stands for the sup-norm over K. In particular, if f/(l) =1 then
(10.14) reduces to
D*(Lf, f) < 287 (FIE( - =) ()| 1£2) (10.15)

When K = [a,b] C R then we obtain
D*(Lf, f) < D*(f,0)IL(1) = 1o (10.16)

+ min{20) + /21 e,
I2(1) + Lo bt (£ 1T = 2D @)1L2).
Here one has that (see [96])
ILC =2 D@l < ILE) (@) = 2%l + 2¢]| L(#)(2) — 2lloo
+c2[|L(1)(z) = 1| o0, (10.17)
where ¢ := max(|al, [b]).
Consequently we get the following fuzzy Korovkin theorem, see also [78].

Theorem 10.39. Let (L,)nen be a sequence of fuzzy positive linear op-
erators from Cx([a,b]) into itself, [a,b] C R, with the property that there
exists a sequence (Ln)neN of positive linear operators from C([a,b]) into it-

self with (Lnf)(ir) = (f(r)) respectively for all v € [0,1], Vf € Cx([a,b]),
Vn € N. Furthermore assume that
L,(1) 51, L,(id) 2% id, L,(id*) = id?* asn — +oo,

where id 1is the identity map. Then D*(L,f,f) — 0 as n — oo, Vf €
Cr([a,b]). Inequality (10.16) gives above convergence quantitatively and
with rates.

Proof. By Theorem 10.38, I~/n(1), n € N being bounded and the other
assumptions. (I

Example 10.40. Applying (10.16) we obtain

D*(BPf, f) < 2wl <f; > Vfe Cr([0,1]), YneN. (10.18)

1
2\/n
Let now f be of Lipschitz type i.e.

D(f(x), f(y)) < M|z —y|, M >0, Va,ye[0,1].
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Then by (10.18) we get the improved
M
D*(BY) < =
(B0 < =

while by Theorem 10.13 we only produce

(10.19)

D*(BYf,f) < -—=.

We present now the more general fuzzy Korovkin type result.

Theorem 10.41. Let (L,,)nen be a sequence of fuzzy positive linear oper-
ators from Cx(K) into itself, where K is a convexr compact subset of the
real normed vector space (V.| - ||). It has the property that there exists a
sequence (Ly)nen of positive linear operators from C(K) into itself with

(Lnf)gz) = L, ( j(:)), respectively, for all v € [0,1], Vf € Cx(K), Vn € N.
Furthermore assume that

L1551 and |[(Lo(]| - —2[*))(2)|| , — 0, asn — oc.

Then D*(L,f,f) — 0 as n — +oo, Vf € Cx(K). Inequality (10.14) gives
above convergence quantitatively and with rates.

Proof. By Theorem 10.38 and that wgf)(ﬁ §) —0asd—0. O

Example 10.42. Let K convex compact C (V)| - ||)-Banach space. Let
x € K and {z1,...,2,} (n € N) be a finite set of distinct points in K.
The fuzzy second Shepard metric interpolation operator is defined by (f €
Cr(K))

S2(f;x) = S, ...,z b (f, 1)

. T e
Z flz:) ® n]_l’JZéZ , ifo & {xy,...,z,},
= i=1 > Il —a? (10.20)
(=1 k=1k#0
f(x), if v € {z1,...,2,}.

Obviously S2 is a fuzzy positive linear operator.
Notice S2(f;x;) = f(x;), all i = 1,...,n. Actually we have that S?(f) €
Cr(K). It also fulfills

(S2())@) Y = 827 (@), vre[0,1],

where STQL is the corresponding real valued positive linear operator, see [68],
[95], [4]. We have S2(1)(z) = 1 for all z € K. Furthermore it holds

n —1/2
((S2(|It — 2]|2) (@) = n/2 (Z |z — xi|_2> . (10.21)
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We then apply (10.13) of Theorem 10.38: Let « € K then

n —1/2
D((S2f)(@), f(2)) < 267 [ fin!/? (an—xin-?) . (10.22)
=1

Consequently we get finally:

n —1/2
D*(S2f, ) < 25 | £;m/2 (Z ||x—xi-2> ., W¥neN.
=1

oo

(10.23)
We give

Theorem 10.43. Let K be a convex subset of the real normed vector space
(V- 1D Let g € K be fized and p a completed Borel finite measure on K
with p(K) = m > 0. Let also f € CB(K), i.e. f is fuzzy continuous and
bounded on K. Then

D (/K f(t)u(dt%f(xo)) < |m — 1|D(f(x0),6) (10.24)

1/2
+ wi? (f; (/ [t — xollzdu(t)> ) min{m + 1,
K

m+ v/m}.

If K =R or Ry we obtain
D ( / f(t)u(dw,f(xo)) <lm—1D(f(z0,5)  (10.25)
R or Ry

1/2
+ wg}-) f; (/ (t— x0)2du(t)> min{m + 1,
Ror Ry
m+ v/m},

for any f € CER) or f € CB(Ry), respectively. Inequalities (10.24) and
(10.25) are still valid if the related o-field is the power set of K.

Proof. Clearly f is integrable. Again we have

mo f(eo) = [ fan)d
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We then observe

D ([ st sieo))

<D (/K f@)u(dt), f(zo) ®m> + D(f(20) ©m, f(z0))

— D(/K f(t)u(dt),/Kf(xo)M(dt)> + D(f(z0) ©m, f(z0))

(by Theorem 10.19 and Lemma 1.2)
< | D) sao)ntan

+|m —1[D(f(x0),0)

(by Lemmas 10.28, 10.29) _
< wgf)(f; 4) min / (1 + [1¢ = 2ol 6360>du(t)7
K

/(1 llt = o2 OHQ }
+Tm—1|D< e

= |m—1|D(f ) 4+ min< m + /Htf:roHd,u

/nt—zn dpu(t } )(f:5)

< |m —1D(f(x0),6) + w7 (f;0) mln{ (/ [t — @ol|dp(t )

/2

1
Vit [ IIt—xo|2du(t)}
0% Jk

(Setting 5= </ It — x0||2du(t)>l/2>

— m — 1D(f(w0),3) + i (f;8) min{m + L,m + ),
proving the claim. O
‘We present

Application 10.44. We consider here f € C’g(RJr). Fort > 0 and g €
Cp(Ry) the real Szasz—Mirakjan operator is defined as

(g = e () 25 (10.26)
k=0 ’
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and the real Baskakov-type operator is defined as
~ > k n+k—1 th
Vg)(t) == i S 10.27
G0 =30 (3) (") e (10.27
Consider here X; real independently and identically distributed random

n
variables and put S,, := > X;, n € N. Let E denote the expectation
j=1

operator. Then M,, and V,, operators are of the form E(g(s,/n)). In one

oo,
case the random variable X has the distribution Px :=e™? > tk—k!ék and in

o0 1 ¢ k
Px = o —
X ;<1+t> (1+t) Ok,

k=

the other

that is the Poisson and the geometric distribution, respectively, where Jy
denotes the Dirac measure at k. In both cases, E(X) = ¢, while the variance
Var(X) = t and Var(X) = (¢t + t?), respectively. Clearly the standard
deviation o, /, in Poisson case is \/g and in geometric case is \/%.

Among others we will apply here Theorem 10.43, its inequality (10.25).
We will see that the related measure 1 here is the distribution Fy  /,. Nat-
urally, we define the fuzzy Szasz—Mirakjan operator (f € CE(R)),

(Mo f)(2) = *"tQZ f( ) )k, (10.28)

and the fuzzy Baskakov-type operator

~ k n+k—1 tk
):%—:of(n>®< k >W7t>0- (10.29)

Clearly for M,, operator the corresponding probability measure p is

e (1)
pp=e"y Ok (10.30)
=0
and for V, operator the probability measure p is

o0
n+k—1 tk
= E — /- 10.31
" k_o( k )<1+t>n+k o Hosy
Hence for f € CE(R;) we have

(M, £57( i £, (dt) (10.32)
+



10.3 Main Results 149

and
VatE)@) = | £ ua(dt), vreo.1], (10.33)
R+
respectively, and these real integrals exist, i.e. for every r € [0, 1] the func-
tions fj(:r) are integrable with respect to u;, ¢ = 1,2. Then it follows from
[67] and the Lebesgue-dominated convergence theorem that the parame-
trized representation

{(/ O, [ ff)dui> 0<r< 1}
A A

is a fuzzy real number for each A C R, for i = 1,2. Thus by Definition
10.18 we get that fR+ fdu;, i =1,2 exist as fuzzy real numbers.
From Theorem 10.45 next we obtain

[(Myg)(t)] < |g(t)] + 2wr (g; \/%> : (10.34)
|(Vag)@)] < |g(t)] + 21 <g; \/ ttﬁ) , (10.35)

Vg € Cp(Ry), t > 0, where w; is the real modulus of continuity. Le.

(M,g)(t), (V,g)(t) as infinite series converge, Vn € N. Hence easily we see

that M,,, V,, are positive linear operators. Here for f € C’f (Ry) we get that

fj(!) are equicontinuous, respectively, and uniformly bounded in r € [0, 1]
over R,.
We notice by Proposition 10.3 that

(YO < 1)+ 200 (f(”; @)

< D*(f,0) + 2w (f; \/%) =: My(f)

and
(VufEH@ < 10 + 201 (fi”; W)

< D*(f,5)+2w§f) <f7 W) = MQ(f), Vr e [0,1]
Le.

(M, £ ()] My(f),
(V@) < Ma(f), (10.36)

AN VAN
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where the constants M, (f), Ma(f) >0, Vr € [0,1].
So as infinite series (M, f(r))( t), (V,, f(r))( t) converge Vr € [0, 1], for any

n € N. For convenience call the weights wy,, (t) := e” "2 ("t) > 0 and

n+k—1 tk

so that
and

Zg( >9kn , Vg e Cp(Ry).

We notice for f € CE(R,) the following by basic properties of fuzzy
numbers, see [67]:

(f@) < (F@)” < (fF@) < (f@)Y < (F@)? < (f@)), vz eR..
We get that

G < max{|(F@) O] @)D}
= 1@+ @)D - 1@~ 1))

= A% () € C(Ry).
Also it holds
1(F(2)]

IN

maxc{|(f @)1, 1(£(2) ]}
- %(|(f(x))f)\ + |(f(33))(+1)| — ‘|(f(x))(+0)| — \(f(x))(ﬁ)”)

= AN () € Cp(Ry).

I.e. we have obtained that

0 < |(f2)”] < A% (@),
0 < [(f@)|<AY (@), vrelo1), VeeRy.  (10.37)

Consequently by (10.36) we have
0 < [(Mu(AZH)(0)] < Mi(AL) < o0,
0 < [(Va(ATH)(0)] < Ma(AT) < oo, (10.38)
respectively, i.e. (M,(AY"))(t), (Va(AL)(t) converge as series, ¥n € N.
Since M,,, V,, are positive linear operators we have

0 < [(M(F))(@)] < (ML(IFD)(8) < Mo (AL (@)
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and
0 < |(Va(£"N O] < (V(FD) (1) < Va(AL P (@), (10.39)
respectively in + and Vr € [0, 1].
In detail one has

().
().

Vr €10,1], k € N, n € N fixed, t > 0 fixed, respectively in =+.

Thus by Weierstrass M-test we obtain that Mn(|f¥)|)( t), Vi (|f(T)|)(t)
as series converge uniformly in r € [0, 1], respectively in £, Vn € N. And
easily we get by Cauchy criterion for series uniform convergence that

ML () @), ValF)(@)

as series converge uniformly in r € [0, 1], respectively in +, ¥n € N.
We then notice that

RJMM={<4mehA(£MM>Tem@}
{(‘"thm( ) ()G k) |re[o,1]}
_ @{< > Zf+ (5)& >k> |re[o,1]}
- -”t@{i( f“)( )t (n))we[o,l]}

(by ublng Remark 10.1(2) and earlier comments)

(@) () rew)

Wkn (t)

IN

Ail(ﬁ>umngy

Orn (1) AY! <i> On(t), (10.40)

IA

Rr

w

I.e. we proved that
/R Fduy = (Mo f)(8). (10.41)

Similarly we can prove that

fdpy = (Vo f)()- (10.42)

Ry
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So we have that

(Mnf)(t)a (an)(t) S R]’a vt € R-I-'
‘We next observe for ¢t > 0 that

oo* n k
D((Ma(£)(1),0) = D( <k>®(':!) )

AN
()

|

3
e
85
=~ 2

\Qo
ol
A/~
K,‘
3|
“Dz

< Me™ lim Z (nt)

Hence D*(M, f,0) < M. Le. M, f(t) is fuzzy bounded over R™.
Similarly we see that for ¢ > 0 that

o ()o ()

. * k n+k—1 tk .
o () (L )

k=0

U k n+k—1 t _
Jn S50 (1) e (") o)
. &= (ntk—-1 tk kY .

- mhféoz( k ><1+t>n+kD<f<n>’°)

k=0

(S () <

k=0

D((Vaf)(#),0)

IN

IN

Le. D*(V,,f,0) < M, that is V,, f is fuzzy bounded. Using Remark 10.1(1)
and Lemma 1.3(iv) we get easily that M, V;, are fuzzy linear operators.
Next we prove their fuzzy positivity.

Indeed we have: let f,g € CB(R) then gﬁ_f), j(_f) € Cg(Ry), vr € ]0,1].
So assume that f = g iff f&r) > g(_T) and f_(:) > gg), Vr € [0,1]. Then

r (K ) (K
()= ()

and
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and

and

k
0 (£) 0 o

Consequently it holds

%tz (r)( > > Zg(r)( > k'k, vr e [0,1],

respectively. Therefore

My 10 () > Mg (1), ¥r € 0,1,

respectively in =+.
Next we use Remark 10.1(1). We notice that
)

(MO = [(Ma) (), (M) ()]

)
~(E/0)-1F)
- R S ()]

= [NLL(F) (@), M (7 (1)),

Le. (Mnf)(j:) = Mn(fg)), Vr € [0,1], respectively, (that is fulfilling the
basic condition of Assumption 10.20), Vn € N. Therefore (Mn(f))(ir) >
(Mng)i'), respectively, iff M, f == M,g. We have proved M,’s positivity.
The V,,’s positivity follows similarly.

We need to state

Theorem 10.45. Let f € Cp(Ry). Then

(Mpf)(t) = f(t)] < 201 (f, \/D , ¥t>0,neN, (10.43)

[(Vaf)(t) = F(B)] < 21 (f, W) , Vt>0,neN, (10.44)

and
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where wy 1s the real basic first modulus of continuity.

Proof. Let p be a probability measure on R . We notice that

fdp— f(t)
Ry

/R (f — F®)du
(by Corollary 7.1.1, p. 209 of [4])
/R 1F(@) — £(t)] diu(z)

IN

IN

w1 (f;9) / ['mgﬂ du(z) (6 > 0)

w1(f:9) (/ (1+59) du<w>>

= wnlf:0) <1+§ x—tdmm)
Ry

(by Cauchy—Schwarz inequality)

1/2
n(f:0) (1 ‘s ( | - t)?dm:c)) )
1/2
choosin, = z—t)%du(z
(by hoosing 6 (/( £)2du( >> )
1/2
= 2w (f; (/R (x—t)Qdu(x)> )

So we have proved that

1/2
[ fin= 50| < 20 (f < / <x—t>2du<x>> ) . (1045)
Ry Ry

Using now the content of Application 10.20 and setting as pu = Fg, ;,, in
(10.45) we get that the operator values (M, f)(t), (V. f)(t) are of the form

(0(5)) - o

In this case Uﬂh (x — zf)Qd,u(ac))l/2 is the standard deviation og, /,, which

IN

IN

. . . . . . 2
in Poisson case is \/% and in geometric case is % O

Using now all of the above and (10.25) of Theorem 10.43 we obtain
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Theorem 10.46. Operators M, V,, are well-defined on CB(Ry), n € N
and they are fuzzy positive linear operators there. Also for each f € CE(R)

we have that M, f, Vo f are uniformly in n fuzzy bounded. Furthermore it
holds

(Mnf)(iT) = M( (r))7
VuhY = Vu(r), (10.46)
Vr € [0,1], respectively, any f € CE(R4). It holds

D((My f)(1). (1)) < 27 (f; \/% ! (10.47)
and

D((Va)(0), (1) < 2087 (f,\/ tfth), V>0, neN, feChR).

(10.48)

Application 10.47. Let a real normed vector space (V. ||||), let zo € V and
a sequence (fi,, )nen of positive finite measures on V' with pu,, (V) = m,, > 0,
n € N, where m,, <+, v > 0. Let f: V — Rz be fuzzy bounded function
ie. D(f(x),0) < M, M > 0,Vz € V. Thus D(f(z + z9),0) < M,Vx €V,
so that f(- + o) is integrable by Theorem 10.17 and Definition 10.18.

We define the fuzzy convolution operator

(Ln f)(z0) = /V F(t+ o), (dt), (10.49)

for any xg € V, ¥n € N. See that (L, f)(zo) € Rz and L,, is a fuzzy linear
operator by Theorem 10.19.
By the representation

Fo o) = { (S +0). £+ w0)) [ r € 01]}, vieV

we get that: Let f,g: V — Ry fuzzy bounded functions such that f = g
iff £ > g and £ > o0 vr € 0,1] i £ (@) > g0 (2), Vo € V,

Vr € [0, 1], respectively, then f(r) (t+x0) > g(r)(t—i—mo), Vi eV, Vrel0,1],
respectively, then

| 0+ aaut) = [ o+ aaut). e .1
14

respectively. Hence by Definition 10.18 we get that

(/V f(t+xo)du(t)>:) > (/Vg(t+xo)du(t))) 1) vr e [0,1],
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respectively, iff ((Lnf)(xo))(ir) > ((Lng)(l'o))g:), Vr € [0, 1], respectively, iff
(Lnf)(x0) 7 (Lng)(zo), any zo € V iff (L,f) 7 (Lng), n € N. That is
(Ly)nen is a sequence of fuzzy positive operators.

As before we obtain

D((Lnf)(.ro),f($0))
- ( / f(t+xo)un(dt)7f(:vo)>

IA

D ( [ 5+ s @) san) © m) T D(f(20) © s f(0)
D ( /V St + o) (), /V f(xomn(dt)) + D(f(20) © 1, f(20))

< [ DU +a0). )@+ e = 1D (20).8) (5> 0)

IN

[ 25| B ety 4 m, - 101200

o <1121+ 50) ([ (1450 an)

1001 +(530) (o + 5 [ el a))

ma = 11 +7(755) ( (e an)”
(choosmg 3= ([ 1P (an) - )

Mim, ~ 1]+ & (f; (f ||t2un<dt>)l/2> (o + VT,

Finally we have established the following fuzzy convolution result.

IN

/2

IN

Theorem 10.48. Let (V, || - ||) real normed vector space and (p,,)nen posi-
tive finite measures on V: u, (V) =my >0, n € N, where m,, <=, v > 0.
Let f:V — Rg: D*(f,5) < M, M > 0. Define

(Lnf)(z /ft—l—x)un(dt) Vz eV. (10.50)

Then (Lp)nen is a well-defined sequence of fuzzy positive linear operators.
It holds

1/2
D*(Lyf. f) < M|my,—1]+w{™ (f; (/ ||t||2ﬂn(dt>> ) (mn+y/my), n€N.
\%4
(10.51)
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If m,, =1 then

1/2
D*(Lyf, f) < 207 (f; ( /V ||t|2un<dt>) ) : (10.52)






11

HIGHER ORDER FUZZY
KOROVKIN THEORY USING
INEQUALITIES

Here is studied with rates the fuzzy uniform and L,, p > 1,
convergence of a sequence of fuzzy positive linear operators to
the fuzzy unit operator acting on spaces of fuzzy differentiable
functions. This is done quantitatively via fuzzy Korovkin type
inequalities involving the fuzzy modulus of continuity of a fuzzy
derivative of the engaged function. From there we deduce gen-
eral fuzzy Korovkin type theorems with high rate of conver-
gence. The surprising fact is that basic real positive linear op-
erator simple assumptions enforce here the fuzzy convergences.
At the end we give applications. The results are univariate and
multivariate. The assumptions are minimal and natural fulfilled
by almost all example—fuzzy positive linear operators. This
chapter follows [20].

11.1 Introduction

Motivation for this chapter are [4], [18], [24], [32], [78], [96]. In fact this
is continuation of [18], [24]. Here first we translate the necessary measure
theory approximation results from [4] into the language of real positive
linear operators, then by combining the facts, e.g. use of Proposition 11.2,
we transfer results at the fuzzy level.

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 159-190.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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Applications are on univariate and multivariate Bernstein operators. At
the beginning we provide all necessary fuzzy terminology, definitions and
theorems we use here. In that background section we prove some results
that they stand by themselves, such as in positivity. The basic ingredient to
establish the results is the bridge between real operators to fuzzy ones. It
is the natural realization condition: Assumption 11.21, see (11.17). This is
fulfilled by almost all example positive operators, in fact by all summation
and integration operators: real and fuzzy. The concept of fuzzy positivity
we use is the natural analog of the real positivity, the same thing with
linearity.

We need
Definition 11.1. Let U C (M, d) a metric space and let f: U — Rxr. We
define the (first) fuzzy modulus of continuity of f by

A7 (f30) = s D(f(@), (y)
ao )<

for 0 < ¢ < diameter(U). If § > diam(U) then we define
Wi (£:6) 1= Wi (f: diam(D)).

Proposition 11.2 (see [24]). Let U C (M, d) metric space and f: U — R.
Assume that

W 8), wr(F7,8), wi(f",5)

are finite for any 0 > 0. Here wy is the usual real modulus of continuity,
.e. for g: U — R we define

wi(g;0) :== sup |g(z) —g(y)l,

z,yelU
d(z,y)<é
etc. Then
W (f:0) = st]max{wl(f@,6),w1<fi”,6)}.
rel0,1
We need

Definition 11.3. Let U open or compact C (M,d) metric space and
f:U — Rg. We say that f is fuzzy continuous at xzy € U iff whenever
Xy, — X, then D(f(xy), f(xo)) — 0. If f is continuous for every z € U,
we then call f a fuzzy continuous real number valued function. We denote
the related space by C#(U). Similarly one defines C#([a, b]), [a,b] C R, etc.

Definition 11.4. Let f: K — Rz, K open or compact C (M,d) metric
space. We call f a fuzzy uniformly continuous real number valued func-
tion, iff Ve > 0, 36 > 0: whenever d(z,y) < J, z,y € K, implies that
D(f(z), f(y)) < e. We denote the related space by C¥%(K).
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Definition 11.5. Let f: U — Rz, U C (M, d) metric space. If D(f(x),0) <
M, Yz e U, M >0, we call f a fuzzy bounded real number valued function.
In particular if f € Cz([a,b]), [a,b] C R, then f is a fuzzy bounded

function, also wgf)(f; d) < oo for any 0 < § < b — a, etc. Also notice that

CY(K) = Cr(K), for K compact C (V| -||) real normed vector space.
We use

Proposition 11.6 (see [24]) Let K C (V.| - ||) a real normed vector space
and

WI(f58) = sup D(f(x), f(y), >0,
o<

the fuzzy modulus of continuity for f: K — Rx. Then

(1) If f € CY(K), K open convex or compact convex C (V|| - ||), then
wgf)(f;é) < 00, V§ > 0.

(2) Assume that K is open convex or compact convex C (V.|| - 1), then
wg]:)(f;é) is continuous on Ry in & for f € CL(K).

(3) Assume that K is convex, then
WP (fotr +12) S (fit) + 7 (f12), trt2 >0,
that is the subadditivity property is true. Also it holds
w7 (f.n8) < not(£.6),

and
Wi (£,28) < Wi (£,8) < A+ D™ (£,9),
where n € N, A >0, § >0, [-] is the ceiling of the number.
(4) Clearly in general wgf)(f;é) > 0 and is increasing in & > 0 and
WP (£:0) = 0.
(5) Let K be open or compact C (V, | - ). Then o™ (£;6) — 0 as 6 | 0
iff f € CE(K).
(6) It holds
7 @ :8) <o (£:0) + i (9:9),
ford >0, any f,g: K > Rxe, K C (V| -|) is arbitrary.

We also need

Lemma 11.7 (see [24]) Let K be a compact subset of the real normed vector
space (V|| -|]) and f € Cx(K). Then f is a fuzzy bounded function.

We use
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Proposition 11.8 (see [24]). Let U open or compact C (M, d) metric space,
feCr(U). Then f(ir) are equicontinuous with respect to r € [0,1] over U,
respectively in =+.

For the reverse we have

Proposition 11.9 (see [24]). Let fir), f_(:) be equicontinuous with respect
tor € [0,1] on U-open or compact C (M,d)-metric space, respectively in

+, then f € Cx(U).

‘We mention

Definition 11.10 (see [53]). Let =,y € Rz. If there exists a z € Rz, such
that © = y + z, then, we call z the H-difference of = and y, denoted by
zi=x—y.

Definition 11.11 (see [53]). Let T := [zg,z0 + ] C R, with § > 0. A
function f: T'— Ry is differentiable at « € T, if there exists a f/'(z) € Rz,
such that the limits

L o o R B ot )

h—0t h R h ’

exist and are equal to f/(z). We call f’ the derivative of f at z. If f is
differentiable at any = € T, we call f differentiable and it has derivative
over T, the function f’. Here is assumed that f(z+h)— f(z), f(z)— f(z—h)
exist for small h.

Similarly we define higher order fuzzy derivatives. Regarding functions
of several variables one can define the same way partial derivatives in the
fuzzy sense.

Let @ be a compact convex subset of R¥, k > 1 and n € N. By CH(Q)
we mean all the functions from @ into Rz that are n-times continuously
differentiable in the fuzzy sense.

We use

Theorem 11.12 (see [71]). Let f: [a,b] C R — Rz be fuzzy differentiable.
Let t € [a,b], 0 <r < 1. Clearly

oI =m0 o] cr (1L.1)
Then (f(t))(ir) are differentiable and

7 = ()T, (11.2)

i.e.
(Y = (£, for any r € [0,1]. (11.3)
We make
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Remark 11.13. 1) Let f € C%([a,b]). Then by Theorem 11.12 and Propo-
sition 11.8 we obtain fi € C"([a,b]) and

SO = [((FO) D, ((£) )], (11.4)
for i =0,1,2,...,n, and, in particular, we have that
(fNY = (£, (11.5)

for any r € [0, 1].
2) Let f € C%(Q), denote f, := 9°f  where o 1= (a1,...,ap), a; €ZT,

k
t=1,....,kand 0 < |a| := >  a; < mn, n > 1. Then we get by Theorem

11.12 that =
(fS)a = (f) 1, (11.6)

for any r € [0,1] and any a: |a| < n. Here fir e C™(Q).

We also make
Remark 11.14 (see [15], Remark 3). Let r € [0,1], z\"”, y{” € R, i =
1,...,m € N. Assume

(r) ()

sup max(z; ,y; ) €R, i=1,...,m.

rel0,1]
Then

sup max (me Zy(r)> < Z sup max(z ),yl( )) (11.7)

ref0,1] =1 €l0,1]

We use

Lemma 11.15. Letr € [0,1], « € I, I a finite index set, and x((f),yé) R.
Assume
A :=max sup max{:z:(r ,y(’")} eR

a€l pelo,1]
and
B = Q) ML eRr. 11.8
s max oyl mal? | ()
It holds
A= B. (11.9)

Proof. 1) First we prove B < A. We see that
My < A, ¥rel0,1] and Va € I.
Then

A —maxx()<A Ay —maxy() A
acl acl
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and
maX(Al,Ag) S A.

Thus

sup max(A4;, Az) < A.
rel0,1]

2) We last prove A < B. We notice

" <maxz", Vrel0,1], Yael

acl
and
Y < ma;<yg"), Vre[0,1], Vael.
ac
Then

max{z, 4"} < max {ma}<xg),ma;( y((f)} , Yrelo,1], Yael.
ae ac
Furthermore

sup maX{:v&T)7y&”} < sup max{maxmg),maxyg)} =B, Yael,
r€(0,1] r€(0,1] ael ael

and finally
max sup max{z{",y{")} < B.
ael ref0,1]

O
‘We mention

Definition 11.16. Let L: Cz(U) — Cz(U), where U is open or compact
C (M, d) metric space, such that
L(cif +cag9) = a1 L(f) + c2L(g), Vei,c2 € R (11.10)

We call L a fuzzy linear operator.

We give the following example of a fuzzy linear operator, etc.

Definition 11.17. Let f: [0,1] — Rz be a fuzzy real function. The fuzzy
algebraic polynomial defined by

N

By (@)= (JZ)xk'u —x)N ko (;f,) . Vze[0,1], NeN,

k=0
(11.11)
will be called the fuzzy Bernstein operator.

We do have
Theorem 11.18 (see p. 642, [66], S. Gal). If f € C£([0,1]), then

(%) 3 & (gL
D(BY (f)(z),f(a:))sgwf (fﬁ) NeN, Vze[0,1], (11.12)
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i.€.,

Glm D (BY (). f) =0, (11.13)

that is BJ(V}—)f —n—otoo [, fuzzy uniform convergence.

We also need

Definition 11.19. Let f,g: U — Ry, U C (M, d) metric space. We denote
f 291 f(2) 2 (), Vo € U, it £ (2) > 61" (x) and f(2) > (@),
Vo e U, Vr € [0,1], iff ff) > g(f) and fﬁr) > g(f), Vr € [0,1].

We give
Definition 11.20. Let L: C£(U) — Cz(U) be a fuzzy linear operator,

U open or compact C (M, d) metric space. We say that L is positive, iff
whenever f,g € Cx(U) are such that f 2 g then L(f) = L(g), iff

(LN > (L(g) (11.14)
and
(L) = (L(g)", vrelo,1]. (11.15)

Here we denote

O = [N @], vre o1, (11.16)

An example of a fuzzy positive linear operator is the fuzzy Bernstein oper-
ator on the domain [0, 1], etc.

We will use this type of supposition.

Assumption 11.21. Let L be a fuzzy positive linear operator from Cx(K),
K compact C (M,d) metric space, into itself. Here we assume that there
exists a positive linear operator L from C(K) into itself with the property

(LHY =L, (11.17)

respectively, for all r € [0,1], Vf € Cx(K).

As an example again we mention the fuzzy Bernstein operator and the
real Bernstein operator fulfilling the above assumption on [0, 1]. etc.

We will use

Theorem 11.22. Let (X, O) be a linearly ordered vector space, (O denotes
the order) and G a majorant subspace of X (i.e. for any x in X there exist
z and y in G such that z0xz0y). If f: G — R is a positive linear map, then
there exists (a not necessarily unique) F': X — R positive linear map, such
that F(x) = f(z), Vo € G.

Above Theorem 11.22 is a special case of the famous Kantorovich Exten-
sion Theorem, due to L.V. Kantorovich [73]. For a proof see [1], Theorem
2.8, p. 26. See also [54], p. 72, Proposition 1.
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We need

Lemma 11.23. Let L: C™(Q) — C(Q) be a positive linear operator, n € N,
Q compact C R*, k > 1. Then there exists a unique finite Borel measure
Iy T € Q, such that

:Aﬂw%@ vf € C™(Q)

Notice (L(1))(z) = 11, (Q) < co.

Proof. Clearly (L(-))(x) is a positive linear functional on C™(Q). Also since
1 € C™"(Q), C™(Q) is a majorant subspace of C(Q). Thus, by Theorem
11.22 there exists a positive linear functional M : C(Q) — R extending L,
ie. L =M | o (@ Consequently, by Riesz Representation theorem there

exists a unique ﬁnite Borel measure pu, for this M, such that
| 0, ¥s <o)

Therefore

Lﬂm%@ vf € C(Q).

We prove uniqueness s, regarding L(-)(z). Let us assume that there exists
another finite Borel measure v such that

/fd% (/fmf,Wem@»

In particular, we have

d = dv(t),
Amw%w Lw>w

for all polynomials p. Since by the Stone—Weierstrass approximation the-
orem the polynomials are uniformly dense in C(Q), it follows for any
f € C(Q) that there exists a sequence {p, }nen of polynomials that con-
verges uniformly to f on Q. In particular {p, } is uniformly bounded. Now

from
n (D) dp, (t) = n(t)dy
/p (t)dp,(t) /p (t)dv(t)

and the Lebesgue Dominated Convergence Theorem, by taking the limits
in the last equation, we find

/fd% /fdv

Hence, by the uniqueness of the measure in the Riesz representation theo-
rem, we get indeed that p, = v. O
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We give

Remark 11.24. We recall from [4], p. 210-211 the function

z € R, n € N, where [-] is the ceiling of the number.
We have

¢ (z) = /Olzl /OI1 </0w1 [%ﬂ dx”) . daq,

and

Also it holds

|.’L‘|”+1
+ o+

e
¢, (z) < <(n—|—1)'h 2n! 8(71—1)') 7

and

¢n(£[}) = /Om ¢n71(t)dt7 WS R+a n € N.

And from [4], p. 217 we have

11.2 Univariate Results

We need to mention

167

(11.18)

(11.19)

(11.20)

(11.21)

(11.22)

(11.23)

Theorem 11.25 (by Corollary 7.2.2, p. 219-220 in [4] and Geometric

Moment theory [13]). Consider the positive linear operator

L: C([a,b]) — C([a, b]).

Let

ck(x) = L((t—xz)*,2), k=0,1,...,n, n€N;

do(z) = [L(t — 2", 2)] "™

c(x) == max(z —a,b—1z) (c(z) > (b—a)/2).

(11.24)

(11.25)
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Let g € C™([a,b]) such that wi(¢™,h) < w, where w,h > 0,0 < h <b—a.
Then

I (k)
L(g.2) = g(@)] < lg(@)lleofx 1|+Z'9

()]

dn(x)
c(z)

Inequality (11.26) is sharp. It is attained in a certain sense by wo,, ((t —
x)1) and a measure fi,, supported by {x,b} when x—a < b—x, also attained
by wo,, ((x—t)+) and a measure fi,, supported by {x,a} when x—a > b—x:

in each case with masses co(x) — (dp"(—%))n and (dp(—(tx)))n, respectively.

+ we, (c(x)) ( )n Yz € [a,b]. (11.26)

Note 11.26. Assuming w; (g™, h) > 0 for h > 0 and all as in the context
of Theorem 11.25. We prefer to write

|g(k)

1L(g.2) = g(x)| < |g()||co( 1I+Z ()]

)nw(g("),h), (11.27)

YV € [a,b].
We need also

Theorem 11.27 (By Theorem 7.3.5, p. 231-232 in [4] and Lemma 11.23).
Consider the positive linear operator

L: c"([a,b]) — C([a,b]), neN.

Assume that )
L(1,z) > 0,

and }
Lt =" 2) >0, z€[a,b], (11.28)

Consider also p > 0. Consider g € C"([a,b]), n > 1, with wy(g™,5) > 0
for any 6 > 0. Then

1L(g,2) = g(x)] < |g(@)||L(1, ) 1I+Z|g 2 [L((t = 2)*,2)] +

7 1/(n+1)
|:E " P " 1 ] (L(l,ﬂ?)) (Z(|t _ m|n+1’w))ﬁ

8 n+1) pn!

(
o (o (=l @)\ T
1(9 7p< TL2) ) ) (11.29)
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x € [a,b], neN.
We will use also

Theorem 11.28 (by Theorem 7.2.2, p. 216-217, in [4] and Lemma 11.23).
Consider the positive linear operator

L: C"([a,b]) — C([a,b]), neN.
Assume that )
L(1,z) > 0, (11.30)

and B
L(|t — z|™™,2) >0, =€ [a,b].

Consider g € C™([a,b]), n > 1, with wi(g™,8) > 0 for any § > 0. Then

E(9,2) - 9@)| < lg@)||E(L ) - 1\+Z'g N |L((¢ - ), )
- —xn+1 " n/(n+1) B )
J L™ ) ((L(l)(x))("*”
LN PRONT; L o))k
+ )0 Ll = e ) ),
x € la,b], neN. (11.31)

Remark 11.29. 1) If ||L(1)||loc = 0, then L = 0 the trivial operator,
therefore without loss of generality we may assume L % 0, and as a result
we have ||L(1)]|s > 0.

2) By using Holder’s inequality and Riesz Representation theorem, for L
as in (11.24), we easily derive that

1-& =~ n k
IL((t —2)*, )| < (L(1,2)) " (L(Jt — =|",2)) ", (11.32)
under the assumption I~/(1, x) > 0,0 <k <n. And it holds
1—k n % ~
IL((t = 2)*,2) oo < L)l " [IL(1t = 2", 2)[|%, 0 <k <n, LZO.

Similarly, by Lemma 11.23, for L: C"([a,b]) — C([a,b]) positive linear
operator, it holds

L((t - 2)*,2)] < (E(1,2)) T (L(t — 2], ) ™D, 0< k <n+ 1.
(11.34)
And also it holds

__k ~ _k
IL((t = @)*, @)oo < IE(D) ]2 ™ 2 IE( — 2", 2) [T, 0 < k <n+ 1.
(11.35)
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3) If L(1,z) = 0, € [a,b], then easily we get that L(g,z) = 0, Vg €
C"™([a, b]). So that inequalities (11.26), (11.27) and (11.31) hold trivially.

4) If d,(z) = 0, « € [a,b], then we get that cx(z) =0, k = 0,1,...,n,
since the associated measure pu, is concentrated at {x} only, etc., and in-
equalities (11.26) and (11.27) hold again, in fact as equalities.

5) Similarly, if L(|t — z|"*',2) = 0, x € [a,b], then we get again L((t —
)k 2) =0, k =1,...,n, since the associated measure y, is concentrated
at {z} only, etc., and inequalities (11.29) and (11.31) hold again, in fact as
equalities.

6) If w1 (g™, h) = 0 for some h > 0 then ¢(™) is the constant function, fur-
thermore inequalities (11.26), (11.27), (11.29) and (11.31) are again valid.

We give the first main fuzzy result.

Theorem 11.30. Consider the fuzzy positive linear operator

L: C%([a,b]) — Cx([a,b]), neN, (11.36)
with the property
@hHY = LU, (11.37)

respectively, for all r € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator such that

L: C([a,b]) — C([a,b]). (11.38)
Let
cp(x) = E((t—it)k,l‘)7 E=0,1,...,n;
dn(a) = (L(lt— 2", 2)""; (11.39)
c(z) = max(z — a,b — ).

Let f € C%([a,b]) such that wgf)(f(”), h) >0 for any h > 0. Then
1)

D(LN@).1@) < leofa) ~ 1D (@), ) + 3 LD b0 ) 5

k=1

x € [a,b], and

2)
T S L — T k T)|lco ~
k=1 :
o)l | LD P50, a1
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Proof. We have the following

D((Lf)(x), f(z)) = sup max{|(Lf)"(z) - ()],

re(0,1]
LH (@)~ £ (@)}
= sup max{|(L(/"))(@) — F7 @) L) @) — £ @)}

ref0,1]
(by Remark 11.13 (11.1) and (11. 27))
< s?p]max{u(( Y eole 1|+Z' e, (@)
rel0,1

+ %(c(w))(i’}—ff) w1 (£ 0), 117 (@) |eo(x) — 1]

n (k)y(7) x 2\ "
+ 3 B )1+ 0, et (222 w1(<f<”>>$“%h>}

o (=)

leo(x) — 1] s?p]max{lf(’" 2) 117 @)}

(11.7)

+ Y I s a0 @), () (@)1}

k=1 . rel0,1]
c(w dn(2)\" sup max{w (n)y(r) w (n)y(r)
# 0nfela) (L) sty (7)) ()00}

(by Proposition 11.2)

|co(z) — 1|D(f(x),0)
N Z |Ckk(,z)|D(f(k)($),5)+¢n(c(x))<dn(x)> wgf)(f(n),h).
k=1 ’

That is proving (11.40). O

We proceed with the next main result.

Theorem 11.31. Consider the fuzzy positive linear operator
L: C%([a,b]) = Cx(la,b]), neN,
with the property
LHY =L,

respectively, for all v € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator from C™([a,b)) into C([a,b]). Additionally assume that L(1,z) >
0, z € [a,b] and consider p > 0. Let f € C([a,b]) such thatwgf)(f(”), h) >
0 for any h > 0. Then
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1)
D((Lf)(x), f(x)) < [|L(1,2) = 1[D(f(x),0)
+ Z | ((t l‘) ax)|D(f(k)(x)’6>
k=1

k!
Lt 1 (11.42)
8 2 (n+1) '
i(l,a:) (nil) ~ n _n__
: pn') (L(jt — x["*,2)) D

neN, z € [a,bl. }
2) And by assuming L(1,2) > 0, Va € [a,b], it holds

~ n T _ k
DLE ) < I 1D (7,6) + 3 U Dlee e 5

k=1
2 7 WD
np*  p 1 IL@ )]s | 5 PN =y
_r L Lt_ n R
|24 b | oot )
L(jt — 2|+, 2) | 7D
w o [ g || EUE =2 2) . (11.43)
L(1,z) o

Proof. Here we are using (11.29), see also Remark 11.29(11.5). The proof
is similar to the proof of Theorem 11.30 and is omitted. (]

We present

Theorem 11.32. Consider the fuzzy positive linear operator

L: C%([a,b]) — Cx([a,b]), neEN, (11.44)
with the property
(LN = L), (11.45)

respectively, for all v € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator such that

L: C™(ja,b]) — C([a,b]). (11.46)

Let f € C%([a,b]) such that wgf)(f(”), h) > 0 for any h > 0. Then
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1)
D((Lf)(), f(x)) < |L(1, >— 1|D< <x>,o>
k=1
—X n+1 ﬁ ~ 1
it *m Gl (A,
x w7 (FO, (L(] - 2]+ (@) T), (11.47)
vz € [a,b].
And also it holds
2)
n I - — T k xXr
k=1 :
LA =2 @ T o
. m ™+ g
% W (P, |[(E(] - —al™+)) (@)1 Z7). (11.48)

Proof. Here we use (11.31) and see also Remark 11.29 (11.3) & (11.5). We
do have

D((Lf)(z), f(z)) = sup max{|(Lf)(z) — (@), I(LNH () — £ ()]}

ref0,1]

= sup max{|L(f)(@) — @), L) @) - £ (@)}

r€[0,1]
N "D ()] L
< sup max{|f<” (@) [L(L,z) = 1|+ |(f])g—,*(”I(L((- —2)"))(2)|
rel0,1 k=1 ’
AL DT (1 et L)

x w1 () (L] - —a|™ ) (@) 7), |17 (@)] | L(1,2) - 1]
n (k) (r)
+ S WO gy

k=
| (Z(: @yt

n!

._.

<(E(1,x))<nil> T i 1)>

x wy (<f<">><£>, ((E(]- —x"“))(x))wiw) }

< |L(L,z) 1 Zl[lp]max{lf“ (@), 1f (@)}
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= DD gy w170 @), |9 @)

k! rel0,1]

NE

+

L (E( =) @)™ (( E(La) ™ +

—

—~ =

n!

(n—1|—1)>

< sup max{wr (A7), (L =l ))(a) =),

wr (PN, (L(] - =] ™) (@) =) }
| )

Note 11.33. If wgf)(f("),h) = 0 for some h > 0, then by Proposition
11.2 we get w1 ((f™) 7 R, wi((F™) k) = 0, vr € [0,1], ie. (f7) =
(f ("))g ) are constant real valued functions, Vr € [0,1]. Consequently (see

Remark 11.29(11.6) and repeat proofs) inequalities (11.40), (11.41), (11.42),
(11.43), (11.47) and (11.48) are again valid.

We give the following fuzzy Korovkin type theorem ([78]).

Theorem 11.34. Consider the sequence of fuzzy positive linear operators
Ly: C%([a,b]) — Cx([a,b]), neN, VN €N, (11.49)

with the property
(Ln Y =In(f), (11.50)

respectively, for all v € [0,1], Vf € C%([a,b]), VN € N. Here {Ln}nen is
a sequence of positive linear operators such that

Ly: C™([a,b]) — C([a,b)).

Assume that |Ly(1)]lso < v, YN € N, for some v > 0. Furthermore as-
sume that Ly1 5 1 and ||(Ly(] - —2|*t))(2)]|ee — 0, as N — oo. Then
D*(Lnf,f) = 0as N — oo, Vf € C%([a,b]). L.e. Ly — I, as N — oo,
fuzzy and uniformly, where I is the fuzzy unit operator.
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Proof. From (11.48) we get
D*(Lnf.f) < ILn1=1]D"(f,0) (11.51)
n i: (L (¢ —]z)k))(m)\\ooD*(f(k), 5)
k=1

(D)
oo

(Ln(] - —=["™))(=)
n!

(Ly(1)T +

N

(n+1) Hoo
x W (FO | [(En(] - —2"t))(@)| 7)), VN eN.

Also by (11.35) we have

k

7 : 7 I-= T n
1Ly (¢ = 2)*,2)]loo < 1Ly (D)lloe "7 L (Jt — 2", 2)

k
S (11.52)

any 0 <k<n+1, VN € N.
Now by using (11.52), (11.51) and the assumptions of the theorem we
conclude that D*(Ly f, f) — 0, as N — oo. O

Comment. Inequality (11.51), proof of Theorem 11.34, gives the conver-
gence of Ly — I, quantitatively, and at higher rate, reflecting the higher
order fuzzy differentiability of f.

11.3 Multidimensional Results

We need

Theorem 11.35 (By Theorem 7.4.1, p. 236 of [4] and the Riesz Repre-
sentation Theorem). Take Q := {z € R*: |z, <1}, k> 1, z € Q. Let
L: C(Q) — C(Q) positive linear operator with L(1,z) =1 and f € C™(Q),

n € N. Here f, = %, where o« := (g, ...,ap), a; €ZT, i =1,...,k, and
k
0 < lal:=>" a; <n. Assume for h > 0 we have w := lm‘ax w1(fa,h) >0,
i=1 al=n
where wy is the usual modulus of continuity with respect to || - ||¢, relative
to Q. Then
; ; @) |7 ((T
IL(f,z) — f(2)] < Z( > (h L((H(Zz‘ - mi)”)ﬁ) D)
j=1 \Jal=j 1 ke i=1
; ¢n (1 + [1le,)
+ (L(|z — x| ¢y, 7)) — 2w, (11.53)
' (L +llzlle,)

Proof. We add the following, in order to transfer here Theorem 7.4.1, p.
236 of [4]. Let g.(t) := f(z +t(z —x)), v,z € Q, all 0 < ¢t < 1. For
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j=1,...,n we have

g (t)

I
1
/—\
-
—
X
8
N

Q
N———
<
~

with

More precisely, we get

(4) k 2 — @)%

‘We will use

Theorem 11.36 (By Theorem 7.4.2, p. 237 of [4]). Let 1 be a measure of
mass m >0 on Q CR*, k> 1 compact and convex. Assume

( /||zfa: 12+ u(d )> w — b0, (11.55)

where xq is a fived point of Q. Also, let f € C™(Q): max|q|—p w1 (fa,h) <
w, where w > 0. Then

’/Qfdﬂ—f(mo)

(J)

< |m—1||fffo|Jr

.]'

nl3 (n+1) (n+1)
mwh [5 n! 8(n —1)!

] , (11.56)

where g5 (t) :== f(xo+t(x—x0)), t > 0. Above inequality (11.56) is trivially
true if h =0, or if w =0 with h > 0.

Translating last Theorem 11.36 into the terminology of positive linear
operators and by expanding we have

Theorem 11.37. Let Q C R*, k > 1 compact and convex. Let L be a
positive linear operator from C(Q) into C(Q). Assume L(1,x) > 0, Vx € Q.



Consider f € C™(Q), n € N. Then
L(H)(@) = ()] < |IL(1)(2) = 1] £ ()]
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fa@|(+ (T
# 3  [ (5([Te ) oo
i=1

‘0‘| J H Ozi! :|}
T n11 n+1 ﬁ 3
+ (LO@) ™ (e ~ ol5)) 7|

. 1
i ST
1 ((E(lz—2lg) @)\ &
X s 1 (fw it 1)< 0@ ) ) . (11.57)
Vr € Q.

We have

Corollary 11.38 (to Theorem 11.37). All as in Theorem 11.37 with L(1,z) =

1,Vz € Q. Then
e <Z{Z[ (L(f[(—m))m”
(11.58)

la|=3

Ha'

+ (Ll - 2l @) ™ [fn, + 8<n—1>'<n+1>]

< oo (o 7oy (00 = 212 @) 77 ).
YV € Q7 Vf c Cn(Q)
We further give

Theorem 11.39. Let Q be a compact and convex subset of R*, k > 1, and
let xo := (201, ..,2Zok) € Q be fized and let p be a measure on Q of mass
m > 0. Consider f € C™(Q), n € N, and suppose that each nth order partial
derivative fo, := g L where a := (a1,..., 1), a; € ZT, i =1,...,k and

n

|a] := > «; = n, has relative to Q and the || - ||¢,, a modulus of continuity
i=1

w1 (fa,h) <w. Here we take

("+1)
h—(/ s = aally ) " (11.59)
Then

] / fdp— (o) g9 (0
Q

< Im—1||fwo|+

]l

n

+

m(n+1) —+
n!

(ni1)>’
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where g;(t) := f(zo +t(x —x0)), t >0, x € Q.

Proof. Here we have

n_ (j)
flz1, o yzk) = g.(1) = Z 9z (O) + R,(z,0),

where

In [4], p. 236 we got that (see 7.4.4 there)
[Bn(2,0)] < wéy(|lz = 2olley), ¥z €@
But by (11.23) we have

2= wollt, (1 llz—=olle
wo (e =molle) < we— Pt (14 TS

- v ||Z_x||n+w
nl T e )

IN

Hence
/ B2, 0) di(2) < v / Gz = a0l )
< | L1z mlinte) + oy [ 1= ool e
(not to have a trivial case we take p(Q) =m > 0)
[==m)
< s {m (] 1= wollaute >)
(n+1 el >]
(we choose

sy
(/ Iz — ol <>) -0,

the case h = 0 is trivial and not discussed here).

wh™ 1
— me+FD
n!

(nil))

That is, we got that
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The validity of (11.59) is now clear. O

By using Riesz Representation theorem, Theorem 11.39 and expanding
we obtain

Theorem 11.40. Let Q) be a compact and convex subset of RF, k> 1. Let
L be a positive linear operator from C(Q) into itself. Consider f € C™(Q),

n € N. Then

L) (@) = f(2)] < [L(1) () = 1] |f ()]

-E{Z ()

wall

<<||z—x||”“>><m>ﬁ . I
B e
x max wi (fa, (L(|2 = 2[2F) (@) ), Vo € Q. (11.60)

lal=n
Next we give the fuzzy multidimensional related results.

Theorem 11.41. Let Q := {z € R*: ||z||,, < 1}, k > 1. Consider the
fuzzy positive linear operator

L: CHQ) — C(Q), neN, (11.61)
with the property
(LHY =L, (11.62)

respectively, for all v € [0,1], Vf € C%(Q). Here L is a positive linear
operator such that

L: C(Q) — C(Q), (11.63)
with L(1,2) = 1. Also f, = % is the fuzzy partial derivative 0f f, where
a = (a,...,ap), o € ZV, i = 1,...,k, and 0 < |a| = Eozl < n.
Assume for h > 0 we have that wF) := lm‘ax wl (fa, h) >0, where wgf)

is the fuzzy modulus of continuity with respect to || - ||¢, relative to Q. Then

y D(Lf)(a). f())
. (E((TT (1 — 2)°)) ()]
< {Z —= D(fa@),a)”
=1 Ual=; T o!
=1

6u(1+ )
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w(ETE =) @)
2) D*(Lf,f) Z{Z[ = D*(fa,a)”
=1 \la|=j H ;!
0= el @] | 2w e

Proof. We have the following

D((Lf)(x), f(x)) = sup max{|[(Lf)" — f ()],

rel0,1]
(@HY - £ @)}
11.62
(1L.62) s%pumax{u; ) = O @)L = 17 @)}
re|0,

(by Remark 11.13 (11.2), (11.6) and (11.53))

< sup max{j[z <(fak)(_r)(x)| <L<H()>>@)

rel0,1] j=1"Yal=j [T a! i
i=1

|

(s — il (g ol T [Zlle) max (r)
+(L(|| ||Z1)( )) (1+H$”@1) lal= 1((f0¢)— 7h’)
. )@ (- (1 N
;[;( ﬁ+ (L(lj[l(zi—xi) ))u))]

¢, (1 + [|zle,)

+ (L(llz — zlle,) ()

(11<7 il

(Ut lzlle) lel=
Z (M (i(f[l(zi —:cl-)‘“)>(x)

lal=j H o |
+ (Ll = ol ) @) S S

max m((fa)”’,h)}

)

X max{fﬁi}ﬁwl((fa)r’ h), max w1((fa)+)ah)}

lal=n
(=)o)

7

(by Lemma 11.15)

- D(f.(x),6
_ Zl2< ful2).?)
i=1La|=j 4]:[1041-!
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= ¢, (1 + [|z]l¢, )
U =l ) D ) S, 2
x max{wi ((fa) ", 1), w1 ((fa), h)}
(by Proposition 11.2) Z”:[Z ( (falx),d)
=1 Ljal=; Hal

(e

(L = ol @) 22 TS a7 ),

Inequality (11.64) is established. O

The next result follows.

Theorem 11.42. Let Q@ C R*, k > 1 be a compact convex subset. Consider
the fuzzy positive linear operator

L:CMQ) — C(Q), neN,
with the property
@HY = L),
respectively, for all v € [0,1], Vf € C%(Q). Here L is a positive linear

S
operator such that L: C(Q) — C(Q), with L(1,z) > 0, Yz € Q. Consider
feCHQ). Then

+ (E()(@) ™ (L(]z - 2l (@) = (% + m>

o, 1 (Al )@
a1 (f"’( )< IO ) . (1166)

VY € Q.
Also it holds
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2)
D*(Lf.f) < (L) = D" ({,

5)

. (||<z<_n Nl )
i=1 D* aaé

lal=j H Cu!

n

P2

LI (e~ @] 2
3 1
Sl 11.67
X(?n!+8(n—1)'(n—|— )) (11.67)

X maxw f L(|lz = =) (x) WD
1 s TL—|—]_ L( R .

= 1)(z)
D((Lf)(z), f(z)) = , sup max{\(Lf)(j)(gc) — f&’“) ()], |(Lf)(+r)(x)

Proof. We observe the following;:

rel0,1]
(z)]}
= i%pl]max{w (SN @) = @) L) @) - £ @)}
(11.57)

< sup max{m(l)(x) — 1] |f£r)($)‘

rel0,1]
33)> ('(f“k)@(w)' (i(f[l@i_mi)m))(x))}
HE@) @) (L= = 2l ) ™ [

J=1"al=j H «;!
2n! + 8(n—1)!(n+ 1)}
o 1 (Ez—zlp@\= o
X |r(£1|i}7(zWI ((fa) (n—|—1)< i(l)(m) ) >,|L(1)(x) 1]

e |+Z Z(ﬂ (L(ﬁ(—ﬂ))()ﬂ

lo]=j II !
+ (L)) ™ (L(]]2 = 2] ) (@) ™0 {2% + m}

T A Gl s )
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k
Jj=1Llal=j IT «!
=1
(Fa(@),0) )| + EQ)@) T (E(]1z — 22+)(@) 75 | 2
D(fo(x),0 x)) (nt z— |y, T ol

) max{?ﬁ’iwl (v
2 — ) (@) T
(n—li-l)< - E(1)”(x) ! )>( )>’

O )

(by Lemma 11.15 and Prop. 11.2)

)
=k

e

1L(1)(2) — 1[D(f (), )
k
lo|=j IT !

” mfﬁ@”BDuM@ﬁO]
i=1

0@ (E ol ) ™7 [ 2+ o]

N
X$¥“1(“%nin<dﬂknﬂgjmm>M%>'

Inequality (11.66) is proved. O

Using Theorem 11.40 and working similarly as in the proof of Theorem
11.42 we obtain the very important

Theorem 11.43. Let Q C Rk, k > 1 be a compact convex subset. Consider
the fuzzy positive linear operator

L: C%(Q)— C(Q), neN,
with the property
(LhHY = L),

respectively, for all r € [0,1], Vf € C%(Q). Here L is a positive linear
operator from C(Q) into itself. Consider f € C#(Q). Then
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1)
D((Lf)(@). (@) < IL(1)(x) - 1D(f(x), )
ok
" |(Z(IT (2 = 20))) (@)
+Z{Z[ S D(fa(w),é)]}
i=1\Jal=j 11 !
L(||z — z||" ) (z) ™D [, . 1
L (& ||2! ) (@) >[ (W) ) ™D +(ni1)}
x max i (fa, (E(l2 = 2l (@) T77), (11.68)
VY € Q.
And
2)

D*(Lf,f) < |L1—1]D*(f,0)

ot IET -2 @)
> ( D*(fma))]

+ i=1 -
i=1Ljal=j 1T !
i=1
N =l D@ ITT | -
< maxw”) (fo. (L2 25 D@ 7). (11.69)

Next we give a fuzzy multivariate Korovkin type result.

Theorem 11.44. Let Q C Rk, k > 1 be a compact convex subset. Consider
the sequence of fuzzy positive linear operators

with the property
(L)Y = Ln(),

respectively, for all v € [0,1], Vf € C%(Q). Here Ly is a sequence of
positive linear operators from C(Q) into itself, VN € N. Assume || Ly (1)]] <

v, 7 >0,VN €N, and Ly(1) > 1,
I(Ln(lz = 2" (@)]eo — 0, as N — oo

Then D*(Lnyf,f) — 0, as N — oo, Vf € CR(Q) at higher rate. ILe.
Ly — I, as N — oo, fuzzy and uniformly.
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Proof. We use (11.69) and the following.
By Holder’s inequality and Riesz Representation Theorem we obtain that

|z =2l @, <77 [ Enlz =2l N@IE™
for j = 1,...,n. Therefore we get
IEnlz - ol )@)]| . — 0, 1<j<n,
as N — oo. Notice that

- : 4! _ k
(Ll el o) = 3 2 (L (I - o

jol=5 [ as! i=1
i=1

ai))(;p).

Hence, since in the last equality all parts are nonnegative, we have

. k
4! ~ ' - .
(T - 1) )0 < EnClz =l )0
IT «! i=1
i=1
Consequently we find that
k
k IT !
| (Zo([Te-a0)) @] - < =—lEnlle - ol .
i=1 0o
Thus
) k
<LN( (Zl xl)a‘)>(m) —>0,
i=1 e’}
as N — oo, for all a: |a| = 7, j = 1,...,n. The claim is now established.
U

11.4  L,-estimates, p > 1

From [24] we have

Theorem 11.45. Let K be a convex and compact subset of the real normed
vector space (V. ||-||). Let L be a fuzzy positive linear operator from Cr(K)
into itself with the property that there exists positive linear operator L from

C(K) into itself with (Lf)g) = i(fg)), respectively for all v € [0,1], Vf €
Cr(K). Then

D(L(f)(x), f(x)) < |IL(1)(z) — 1||D(f(x),5)
+ w0 (f, (L - —=)1%)) (@)"?) min{ (L(1)(z)
+1/L(1)(2)), (L) (z) + 1)}, Vz € K. (11.70)
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Furthermore we get
D*(Lf, ) < D*(f,8)| L1 ~ ]| (11.71)
. = = = F =
+ min{[|L(1) + /L(1)oo, | £(1) + oo Jeoi™ (£ ICE( - —2l1) (@) 157,

and || - ||so stands for the sup-norm over K. In particular, if L(1) =1 then
(11.71) reduces to

D*(Lf ) < 2P (LINE( -~ @)I2). (1172)
We give

Theorem 11.46. All as in the assumptions of Theorem 11.45, plus (K, A, 1)
is a Borel measure space with p(K) < oo, p > 1. Then

([ 2@, sendnco)) v

< 1E- 1l [ Dp<f<x>,a>du<x>)1/p

+ min{||L(1) + / L(1)l| oo, |L(1) + 1| }
x W (L] —2lI?) (@) |2L2) (u(E) VP, (11.73)

Proof. Let f,g € Cx(K) and let x, kN Zg, n — 00, where {z, }nen,

zo € K. We have

D(f(zn), g(zn)) < D(f(xn), f(x0)) + D(f(20), 9(w0)) + D(g(x0), g(n))

and

D(f(-%'O)vg(mO)) < D(f(.’l?o), f(xn> + D(f(mn),g(xn)) + D(g(il?n),g<.’1,‘0)).

Letting n — 400, from the continuity of f and g we find

Jim D(F(z,),g(x)) = D(F(w0). g(a0)).
Therefore the function F(z) = D(f(x),g(x)), © € K is a continuous real
valued function. Thus D(L(f)(z), f(z)) is continuous, hence Borel measur-
able. Finally using (11.70) and by integrating we obtain (11.73). O

From now on the measure of integration will be the Lebesgue measure
A, and || - ||p, p > 1 will be the L,-norm.
We present
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Theorem 11.47. Assume L(1,z) > 0, Ya € [a,b]. All the rest as in Theo-
rem 11.31. Then
IDUL) (@), f@)lp < 121 = Uloo | D(f(2), 0) I,

" NL((t = 2)F, 7)o ~
3 Do 00 0), ) (174
k=1

1 } (IL(D)]|oe) T
(n+1) onl

~ o E(|t — ;L'|"+1 :I,') (nil)
Lt — x n+1, T ntD) w(]'—) (n)’ < _ ) ,
e e e ER [

2
+(b—a)1/p[%+§+

oo

n € N.
We also have

Theorem 11.48. Assume all as in Theorem 11.32. Then

F@)llp < IL1 =1 ID(f(2), 5)ll5

~ .7xk )| so ~

ID((LS)

+

—~

z)

)

M=

k

Il
—

(=2 ) @) E™

n!

e

=
(n+1){
x Wi (L] =" ) @) IZT) (b — ) /7. (11.75)

(

+ (L) +

Furthermore we list the following multivariate fuzzy L, results, p > 1.

Theorem 11.49. Assume all as in Theorem 11.41. Then

ID((LF) (), f ()]l (11.76)

< an{Zl_)FKL((i‘l ' | | OOIID(fa(x),é)IIp)”

¢ (1A [[z]le,)
(1 + [lle,)

+ (LAl = 2lle) (@) w B A@Q)Y?.

oo

We continue with
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Theorem 11.50. Assume all as in Theorem 11.42. Then

IDALA @), 7@l < 1EQ) - Lol D), 3)] (aL77)
o NE G- )@,
'y Z( A ||D(fa(w),5)||)]
=1 Liams 11 !

+ (L) o)™ [|[(E(12 = 2[5 (@)]| T (2?;. + W)

2 — 2| ) (z @D
—a H( L) = 2l ) >) .
loe|=n (n+1 L(1)(x) o
We finish the main results with
Theorem 11.51. Assume all as in Theorem 11.43. Then
IDULS) @), f(@))]p < IL(1) = Uloo | D(f (), 6)]l (11.78)

+§:{§_:i“@(i=1 . _. IID(fa(w),é)llp”

nl

x max ) (Fos (L2 = 2l @) [ET)AQ)M.

11.5 Applications
Let f € CL([0,1]), and the real Bernstein operators

N

By @)=Y o) ()20 - 0¥, v e D1l v e o),

k=0

We have Byl =1, (By(id))(z) = z, also (By(- — 2))(x) = 0, Vx € [0, 1].
Furthermore we get

(By((-=2))(@) = =% < .37
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with equality at z = 3. By (11.11) and (11.17) we obtain

D(BY (), f(z)) < ; Mw@(f’ :c(l—x))

N N
3 (]:)(, 1 )
< w , —— |, 11.79
s v \lorw (11.79)

VN €N, Vz € [0,1], Vf € Cx([0,1]).

Clearly then Nliril D*(B](Vf)(f), f) = 0, fuzzy and uniformly, Vf € C%([0,1]),

at higher speed than (11.13).
2) Inequality (11.68) for n = 1 becomes

D(LH@). f@) < K@) - 1D((x).5) (11.50)
k ) of )
g Z(uL(zi -2 @D (@0 )
+ (CE e = alz))@) | V(B + 5]
< o, o (F2 (0= 17)@), e,

If L(1)(z) = 1, (L(z —2:))(z) =0, Vo € Q, alli = 1,...,k, n =1, then
(11.68) reduces to

DULH@). @) < (= - 2l)@) (1181
< e, o7 (FE (0= 1)@
Vo € Q.

Let g € C([0,1])2, the two-dimensional Bernstein polynomials of g are
defined by

B, = 35 o £ ) (1) (D)t -,

(11.82)
for all t := (t1,t2) € [0,1]2, all (m,n) € N2. It is known that B, =(g) —
g uniformly on [0,1]%. Clearly (B, =(1))(tita) = 1, V(t1,t2) € [0,1]%,
V(m,n) € N2. Using Schwarz’s inequality we get

(\/tl(ln:tl) +\/t2(1ﬁ—t2)>

1/ 1 1

< 3(7mr7m)

VBl —412))(1))

IN

(11.83)
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V(m,m) € N2, vVt € [0,1]%.
We have easily that

(Bmﬁ(zi - ti))(tl,tg) = O, 1= 1, 2. (1184)

Next we define the fuzzy two-dimensional Bernstein operators as follows

CIDINSED S D C-
® CZ) <Z)t’f(1 )R (L — )T (11.85)
V(t1,t2) € [0,1]%, V(m,7) € N2, Vf € C£([0,1]?).
We observe as valid the following

(BILMNY = Bum(f), (11.86)

m,n

respectively, for all r € [0,1], Vf € Cx([0,1]?). Finally, by (11.81) and
(11.83) we derive that

D((BYL(H))(tr,t2), f(t1, 1))

(P )

y maX{ (gf (\/t1 1—t1)+\/t2(1—t2))>}
ie{1,.2) @ =

< () (s )

ﬂ(aaai 1(1m+\/1>>)} (11.87)

Y(m, ) € N2, V(t1,t2) € [0,1]%, Vf € C=([0,1]?).

IN

Clearly then lim D* (Bff%(f), f) =0, fuzzy and uniformly,

Vf e CE([0,1]%), at a higher rate.
One can give many similar other applications of the produced theorems.
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FUZZY WAVELET LIKE
OPERATORS

The basic wavelet type operators Ay, By, Ck, Dy, k € Z were
studied extensively in the real case, e.g., see [9]. Here they are
extended to the fuzzy setting and are defined similarly via a
real valued scaling function. Their pointwise and uniform con-
vergence with rates to the fuzzy unit operator I is presented.
The produced Jackson type inequalities involve the fuzzy first
modulus of continuity and usually are proved to be sharp, in
fact attained. Furthermore all fuzzy wavelet like operators Ay,
By, Cy, Dy, preserve monotonicity in the fuzzy sense. Here we do
not suppose any kind of orthogonality condition on the scaling
function ¢, and the operators act on fuzzy valued continuous
functions over R. This chapter follows [14].

12.1 Background

We use the following

Definition 12.1 ([11]). Let f: R — Rz be a fuzzy real number valued
function.
We define the (first) fuzzy modulus of continuity of f by

W(f,8) = sup D(f(z),f(y)), &>0.
z,y€R
|[z—y|<o

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 191-207.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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Denote by C(R,Rx) the space of fuzzy continuous functions and by
Cp(R,Rx) the space of bounded fuzzy continuous functions on R with
respect to the metric D.

Definition 12.2 ([11]). Let f: R — Ryz. We call f a uniformly continuous
fuzzy real number valued function, iff for any € > 0 there exists § > 0:
whenever |z — y| < 0; x,y € R, implies that D(f(z), f(y)) < e. We denote
it as f € C¥(R).

Proposition 12.3 ([11]). Let f € C%(R). Then wl (f, 0) < 400, any
0>0.

Proposition 12.4 ([11]). It holds

(i) wg}-)(f, 0) 1is nonnegative and nondecreasing in § > 0, any f: R —
Ry

(if) limg 0w (f,0) = w7 (£,0) =0, iff fe CY(R).

(iil) W (f, 61 + 62) < W (£.61) + W) (£.62), 61,60 > 0, any f: R —
Ryr.

(iv) W (f,n8) < nwl(f,6), 6 >0, neN, any f: R — Ry

(v) @ (£,08) < [Nt (£,8) < A+ Dl (£,6). A >0, 8 > 0, where
[] is the ceiling of the number, any f: R — Ry.

(vi) W (f @ g.0) <w(f.8) + w7 (9,), 6 >0, any f,g: R — R

(vii) wg}-)(f, ) is continuous on Ry, for f € CZ(R).

12.2 Results

We present the first main result.

Theorem 12.5. Let f € C(R,Rz) and the scaling function ¢(x) a real
valued bounded function with supp p(z) C [—a,a], 0 < a < o0, p(z) > 0,

such that > @(x—j)=1onR. Fork €Z, z € R put

j=—o0

B = 3 (&) ovtte i), (12.1)

]_700

which is a fuzzy wavelet like operator. Then

D(Bef)@), f@) <t (£.55) - (12.2)
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and

D (Bt f) < (£.57) (123)

allz € R, and k € Z. If f € CZ(R), then as k — +00 we get wgf) (f, &%) —
0 and kli:r_l Brf = f, pointwise and uniformly with rates.

Proof. Notice that

= X 7(g)eeto-i,
Qkx—jj'e[a,a}

We would like to estimate

DB M) = D X i () eette i s e
2kw—jé[—a,u]

= D oo (2k> © p(2"z - j),
J
2k z—j€[—a,al

f(z)© i p(2" — j))

j=—00

= D > (2k> © 2%z - j),
J
2kz—je[—a,al

S @) o e )
J
2kz—je[—a,a)

IN
5
()
ol
8
|
o
S—
)
N
&,‘
7N
3
x>
~——
\,\“
—~
)
S—
~——

2kz—j€[—a,al
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< X e il (1] )
Qkx—jje[—a,a]
j a a
<here T — ok S [—2—k, 2—k}>
. a
< S p@a—j) [w® (fQ—k)

J
2k —je[—a,al

F a
= 1w )(f,2—k>. 0
It follows the next important result.

Theorem 12.6. Let f € C,(R,Rx) and the scaling function ¢(x) a real
valued function with supp o(x) C [—a,a], 0 < a < 400, @ is continuous on

[—a.a], ¢(x) >0, such that 3° ¢(z—j) =1 onR ( then [, e()de =

1). Define T
o (t) = 2M2p@"t —j), fork,jeZ, teR, (12.4)
Go)i= FR) [ 100 g0 (12.5)
and set -
(Ae)@) = 3 (foon) © pys(a). z R, (126)

which a fuzzy wavelet like operator. Then

D), f@) <ol” (f305), z€R keZ,  (127)

and

D (A, ) <7 (f g ) - (12.8)

If f € CY(R) and bounded, then again we get Ay — unit operator I with
rates as k — +o00.

Proof. Since ¢ is compactly supported we have

j—a jta
2k sts 2k °

o (t) #0iff —a<2¥t—j <a, iff
Also it holds that
(Arf)(@) = D (fron) Opa), kel

J
2%z —j€[—a,al
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We would like to estimate

D(AN)@.f@) = D| X (fer) ©pr(@). S (@)
2kw7jJ€[fa7a]

= D Z (fs Prs) © (),
J
ka—je[—a,a]

f@e Y e
2kx—jJE[—a,a]

= D E (fs 1) © (@),
J
2Fz—j€[—a,al

Y @) 02720 ()
zkm—jje[—a,a]

Y eu@D(f o) 27 0 fl@) = (+).
2’fx—jje[—a,a}

IN

Next we estimate separately

D({f, 10,272 © f(2))

=D ((FR)/ F() © oy (t)dt, 274/ ®f(33)>

ok
Jj—a

ok

jta
k

_p <zk/2@<FR> 5 f<t>@go@’ft—j)dt,z-k/?@f(x))

ok

(in Fuzzy-Riemann integral we can have linear change of variables)
k/2 Jra u L du —k/2
= D (220 (FR) | f(5) @ew-i)g 270 fla)
j—a
Jj+a

- D (2—k/2 ® (FR) /j_a f (2%) © o(u — 5)du, 275/ @f(@)

— o-k/2p ((FR) /jjﬂf (55) @ lw—G)du, f() © 1) —: (%)

ok
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Notice that ffooo o(u —j)du = 1, j € Z and by compact support of ¢ we
have

Hence

j+a

7 (35) @ elu—j)du,

—a

(x%) =27%/2D ((FR)/

f@) o / " o )

| —a

_ o-ki2p ((FR) /jm f (2%) © p(u— )du,

—a

) | ) et

(Lomma 1, () and /““D (£ (5¢) @ wtu—9),

(Lemma 12.7 next) j—a
fz) ©p(u— j)) du

_ 9—k/2 /jJ:a o(u—4)D (f (2%) ,f(:r)) du

w2 [T ()
< 27 / o(u — jlw; (f7 2—k—x‘>du
j—a
. h a u a
(nOthGt at —FSZ—]C—J?SF)

A
N
B
~
[\v]
N
u\
‘ o
2
5,
I
I
.
S—
QU
N
N———
)—‘E"\
3
—
b
[N}
Tle
—
~—

IN

_ F a
9 k/2wg ) (f, 2k_1> )

I.e. we prove that

DSy 00,272 0 f() < 274207 (£, ) -



12.2 Results 197

Going back to (%) we get

> o@D (£ 5

J
2k —je[—a,al

= E @(zkx - .7) wg}-) (fa 2:},1)
J
2Fz—j€[—a,al

= [ X 90(2'“33—3')) 7 (£ 50

(%)

IN

F a
71):1'(‘0%)(.}0,2’6—71),336]1& ]
Jj=—00

Here we use

Lemma 12.7. Let f: R — R fuzzy continuous and bounded, i.e. M7 >
0: D(f(z),0) < My, Vx € R. Let also g: J C R — R continuous and
bounded, i.e. IMy > 0: g(x) < My, VYo € J, where J is an interval. Then
f(x) ®g(x) is fuzzy continuous function Vx € J.

Proof. Let z,,x9 € J,n = 1,2,..., such that z,, — xo. Thus D(f(z,), f(x0)) —
0, as n — +oo and |g(x,) — g(x0)| — 0. We need to establish that

Ay = D(f(zn) © g(an), f(z0) © g(z0)) — 0,

as n — +o0o0. We have

2A, = D20 (f(zn) © g(zn)),2© (f(20) © g(20))
(notice for u € Rx that u ®u =2 © u)
D(f(zn) © g(zn) & f(zn) © g(x0) & f(z0) © g(25)
© f(zn) © g(@o), f(z0) © g(zn) & f(zn) © g(z0) & f(0)
® g(zo) ® f(z0) © g(@0))
< D(f(zn) © g(@n), f(z0) © g(zn)) + D(f(zn) © g(zn), f(20) © g(x0))
+ D(f(x0) © g(@n), f(z0) © g(x0)) + D(f(#n) ® g(z0),
f(z0) © g(20))

(by Lemma 2.2, [31])

+lg(zn) = g(@0)|D(f (xn), 0)
+ |g(mn) g(x0)|D( ( ),6)—|—g(x0)D(f(x"),f(x0))
< 2MyD(f(zn), f(x0)) + 2Milg(xn) — g(x0)| — 0, asn — +oo. [

We proceed with the following related result.



198 12. Fuzzy Wavelet Like Operators

Theorem 12.8. All assumptions here are as in Theorem 12.5. Define for
ke€Z, x € R the fuzzy wavelet like operator

oo}k o~k
(Crf)(@) := ‘Z <2k@ (FR)/O f <t+ >dt> 2%z —7). (12.9)
Then
D((Cif) (@), f(@)) < wi”) (f, a;,f) : (12.10)
and
#) (ot1
D*((Ckf), f) <wj (f, o > , adlkeZ, zeR (12.11)

When f € CZ(R) then as k — 400 we get Cy, — I with rates.

Proof. We need to estimate

D((Crf)(x), f(x))

- D Z <2k®(FR)/02kf<t+ 2k)dt>

J
2z —j€[—a,a)

Op(2Fz — j), f(z) © 1)

- D Z <2k®(FR)/02kf<t+ )dt> p(2"z — j),

J
ka—je[—a,a]

> (2’“@(FR)/O (f2)® )dt>®w( b — )
2kx—j]€[—a,a]

) D<<2k@(m)/02 f<t+23;€)dt>®<p(2kx—j),

J
2k —je[—a,a)

(2k' o (FR) /0 Y e 1)dt> © (2 — j))

IN

VAN
[N}
EY
5
[N}
&
|
=
T
B
=
O\m
|
~
/N
~
+
2=
N————
QU
=~
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(FR) /0 7 f(x)dt)

(by Lemma 1, [11])

(here 0 <t < 2k and |m Lk| < 5%, thus |t+ zj—k —x| < a2—*;1) Hence

O D S (S ERE G V=
J

2%z —j€[—a,al
O
Next we give the corresponding result for the last fuzzy wavelet type
operator we are dealing with here.

Theorem 12.9. All assumptions here are as in Theorem 12.5. Define for
k e€Z, x € R the fuzzy wavelet like operator

(D f)(z Z s (f Fe — 7), (12.12)

j=—o0

where

Sy (f) =Y wrof (;—k T %) ,neN, w20, 3w =1. (12.13)
=0

Then
DDA 1) <l (1552, (12.14)
and
D*(Dif, f) < w (f,““), dlkcZ, zeR. (12.15)

When f € CZ(R) then as k — +o00 we get Dy, — I with rates.
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Proof. We need to upper bound

D((Dxf)(x), f(x))

7=0
< Y e@a—§)) wiD|(f I ) fw)
- - ~ 2k~ 2kn )’
2k z—je[—a,a)
r 1
<n0tice that ikJrQT ‘Sa; )

IN

2k —je[—a,al
Next we prove optimality for three of the above main results.
Proposition 12.10. Inequality (12.2) is attained, that is sharp.

Proof. Take o(z) = X[-1,1 (z), the characteristic function on [—%,

Fix v € Rz and take f(z) = ¢(z) ® u, where

0, r < —2 k1
(](LC) = 1, T > []7
2kFly 41, —2 k=1 <0,

. n F a+1 F a +
> p(2F — ) D wiw )(f, o )ZW§ )<f, 5

1
2

).
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k € Z fixed, x € R. Clearly ¢(z) > 0. We observe that

o0

BH@) = Y 4 (;) Oue 2z - j)

j=—oc

I
<
7 N
l\;;‘u.
~—
S
—~
)
x>~
&
|
.
©
IS

I
(]2
S
S
o
)
I
=
©
S

Hence

k-1 —k—1 - . _ _

DB -2 2 =0 [ [ Yo (-5-4) | 0wa) = Do)
=0

Furthermore we see that

W27 = sup D(f(a), f(y))

z,y€R
le—y|<27 k1
= sup  D(q(z) ©u,q(y) ©u)
z,y€R
|o—y|<27F1

(by Lemma 2.2, [31])
<

sup  [q(x) —q(y)| | D(u,0)
z,yeR
lz—y|<27k—t

= 1-D(u,0).

Le. we got that

(2757 < D(w, ).
So that by (12.2) and the above we find
D((Bef)(-27F 1) f(=2 ) =P (.27,

proving the sharpness of (12.2). O

Proposition 12.11. Inequalities (12.10) and (12.14) are atlained, i.e. they
are sharp.
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Proof. (I) Consider as optimal elements ¢, ¢, u, and f, exactly as in the

proof of Proposition 12.10. Here a = % We observe that

A (1.5 ) =l (f,Q,f;l)zﬂ s D7), f)

z,y
“L_y|<2kil
= sup D(q(z) ©®u,q(y) ©u)
|z— U|<2k+1
(by Lemma 2.2, [31]) .
< swp Jal) )| | D(w.0)
|z — y‘<2k+1

= sup  |q(x) = q(y)| | D(u,0) =1 D(u,0).

z,Y

le—y|< 55t
That is )
a + ~
2 (f, . )<D<u,o>
Call
2=k .
Vi (f) =280 (FR)/ f <t+ ij) dt
0
We obtain
9k
Te-n(f) = (FR)/ (q <t— 2k) @u) dt
0
_ k 2 1
= 2 q(t— ok dt | ©®u
0
0
= (2’“/ q(t)dt> Ou
0
= <2k/ q(t)dt) Qu=-0u
72k1+1
ILe.

1
Tr(-(f) = 7 Ow
Moreover vy,_o)(f) = 0, and ,;(f) = 0, all j < =2, and v,;(f) = u, all
7 > 0. Hence

—+o0

(@) = | 3@ T+ 1)+ Y e )| ou.
j=0
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We easily see then that

(Crf) (—2;“) =u, also f <—2k1+1> — 5.

o) s (552) oo

From the above and (12.10) we conclude that

Therefore

D(@n (g ) of (~gm5) ) = (155 ) ke

proving the sharpness of (12.10).

203

(IT) The sharpness of (12.14) is treated similarly to (I). Notice that

Okj(f) =u, all j >0, and d5;(f) = 0, all j < —2. We observe that

1 1
k _ _
o(2 () - 1) = (3) =0
Furthermore

o (00 -5t} (-5)
oo (-5) 1)
¢

So that by (12.14) and the above

o0 (-552)1(-)

proving sharpness of (12.14).

F a+1
wg )<f72k>7

Remark 12.12. We notice that

(Lpf)(z) = Lo(f(27%))(2%x), allz R, k€ Z,

where Ly = By, Ak, Ci, Dy. Clearly Lj’s are linear over R operators.

D leo ——J> Ou,0 | =D(1®wu,0) = D(u,o).

In the following we present a monotonicity result for the fuzzy wavelet

like operators By and Dy. For that we need
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Definition 12.13. Let f: R — Rz, then f is called a nondecreasing func-
tion iff whenever x; < w9, x1,29 € R, we have that f(z1) < f(x2), ie.

(Fl@) < (f(@2)™ and (f(21) < (f(22)(, vr € [0,1].

Theorem 12.14. Let f € C(R,Rx), and the scaling function o(x) a real
valued bounded function with supp ¢ C [—a,a], 0 < a < 400, such that

(ii) there exists a b € R such that ¢ is nondecreasing for x < b and ¢ is
nonincreasing for x > b,

(the above imply ¢ > 0). Let f(x) be nondecreasing fuzzy function, then
(Bef)(@), (Dif)(x) are nondecreasing fuzzy valued functions for any k € Z.

Remark 12.15. We give two examples of ¢’s as in Theorem 12.14.

0, elsewhere.
(ii)
z+1, -1 <z <0,
plx)=4¢ 1—ux, 0<z <1,
0, elsewhere.

Proof of Theorem 12.14. Let x,,z € R such that z,, — z, as n — 400,
then D(f(xy), f(z)) — 0 by fuzzy continuity of f. But we have

D(f(zn), f@)) = sup max{|(f(@.)" = (F@) T 1(F @)~ (£ @)1

re0,1]

That is, |(f(mn))(£)—(f(x))(ir)| — 0,all0 <r <1,asn — 400, respectively.
Therefore (f)(ir) € C(R,R), all 0 < r < 1, i.e. real valued continuous
functions on R. Since f is fuzzy nondecreasing by Definition 12.13 we get
that ( f)g: ) are nondecreasing, Vr € [0, 1], respectively. Then by Theorem
6.3, p. 156, [9], see also [36], we get that the corresponding real wavelet

type operators map to the functions (By( f)(ir ))(a:) that are nondecreasing
on R for all r € [0,1], any k € Z. Also by Lemma 8.2, p. 186, [9], see also
[7], we get that the corresponding real wavelet type operators map to the

functions (Dy (f)(ir))(x) that are nondecreasing on R for all r € [0, 1], any
k € Z. We notice for any r € [0, 1] that

muer = 3 [1(£)] et

j=—oc0
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That is
(B @)™, (Bef)@)?] = :ZZ l(f (5))() (s (5)):)]
o(2"z — ) J
B O s £ (@) )

= (BN @) BT @)]
So whenever 21 < x5 we get (f)(ir) (1) < (f)(ir) (22), respectively, and

(Br(HD)(@1) < (Be(f))(x2), e [0,1).

Therefore (B f)(x1) < (Bif)(z2), that is (B f) is nondecreasing,.
Next we observe that

DNET = 3 (Zw[ ( T )]) o2 — ).

j=—00

That is

[((Dkfx N (Dkf) ()]

- E (S 0 G) (). ]

2's )
£ G () e
£ (el 5) )]

So whenever z1 < x5 we get

D) @) < (Dx()D)(a2). vr € [0.1]
Therefore (Dy f)(z1) < (Dgf)(z2), so that (Dy f) is nondecreasing. O

Finally we present the corresponding monotonicity results for the fuzzy
wavelet like operators Ay, Cj.
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Theorem 12.16. Let f € C,(R,Rx) and ¢ as in Theorem 12.14 which
is continuous on [—a,al]. Let f(x) be nondecreasing fuzzy function, then
(Arf)(x) is a nondecreasing fuzzy valued function for any k € Z.

Proof. Since f is fuzzy nondecreasing we get again that ( f)(ir ) are nonde-

creasing, Vr € [0, 1], respectively. Then by Theorem 6.1, p. 149, [9], see also
[36], we get that the corresponding real wavelet type operators map to the
functions (Ak(f)gz))(m) that are nondecreasing on R for all r € [0, 1], any
k€ Z.

Using Theorem 3.2 ([67]), for any = € [0, 1] we notice that

[(f,on)]" = [ /+ (f(£) © (1))t /+ (f(t)@gokj(t))g)dt]
- l / () s (0, / (f(t))@sokj(t)dt] .
We observe for any r € [0,1] that 2
(Aef)(@)]" = jf (O]
That is o
(@) (Ach) @)]
- jf [ jjt“a<f<t>>“sok3<dt>dt, / jf(f(t»ﬁ%okj(t)dt] P15 ()
o> ( ﬁjjfa<f<t>>i>wkj<t>dt> o1, @)
> ( / <f<t>>$>wkj<t>dt> e

= [(AN)(@), (AN )(@)]

So whenever x; < 5 we have that (f)g:) (x1) < (f)g:)(l'g), respectively,

and
(A(NE) (1) < (AN (@), ¥r e [0,1].
Hence (Agf)(z1) < (Arf)(x2), that is (A f) is nondecreasing. O

Theorem 12.17. Let f and ¢ as in Theorem 12.14. Let f(x) be non-
decreasing fuzzy function, then (Cif)(x) is a nondecreasing fuzzy valued
function for any k € Z.
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Proof. By Lemma 8.2, p. 186, [9], see also [7], we get that the corresponding

real wavelet type operators map to the functions (C( f)(ir))(x) that are
nondecreasing on R for all » € [0,1], any k € Z. Using Theorem 3.2 ([67]),
for any r € [0, 1] we notice that

[(CrN@)]" =

(Cu(HY

—+o0

>

j=—oo L

—+oo

>

j=—o0 L

—+o0

>

j=—oo L

2 © (FR) /:k f <t+ ij> dt]rw@kx )

2” k(]+1)
k@(FR) tydt| o2

Fo — )
[ (+1) 2” H+)
2’“/ t)dt 2’“/ ) (t)dt
2—kj 2—kj

o2z — j)

b

j=—o0

27k (j+1)
<2k /2 (0 (t>dt> o(2hz — j),

+oo

27 G+
2 <2k | <f>$"><t>dt> so<2kxj>]

[(Ce()) ) (@), (Cu( ) ) ()]
That is, for any r € [0, 1] we found
[(Ceh) @D (Cef)@)T] = [(C(H ) @), (Cr(NH)(@)].

So whenever 21 < x9 we have (f)g)(xl) < (f)g:)(.’lfg) and

)(1) < (Ce()))(@2), Ve [0,1],

respectively. Hence (Cr f)(21) < (Crf)(22), that is (Ck f) is nondecreasing.






13

ESTIMATES TO DISTANCES
BETWEEN FUZZY WAVELET
LIKE OPERATORS

The basic fuzzy wavelet like operators Ay, By, Ck, Dy, k € Z
were first introduced in [14], see also Chapter 12, where they
were studied among others for their pointwise/uniform conver-
gence with rates to the fuzzy unit operator I. Here we continue
this study by estimating the fuzzy distances between these op-
erators. We give the pointwise convergence with rates of these
distances to zero. The related approximation is of higher order
since we involve these higher order fuzzy derivatives of the en-
gaged fuzzy continuous function f. The derived Jackson type
inequalities involve the fuzzy (first) modulus of continuity. Some
comparison inequalities are also given so we get better upper
bounds to the distances we study. The defining of these opera-
tors scaling function ¢ is of compact support in [—a,al, a > 0
and is not assumed to be orthogonal. This chapter is based on
[23].

13.1 Background

This Chapter is motivated by [14], especially from the following result:

Theorem 13.1 ([14]). Let f be a function from R into the fuzzy real
numbers Ry which is fuzzy continuous. Let p(z) be a real valued bounded

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 209-236.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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scaling function with supp ¢(x) C [—a,a], a > 0, p(z) > 0, such that
o ple—j)=1onR. ForkeZ, x €R put

j=—o0

(Bif)(x) := fuzzy sum Z f (2]k> ® (2% — 5)

j=—o0

(® denotes fuzzy multiplication). Clearly By, is a fuzzy wavelet type opera-
tor.
Then the fuzzy distance

D((Buf)(@), f(@) <ot (£,57)
any x € R, and k € Z, and

sup D((Bi.f)(@), f(a)) <t (f.57) -

z€R

Here wg}-) stands for the fuzzy (first) modulus of continuity. If [ is fuzzy

uniformly continuous then i lim Byf = f uniformly with rates.

All fuzzy wavelet like operators Ay, By, Ck, Dk, k € Z are reintroduced
here and we find upper bounds to their distances D((By f)(x), (Crf)(z)),
D((Def)(@), (Cuf)(@)), D((Bef)(@), (Dif)(@)), DI(A)(@), (Bif)(@)),
D((Arf)(x), (Cef)(z)), and D((Axf)(z), (Drf)(x)). Their proofs rely a lot
on the found here upper bounds for D((Bif) (), f(z— 5%)), D((Cr.f)(2),
f(z—2%)) and D((Df)(z), f(x— %)), k € Z, x € R. The produced asso-
ciated inequalities involve fuzzy (first) moduli of continuity of the engaged
function and its fuzzy derivatives.

For fuzzy uniformly continuous functions f and its likewise derivatives we
obtain pointwise convergence with rates to zero of all the above mentioned
distances among the stated sequences of fuzzy wavelet like operators. For
these see Section 13.2.

Our methods of proving here are based only on fuzzy theoretic concepts.

We use the following

Definition 13.2 ([11]). Let f: R — Rz be a fuzzy real number valued
function. We define the (first) fuzzy modulus of continuity of f by

W (1,6):= sup D(f(x), f(y)), 6>0.
z,y€R
|z—y|<s

Definition 13.3 ([11]). Let f: R — Rxz. If D(f(x),0) < M, Va € R,
My > 0, we call f a bounded fuzzy real number valued function.

Definition 13.4 ([11]). Let f: R — Rz. We say that f is fuzzy continuous
at a € R if whenever z,, — a, then D(f(x,), f(a)) — 0. If f is continuous
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for every a € R, then we call f a fuzzy continuous real number valued
function. We denote it as f € C(R,Rx).

Definition 13.5 ([11]). Let f: R — Rxz. We call f a fuzzy uniformly
continuous real number valued function, iff for any € > 0 there exists § > 0:
whenever |z — y| < 0, z,y € R, implies that D(f(z), f(y)) < e. We denote
it as f € C¥(R).

Proposition 13.6 ([11]). Let f € C%(R). Then wgf)(f,é) < 400, any
d>0.

Denote f: R — Rz which is bounded and fuzzy continuous, as f €
Cb(Ra R}')

Proposition 13.7 ([11]). It holds

(i) wg}—)(f, ) is nonnegative and nondecreasing in 6 > 0, any f: R —
R

(ii) limg 0w (f,6) = w7 (£,0) = 0, iff fe CY(R).

(iil) W (f, 61 + 62) < W (£.61) + W (£.62), 61,62 >0, any f: R —
R

(iv) W (f,n6) < nw™)(£,8), 6 >0, n €N, any f: R — Re.

(v) @i (£.28) < [N (£.6) < (A + D (£,0). A > 0,6 > 0, where
[] is the ceiling of the number, any f: R — Ry.

(vi) wg]:)(f @g,0) < wg}-)(f, 0) —l—wg}—)(g,é), 0>0,any f,9: R — Rg.
(vii) wg}—)(f, -} is continuous on Ry, for f € CZ(R).

Lemma 13.8 ([11]). Let f € C(R,Rx), » € N. Then the following
integrals

) [ sy [T ([ fsds ) sy
on([ [ o)) Jon

are fuzzy continuous functions in Sy_1, Sy—o, ..., S, respectively. Here s,_1,
Sr_9,...,8 > a and all are real numbers.

Here we use a lot the following fuzzy Taylor’s formula.

Theorem 13.9 ([11]). Let T := [z, 0 + ] C R, with § > 0. We assume
that fO: T — Ry are fuzzy differentiable for all i = 0,1,...,n — 1, for
any x € T (i.e., there exist in Rr the H-differences fO)(x + h) — f0)(x),
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fO@@)=fO(xz—h),i=0,1,...,n—1 for all small0 < h < (. Purthermore
there exist fU+1)(z) € Rg such that the limits in D-distance exist and

0y = i LOEED SO L O@) O b
7hﬂo+ h h—0t h ’

forallt =0,1,...,n —1). Also we assume that f9, 5 =0,1,...,n are

fuzzy continuous on T'. Then for s > a, s,a € T we obtain

(s —a)?
2!

fis) = flaafl(a)o(s—a)d f'(a)® @@ fD(q)

(s —a)"1

@W @ R, (a,s)

where

Ru(a,s) = (FR) /a (/a (/a f(”)dsn> dsn1> ---)dsl.

Here R, (a,s) is fuzzy continuous over T as a function of s.

Note 13.10. This formula is invalid when s < a, as it is based on Theorem
3.6 of [53].

We denote by CV(R,Rx) the space of N-times continuously differen-
tiable in the fuzzy sense functions from R into Rz, N € N. We also denote
by CXY(R), N € N, the space of functions f: R — Rz, such that the
fuzzy derivatives exist up to order N and all f, f'™) are fuzzy uniformly
continuous.

Finally we make use of

Lemma 13.11 ([14]). Let f: R — Rz be fuzzy continuous and bounded
function, i.e. AM; > 0: D(f(x),0) < My, Vx € R. Let also g: from interval
J CR — Ry continuous and bounded function. Then f(x)®g(x) is a fuzzy
continuous function on J.

13.2 Results

We present the first main result.

Theorem 13.12. Let f € CN(R,Rx), N € N and the scaling function
o(z) a real valued bounded function with supp ¢(z) C [—a,a], 0 < a < 400,

p(x) >0, such that Y. @(x—j)=1onR. Fork €Z, z € R put

j=—o0

(Bif)(x Z f (2k> ® p(2"z - j), (13.1)

j=—00
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which is a fuzzy wavelet like operator. Then it holds

D ((ka)(x),f (¢-55)) <

e (DU @), ) + (fm,;ik))

a
=: [ (27) , foranyzx eR, ke€Z. (13.2)

N-1

i=1

If f € CRU(R) and as k — +oo we obtain with rates that

a

lim D((ka)( ), f(x—ﬁ)) —0.

k— 400
Corollary 13.13 (to Theorem 13.12, for N = 1). It holds
a a a
D (Buf)@),f (v 5¢)) < 55 (PU/@).0) + 3087 (1, 57))

forany x e R, k € Z.
Corollary 13.14 (to Theorem 13.12). The following improvement of (13.2)

holds
(18015 o= ) <o (87 (1. 8) 5 ()

forany x e R, k € Z.
Proof. From Theorem 13.1 we get

D(Bef)@). (@) < i (£, 57) -
Then we observe
()@ (v=5)) < DUBNE), f@)
+D (f(m),f(x—%» () (f%> -

Proof of Theorem 13.12. Because ¢ is of compact support in [—a, a] we
see that

A

IN

B = X f(F)ede-n
Qkx—jje[—a,a}

That is for specific z € R, k € Z we have the j’s in (13.3) to fulfill
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Using the fuzzy Taylor formula (Theorem 1, [11]) we get

. N—-1 ita i .
J * a (’Lk—x) a j

where
R (a: a j) (FR)/;# (/ <
Nt g )
22 g o
SN—1
. (/ f(N) (SN)dSN) dsny_1-- -)dsl. (13.5)
Tk

Then

N—1 j+ta i

J e = N (o @) U ) _
f <2k> © (2" — j) ;O f (I Qk) © i ©p2% —j)
0 i

P Ry <:c ok 2‘7—k> @@(2’“:0—])

and
N—1
* ) % : a
> f(2—>®<p(2kmj) > f()(f“z—k)
J 7 =0
2*z—j€[—a,a] 2% z—j€[—a,a]
ita _ )
®(2]c ) ® p2Fz — )

That is we have

s e g’
Bef)w) = 3 Y O (e-g)e B2 29) g ok j)
i=0 Jj
2kz—j€[—a,al



13.2 Results 215

Next we estimate
D ((ka)(m),f (m - %))

= DB, Y eCe-jof(e-g)

I
-}
N
M7
A
*
=
/N
=
|
| =
N——
©)
—
=y
V)
Zla
=
|
53
S—"
©)
5
[N}
=
53
|
o
S~—
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D <f<N> (m_i) @Wﬁ)'

2k

So that

At the end we estimate

/fﬂ (/zl (/:Nal ldsN>dsN_1...>d51)
= D((FR) /;ka (/Sl (/SNG_l Jo (SN)d3N>d5N1"'>d317
(FR)/%( (/ —%) dsN>dsN1--->dsl>

(by Lemmas 1,4 of [1 /]k </81
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N (N) a
: /x ] D<f (sn), f (me—k)>dsN dsy_1--- |ds,
oF S1 SN-1 r
Rl
r—-2% T— % r—

a
s ISN + 2—k - .%“dSN) dSN_1

+——x

(f) (f(N)
ok T ok

)d
= (f(N)

N
v, f) (V)
S NN (f " ok~ 1)

That is, we have found that

o{os o) 17 e )

a® ) (), 4
< saowe (Y 3e)- (138)

Therefore by (13.7) and (13.8) we obtain

) N
D(Ra (2 555%) ) = g (PO 0.0+ 3687 (12, 5)).

2k+2_k_x

(13.9)
Using (13.9) into (%) we get
1 .
F) (i) @
S s (PUP@),0) + i (50, )
i=1
N
v (V) (F) ()
T ONG-DN (D(f (%),6) + 3w (f zk))
Inequality (13.2) has been established. O

The next related main result is given.

Theorem 13.15. All assumptions are as in Theorem 13.12. Define for
k€ Z, x € R the fuzzy wavelet like operator

(D f)(z Z s (f Fe — 7), (13.10)

j=—o00
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where

() =3 wr o f (ij + 2,:ﬂ> cneN, wp>0, Y ws=1. (13.11)
7=0

7=0

Then

(2@ + ].) (N) ~
T RN NT (D(f (2),0)
F a F 1
37 (F0, &) o <f<N>, 2k)>
a
=: Ag (2—k> , foranyx eR, k€ Z. (13.12)

If f € CRY(R), as k — oo, we obtain with rates that

Jim D ((Pupia)f (o= 5)) =0
Corollary 13.16 (to Theorem 13.15, for N = 1). It holds
p(oun@s(e-5)) = (5 +5) @U@0
(030 3)

Corollary 13.17 (to Theorem 13.15). The following improvement of (13.12)
holds

D(0u)e)f (o 55)) = win (7 (192 ) +? (r.55) ).
8 ()

forany x € R, k € Z.

for any x € R, k € Z.
Proof. From Theorem 4, inequality (14) of [14] we obtain

D((Dwf) (@), f(z)) < ) <f, at 1) .
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Then we see that

D (D)), f (v-5)) < D((Dkf><x>,f<x>>+D(f<w>,f(x—;ik))

<f’a+1) wg]-‘)(f,%). O

Proof of Theorem 13.15. Because ¢ is of compact support in [—a, a] we
observe that

(Drf)(x) = Z* (Z w'r@f<2k 5%, )) © p(2Fz — 5).

J
2k z—jc[—a,a)

A

IN

(13.13)
Again for specific z € R, k € Z we have that the j’s in (13.12) satisfy
a _J
—E S Setge

Using the fuzzy Taylor formula (Theorem 1, [11]) we get

(o) = SroG-g)e {*

J r
where
a J T
(%+%ﬂ) S1 SN—1
= (FR)/ o (/ (/ f(N)(SN)dSN> dsn-1
x—i ac—z% x—i
Then

=0
~ a j 7
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and
N— 1
(Dif)@) = D fO (2~ ) (13.17)
=0
n (Uta) 4 :ni'r ¢
SIS (rﬁzowf( i )>

2%z —j€[~a,al

2k —je[—a,al

a J r
RN(m_Qk’QkJrzkvz))'

Next we estimate

D ((Dkf)(rc%f (w - %))

Dl D), Y e o f (v )
j
2z —j€[~a,al

p(X 5

2k —je[—a,al
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—-MJQEZW( (f0@),3) +wi” (19, 5))
+ ; ‘P(2k$ ) (gwa (RN (x — %,;—k + %) ,~)> =: (%)

So that

a .7 T (N) [0
< - -~ —_— —_— —_—
D(RN<$ 2,€,2k+2kn>,f (= Qk)@
P N
(45 + oz — )
N
(2a + 1)V R e a
+ S (PO @),6) +wi” (5, 7)) . (13.18)

Next we observe, as in the proof of Theorem 13.12, that

j F ita 7 _ N
e j o7 <N>(_1) (5 + 5t —2)
D(RN<JJ 2,{3,2k-|-2kn>,f T o ® N

= kN N1 wg ) f(N)a ok . (13.19)

Hence the previous inequality (13.19) implies

a J T .

2a + 1)V 1
< G (pUe0 a6l (1, ) +” (1, )
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Using the last inequality (13.20) into (x) we obtain

i (2a + l)i ( )
N Qa+1)" () 7 () @ .
SIS (DD @),0) +wt” (50, 55))  (321)
(2a + 1)V _ F a
+ S (DU ™ @), 0) + 3017 (£, )
- 1
By (13.21) the proof of the theorem is now finished. O

We need also the following main result.

Theorem 13.18. All assumptions are as in Theorem 13.12. Define for
k€ Z, x € R the fuzzy wavelet like operator

(Crf)(x) == iw (2’“ ® (FR) /Oﬂ f <t+ )dt) o2z — j).
' (13.22)
Then
D ((Ckf)(x), f (w - %)) < (13.23)
5 (om0 447 (10.5)
+ (22‘2;]?, (DU @), ) + 30" (£, 51)
+ W (), ;}c))
“au(f)
allk € Z, z € R.

If f € CRY(R) and as k — +oo we obtain with rates that
. a
Jm D (@ (=) =0
Corollary 13.19 (to Theorem 13.18, for N = 1). It holds
a a 1
_ < 4 ! o
(@ s(o-5)) < (5 +5) U@L

k—1 +
13wl (f , —) W' (f’, ;)) ;

forany x e R, k € Z.



13.2 Results 223

Corollary 13.20 (to Theorem 13.18). The following improvement of (13.23)
holds

D((Cf)@).f (2= 5)) <

(47 (150 107 (050)) 2+ ()

forany x e R, k € Z.

Proof. From Theorem 3, inequality (10), of [14] we get

Dwxﬁme»<w@(ﬁﬁf)~
Then we observe that

D (@) f (- 5))

IN

D((Crf)(x), f(z)) + D (f(f'f% f (x B i))
A (1555 ) vl (157 .

Proof of Theorem 13.18. Because ¢ is of compact support in [—a, a] we
see that

ChH@) = Y <ﬁ®uvul2af0+ )dQ (2% — )

J
2k —je[—a,al

IN

(13.24)
Hence for specific x € R, k € Z we have the j’s in (13.24) to satisfy
< J < ¢
TTR SR ST

Using the fuzzy Taylor formula (Theorem 1, [11]) we find

: N-1 (G+a) .\
J * (i a (t+ 5 — )
f<t+2k> =>. f”(x—%)@i!@RN 2,C,t+ 5
=0

(13.25)

where

a ] t+2JT S1
RN (Qﬁ — 27,t+ 2k> = (FR) /w_i A_L (1326)
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Then by Theorem 3.4, [67] we get

27k j N-1 a
2k © (FR)/O f (t + 2,{) dt = @ (m — 27)
1=0
2k 2~k - 7
o <t+ (j;a) —ac) dt (13.27)
- JO

27k .
a
® 25 ® (FR) RN<x—t+2‘7k)dt.

Thus we have

N-1

(Cen@) =9 (- 5)

=0

o2k ‘1a i
© > ez—j) (22,/0 <t+(‘7; )w) dt) (13.28)

J
2z —j€[~a,al

2~k .
E k . k a J

J
2z —j€[~a,al

Next we estimate

D((Cuh)@). f (2= %»

= Dl@hHE), D w@a-jof(s-g)
J
2k gz —je[—a,a]

o((E -5

i=1

o v e (5[ (5 0) )

® Z o2z — )

J
2k gy —jel—a,al

2~k .
<2k®(FR) Ry <x—;€7t+2‘7]€) dt)),é)
0
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N—-1

DD <p(2kx—j)<2;/02k(t—!—(j;a)—x)idt)

=1

J
2kz—jel—a,a]

(1 (e~£).
+ ) e@m—j) (2D

J
2k —je[—a,a]

27k u j ]
((FR) R <x—2k,t+2k) dt,o>>
(by Lemma 1, [11]) N=1 9, ; |
ez ‘ %(D(ﬂz)(m),a)wg ) (59,.2))

Next we work on

; (J+a) N
a J N a (—I— a:)
D(RN ($—2k,t—|—2k)7f( )(m——Qk)Q = )

( + (j+a)

a t ——x)
3 -
+D<f(N) (a: k)@ Z ! ,o).

So that

D(RN( 2]c’t+2k> >
; (j+a) N
a J N a (t+ oF —3;‘)
D<RN<x_2’“’t+2’“>’f( )(x_Q’“)Q NI

2+ 1)V
+ % (D™ @),0) +t™ (1™, ) (13.29)

for 0 <t <27k,
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Next, we act as in the proof of Theorem 13.12, we observe that

- t+(ﬂ+a) N
D(RN<x—£ik,t+2]—k),f(N)(x—ﬁ)®( ?)

2k N!
(2a+ 1Y (7 (o) 20+1
< ST W I >,2—k , (13.30)
for 0 <t <27k,
Therefore we obtain
< )
(R (- fts £).0) < a3

% (D™ @), 5) + 387 (1, )

Qk
) (fuv) L))
b 2k b

for 0 <t < 27%. Using the last inequality (13.31) into () we get

(+) sN49§%X@UW>>+MﬂU“§»
;_ 2a + 1)V

N (F) [ p(N
e (PU9) + 807 (£, )
1
) <f<N>7 27)) , (13.32)
By (13.32) we have the validity of the theorem

O
The previous results lead to the following important theorems

Theorem 13.21. All assumptions are as in Theorem 13.12. It holds

D(Bef) @), (Duf)@)) < B (35 ) + 2k (57) - (13.33)

foranyz € R, k € Z. If f € CXY(R), as k — +oo, we obtain with rates
that

Jim D((BLf)(@), (Def) () =0.
Proof. By

D((Bf)(@), (Duf)(@)) < D ((Bif)(

), S
+D (D)@, f (2= 55))

(by (13.2) and (13.12))
<
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Theorem 13.22. All assumptions are as in Theorem 13.12. It holds
a
D((Def)(@), (Crf) (@) < 281 (57 ) - (13.34)
forany x € R, k € Z. If f € CRY(R), as k — +oo, we get with rates that

lim D((Dyf)(), (Crf)(x)) = 0.

b too
Proof. By
D((Duf)@), (Cef)(@)) < D ((Dif)(@). f (= 5 ) )
D ((Ceh)@).f (== 5))

(by (13.12)§and (13.23)) A (;) A ( ) oa, (%> e

Theorem 13.23. All assumptions are as in Theorem 13.12. It holds
D((Bef) @), (Cuef) @) < By (37) + e (57 ) (13.35)
allz €R, ke Z. If f € CRY(R), as k — +o0, we find with rates that

lim D((Brf)(x), (Ckf)(z)) = 0.

k— o0
Proof. By

D((Bif)@), (Cef)(@) < D ((Bf)@). f (2= 5¢) )
+D (@) s (2~ 5))
) and

) (&) an(L). o

It follows another family of basic interesting related results.

Theorem 13.24. Here ¢ is as in Theorem 13.12 and f € C(R,Rx). Fuzzy
wavelet like operators By, defined by (13.1), and Cy defined by (15.22).
Then

(by (13.2) an
<

D((Bf)(@), (Cof)(@)) < ) (ﬁ ) 7 (13.36)

forany x € R, k € Z. If f € C¥(R), as k — +o0, we obtain with rates
that

lim D((Bxf)(2), (Ckf)(x)) = 0.

k—+o0



228 13. Estimates to Distances Between Fuzzy Wavelet Like Operators

Proof. We have that

D(Bf) (@), (Crf)) (Z 1(%) @ e,
i (2’“@(FR) /OQkf<t+ )dt) (2%—;‘))

IN
5
)
S
&
|
=
-]
/N
K,\“
TN
l\g‘u.
N~
I
S
©
B
=
ﬁ
>
k’ﬁ
N
4~
+
l\.’)
?r
\/
oW
S
~

()

9=k
. F F 1

J
2k —je[—a,al

Theorem 13.25. Here ¢ is as in Theorem 153.12 and f € C(R,Rx). Fuzzy
wavelet like operators Dy, defined by (18.10) and (13.11), and Cy defined
by (13.22). Then

D((Dif)(@), (Crf) () < ( . 2;31) , (13.37)

foranyz € R, k€ Z. If f € CL(R), as k — +o00, we get with rates that

lim D((Dgf)(z), (Crf)(x)) = 0.

k——+4o0
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Proof. We have that
D((Dr.f)(2), (Cr.f)(x))

=D (Z* 61 () @ p(2Fz — 7),

j=—o00

o0

)3 <2k © (FR) /O Ty (t + Qk) dt) (2% — j))

p(2"z - j)D <6kj(f), 2" O (FR) /Oﬂ f (t + ) dt>

(]

2kz—j€[~a,al

(FR) /OM f <t + 2‘1) dt)
(by Lemma 1, [11]) .

= 2* Z @(Qki—j)zwf '
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Theorem 13.26. Here ¢ is as in Theorem 13.12 and f € C(R,Rx). Fuzzy
wavelet like operators By, defined by (13.1), and Dy, defined by (13.10) and
(18.11). Then

D((Bif) (@), (Def)(@)) < ™) (f, 21) , (13.38)

foranyxz € R, k€ Z. If f € CL(R), as k — +o0, we find with rates that

lim D((Bif)(x), (Dxf)(z)) = 0.

4>+oo
Proof. We see that

D((B.f)(x), (Dxf)(@))
D31 (5) eette=i. 3 butnosize—)

J=—00 Jj=—00

IN
S
—
)
-
8
|
<
N—
)
7 N\
~
N
NS
'
>
>
<
—
~
N~—
~~_

INA
S
—
)
g
8
I
<
S~—
3
g
<
T
TN
&h
N
[\;r‘kx
N——
&ﬁ
TN
NS
+
)
??“ <
N——
~—

2z —j€[~a,al

IN
©
N
[\
>
&
|
<
SN~—
3
S
S
i
TN
T
5
T 3
3
N———
IN
&
e~
3
7~ N
T
|
N———

2kz—je[—a,a]
Next we present the corresponding comparison results based on the pre-
viously given theorems.

Corollary 13.27 (to Theorem 13.21, and Theorem 13.26). All assumptions
here are as in Theorem 13.12. It holds

DB ) (D)) < min (w7 (£ ) e (55) + 8 (55) )
(13.39)
for any x € R, k € Z.

Corollary 13.28 (to Theorem 13.22 and Theorem 13.25). All assumptions
here are as in Theorem 15.12. It holds

D((Df)(x). (Cif)(x)) < min (w@ (f, 2,3_1) 24 (2‘2)) . (13.40)

forany x e R, k € Z.
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Corollary 13.29 (to Theorem 13.23 and Theorem 13.24). All assumptions
here are as in Theorem 13.12. It holds

DB, () < min (w7 (1,55 ) B (55) + 8¢ (5) )
(13.41)
dlzeR, ke

Next we study similarly the Fuzzy wavelet operator Ay.

Theorem 13.30. Let f € Cy,(R,Rx) and the scaling function ¢(x) a real

valued function with supp p(x ) C [—a,a], 0 < a < +o0, @ is continuous on
[—a,a], p(z) > 0, such that Z ez —1)=1onR (then [ ¢(z)dr =
j=—00

1). Define

or;(t) = 2¥2p(2%t —j), fork,jeZ, teR,  (13.42)
ita
o= FR) [ 100 000 (13.43)
and set
(Arf)(z) == Z (fsorj) © ppj(x), anyxeR. (13.44)
j=—00

The fuzzy wavelet like operator (B f)(x) is defined by (13.1). Then it holds

D((Ax)) @), (Bif)@) <o (.57 ) (13.45)

for any x € R, k € Z. If f € CZ(R) and bounded, then

lim D((Arf)(z), (Brf)(z)) =0 with rates.

k—+o00

Proof. We see easily that

* j+a

e = ¥ (Fn) /

j=—o0

) @ ot i) © (2t ).

(13.46)

~
/N
2

Also it holds

Jj+a
/ o(u— j)du=1. (13.47)
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So we observe

D((Arf)(z), (Br.f)(x))

- D (f <(FR) /jHaf(;) @w(u—j)du)

—a

] i 1(%)ovets- j))
< > e@a—4D ((FR) /jzaf (2%) ® p(u — j)du,

J
2Fz—j€[—a,al

(FR) /Jjjf (2‘7k> ® o(u —j)du)

(by Lemma 1, [11]
<
and Lemma 2, [14])

(]

Jj+a
o(2Fz — j) / o(u— j)

j—a

m <.

2k —je[—a,al

o(1(2).1(2))

j+a a

> e [ wlw—iet” (f55)du
j j=a 2

2kz—je[—a,a]

- W(g). o

IN

Theorem 13.31. Let ¢, f, Ay as in Theorem 13.30. Let fuzzy wavelet like
operator Dy as in (13.10) and (13.11). Then

D((ALF)(@), (Def)(@)) < o (f, at 1) , (13.48)

for any x € R, k € Z. If f € CZ(R) and bounded then

k£r+noo D((Arf)(x),(Drf)(x)) =0 with rates.
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Proof. We notice that

D((Aif)(2), (Dif)(@))
(by (13.46)) (f ( FR) /J+af (2%) o —j)du)

2Fz — 5), Z* 61 (f) @ p(2Fz — j))

j=—oc0

2P z—j€[—a,a]

L 7
QW(U—J)dUaZ wi © f (;,@4'2;%))
=0

(by (1§347)) Z (2% —j)iwa <(FR) /j+af (2%)
=0 e

J
2z —j€[~a,al

Op(u — j)du, (FR) / "y (j b ) © plu— )du)

e T \2F T 2R
(by Lemma 1, [11] n
< Z p(2"z — j) Z Wi
and Lemma 2, [14]) j =0

2"z —j€[—a,a)

([ o003 (4 )

IN
5
[\
Bl
&
|
<
g
<t
TN
&\
<.
+
)
5
IS
|
<
E/—\
3
N
b
Q
%+
—
N——
QU
S
N———

Theorem 13.32. Let ¢, f, Ag as in Theorem 13.30. Let fuzzy wavelet like
operator Cy, as in (13.22). Then

D((Af) (@), (Cof)(@)) < w (f, ot 1) , (13.49)

foranyx € R, k € Z. If f € CL(R) and bounded, then

kET@o D((Arf)(x),(Crf)(x)) =0 with rates.
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Proof. We observe that
D((Aif)(2), (Crf)(2))

(by (13.46) and (13.22)) (f ((FR) /mf() o )du>
— j—a 2
28z — §), i ( ® (FR) /M f <t+ 2‘7k> dt) ® p(2F —j))

IN

Z :c]D( J+a

J
2%z —j€[—a,al

&.

2k
® ¢(u— j)du, 2" © (FR) f<t+Jk t)
0

+

a

J u
= Z x]D( / 27 © p(u
J

j a

2’”‘9:*]’6[ ,a)
j+a 2~k
(FR)/ ou—7) 0 2’“®(FR)/O f<t+2)dt]d>
(by Lemma 1, [4]

< PR CAEE))

and Lemma 2, [14]) j
2Pz —j€[—a,a]

x </ji:aap(u—j)D (f(;)ﬂk@(FR)/ozkf(t—k )dt)d )

Jj+a
- ¥ <p(2k$—j)(/ o(u— )2

- j—a
Qkx—jje[—a,a]

D ((FR) /ng f (2%) dt, (FR) /021« f <t+ ) dt) du)

(by Lemma 1, [11]) i j+a .
< > w(zm—j)(/ p(u— 5)2
- j—a
2*o-je[~a)

« </02kD (f (5¢) <t+ Qk» dt) du>

< D ey (/J_+as0(u—j)2’“

j je

2%z —je[—a,a]

—k

/2 (f, —j—tht du
o ok ok
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j+a

< > so(2k:v—j)(/j p(u—j)2*

j e
2k gz —jel—a,al

o=k
F (L+1
(Lo ()
F a—+1

Example 13.33. The following scaling function ¢ fulfills the assumptions
of the presented theorems

z+1, -1 <x<0,
plz)=¢ 1—ux, 0<ax<1,
0, elsewhere.

Note 13.34. Aj, By, Ci, Dy are linear operators over R.

Remark 13.35. On Theorems 13.24, 13.25, 13.26, 13.30, 13.31 and 13.32.
It is enough to comment Theorem 13.24, similar conclusions can be derived
from the rest of them. Assume that f € C(R,Rz) fulfills the following
Lipschitz condition

D(f(x), fly) <Mz —yl|’, 0<p<1, M>0. (13.50)

Then clearly it holds

A LY oM
w} <f, 2k> <ot KEL (13.51)

So that from (13.36) we obtain

M
D((Bef)(@), (Cef)(@)) < 5 (13.52)
and k € Z, x € R. And consequently
. M
D*(Bu), (Cuf)) < 5 (13.5)
for any k € Z.
Finally we get the global error estimate
. M
sup D*((Brf), (Crf)) < BYTR (13.54)

FEC(RRx):
£ as in (13.50)

Etc.
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Next we give two independent but related and useful results.

Proposition 13.36. Let o, f be both even functions as in Theorem 13.24.
Let (Bif) defined by (13.1). Then (Byf)(x) is an even function.

Proof. We observe for x € R that

(Bif)(~2) = jf_f;f (&) 0wt
_ jiw f<—2jk>®g0(2kx+j) (a finite sum)
- J:i_imf(;’“) © ¢(2z - j*)
- ji;f(;’,ﬁ)@mkx—j*):(ka)(m). 0

Proposition 13.37. Let ¢, f be both even functions as in Theorem 13.30.
Let (Arf) defined by (13.43) and (13.44). Then (A f)(x) is an even func-
tion.

Proof. We observe for z € R that

(a0 2 3 (wm) [ () o et an)
Op(=2"z - j)

(a finite sum)

OO* ]+a u
= Z ((FR)/ f (—27) ©o(—u +j)du)
j==oc j-a

Op((2Fz + 7)
(linear change of variables is valid in (F'R)-integrals)

o e
- ((FR) /*, f (27) @go(w—j*)dw>
o2z — %) "EY (4, ) (@). O

Note. In this chapter we use only fuzzy methods in our proofs. However
in Chapter 16 we use real and fuzzy analysis together in our proofs. Con-
sequently, we get some improvements of some of our results here, namely
improvements for Theorems 13.21, 13.22 and Theorem 13.23, and for Corol-
laries 13.27, 13.28 and Corollary 13.29. See there Theorem 16.16
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FUZZY APPROXIMATION BY
FUZZY CONVOLUTION
OPERATORS

Here we study four sequences of naturally arising fuzzy inte-
gral operators of convolution type that are integral analogs of
known fuzzy wavelet like operators, defined via a scaling func-
tion. Their fuzzy convergence with rates to the fuzzy unit op-
erator is established through fuzzy inequalities involving the
fuzzy modulus of continuity. Also their high order fuzzy ap-
proximation is given similarly by involving the fuzzy modulus
of continuity of the Nth order (N > 1) H-fuzzy derivative of the
engaged fuzzy number valued function. The fuzzy global smooth-
ness preservation property of these operators is presented too.
This chapter relies on [15].

14.1 Introduction

Here C(R) is the space of continuous functions from R into R, and C (R),
N > 1 the space of N-times continuously differentiable functions on R. We
denote by Cp(R) the space of continuous and bounded functions from R
into R. For f: R — R we define its first modulus of continuity by

wi(f,0):=  sup  |f(z)=f), >0
z,yeR: |z—y|<d

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 237-261.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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Let Cy(R) be the space of uniformly continuous functions from R into R.
For f € Cy(R) we have w1(f,0) < 400, § > 0, see [30], p. 298 and [34].
Also it is a well-known fact, see [56], p. 40, that

%iﬁ)lwl(f,é) =wi(f,0) =0, iff fe Cy(R).

Let ¢ be a real valued function of compact support C [—a,a], a > 0, ¢ > 0,
¢ is Lebesgue measurable and such that

/ olx —u)du=1, VreR, (14.1)

—00
equivalently

/OO o(u) du = 1. (14.2)

Examples (i)

el e[

0, elsewhere,

the characteristic function;
(i)
11—z, 0<z<1
p(z) = 1+z, —-1<z<0
0, elsewhere,
the hat function. Here we follow [30], pp. 287-293, and [35].
We introduce the following positive linear operators for k € Z and f €
Cy(R).
(i) Case of Ay, operators: here additionally we assume that ¢ is an even
continuous function. Define

(o) = [ rlwe2ts - v du
where -
() == 2% i F(t)p(2Ft —u) dt (14.3)
is continuous in u.
(ii) N
(Bef)(z) == /_ f (%) 2%z — u) du. (14.4)
(iii) N
(Lef) (@) = [ of ()p(22 — u) du, (14.5)
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where

el (u) = 2* /;k(um £(t) dt = 2* /OM £t o) at

e 2k

is continuous in u.

(iv)

(oo}

(T4f)(z) = / 7 ()2 — u) du, (14.6)

— 00

where

7£(u) ::ijf<2k+2kn>, n € N fixed, w; >0, ijzl’
j=0 j=0

is continuous in u. We have proved in [30], p. 289, p. 295, respectively, and
[35] that Ay, By, Lk, T'y are shift invariant operators, and map continuous
probabilistic distribution functions into continuous probabilistic distribu-
tion functions. More importantly we proved the following theorems [30],
pp- 290-293 and [35]. The operators Ay, By, Lk, 'y, k € Z converge to the
unit operator I with rates as given by next

Theorem 14.1. For k € Z,

(AH@) = F@] < o (frge) (14.7)

(BeH)@) = f@] < w1 (figr), (14.8)

(he) - 1) < o (152, (14.9)
and

(L)) - f)l <o (1.5, (14.10)

The operators Ay, By, Li, I' fulfill the property of Global Smoothness
Preservation.

Theorem 14.2. For all f € Cy(R) and any 6 > 0 we have

wl(Akf’5> < wl(f76)7 wl(kav(S)Swl(faé)’
wi(Lef,8) < wi(f,9), and wi(Tyf,0) <wi(f,d). (14.11)

Inequalities (14.11) are sharp, attained by f(z) =z € Cy(R).

In [12] we continued the above study by establishing the high order of
approximation of operators Ay, By, Li, [y to the unit operator 1.
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Theorem 14.3. Let f € CV(R), N > 1. Then one has

@) o
i 20k

|(Af)(@) = f(x)] < (14.12)

i=1

N
a a
_a (V)
T NRNGE—D Y (f : 2k71> ’

N i i
3 FO)] a (14.13)

(Bef)(z) — f(z)] < b
=1 :
N(!IQ’“NM (f(N)’ %) ’
[(Lif)(z) — f(z)] L fO@)] (a+ 1)
{I(ka)(x)—f(m)l <2 o (14.14)
a+ 1N a+1
+%W1 (f(N)7 2—t> ;

for any k € Z, and any x € R. If fO) is uniformly continuous function,
then as k — +o0o we obtain that

(Lrf)(x) = f(2),

for Ly, .= Ay, By, Li, Ty, pointwise with rates.

In this chapter we generalize the above mentioned motivating results to
the Fuzzy Theory setting. We study the same operators Ay, By, L, Tk,
k € Z, when they act on fuzzy real number valued functions. So according
to the context one can understand clearly, when these operators are applied
to real valued functions, and when they are applied to fuzzy real valued
functions.

The proofs of the presented results rely a lot on this introduction. For
that we also need.

14.2 Background

‘We mention

Lemma 14.4. Let g: [a,b] — R has existing ordinary Riemann integral

fubg(x)dac. Let uw € Rz be fized. Then (FR) f:(u © g(z))dx exists in R,
and

b b
u@/ g(z)dx = (FR)/ (u®g(x))de. (14.15)

Proof. Since f; g(x)dx exists we have that for any € > 0 there exists 6 > 0
such that for any division P = {[v,w]; £} of [a,b] with norms A(P) < § it
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holds
b

S (w = v)g(€) - / o(x) dz

P a

T = < E.

Notice that u ® f: g(z) dx € Re. Hence by Lemmas 2.1, 2.2(iii) of [17] we
get

D (Z(w —0)g(§) ®u,u® /

P a

o)~ o (o)

P

u@/jg(x)dm)

7D(u,0) < eD(u,0).

IN

That is proving the claim. ]
Definition 14.5. Let f: R — Rz be such that

(i) (FR) fat f(x) dz exists for every real number ¢ > a, a € R, then

(FR)/aoof(x)dx— lim (FR)/atf(:c)d:r

t——+o0

provided the limit exists in Rz in the D-metric.

(ii) If (FR) j;b f(x) dx exists for every real number ¢t < b, b € R then

b b
(FRX/ lﬂ@dwzthm(FRX/tﬂwdx
o — — 00 t
provided the limit exists in Rz in the D-metric. The improper inte-

grals (FR) [ f(z) dz and (FR) ffoo f(x) dzx are called convergent if
the corresponding limit exists in Rz and divergent if the limit does
not exist in Rz.

(iii) If both (FR) [* f(z)dz and (FR) [*__ f(z)dz are convergent for
some a € R, then we define the improper fuzzy-Riemann integral over
R as follows:

+oo

wm/iﬂ@m_wm/;ﬂ@M@me f(z) dz

In this case we say that (FR) [~ f(x)dx converges. Otherwise we
say it diverges.
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Remark 14.6. (i) Let f: R — Rz be fuzzy continuous and of compact
support [a,b] C R (See Theorem 14.10 next), then

0 b
(FR)[ f(z)dx = (FR)/ f(z)dx. (14.16)

ii) Given that I := (FR) ff f(z)dx, a < b, exists in Rz from Definition

(ii
2.4 ([17]) we have

e > D

(v—u)® f(£), )

>
e ( “o-rori) (o1
[

Y (D)o (v —uw) o f(E), (- 1>@I>
<Z*u—v © f(&),(— )@I).

That last motivates us to define

= D

a b
(FR)/b F@) do = (—1)®(FR)/ (@) da. (14.17)

Also "
(FR) / F@)de = 6. (14.18)
Similarly given that (FR) [*°_ f(x)dx exists in Rz, one can define
(FR) /7 Fl2) de = (-1) @ (FR)[ f(x) da. (14.19)

Linear change of variable is possible and valid in (F R)-integrals.

Theorem 14.7. Let z := ¢(t) := mt+’y,m>0 v €R,t € |af]
Call a := ma+~, b:=mf +~. Then (FR f6 (t)) dt exists in Ry iff
(FR) fa f(z)dz exists in Rz, and

b B8
(FR) / f(@)dz =m® (FR) / Flo(t)) dt. (14.20)

Proof. Here © € [a,b] and ¢ is an (1 — 1) and onto map from [a,ﬁ] to
[a,b]. Also f: [a,b] — Rz and f o ¢: [a,8] — Rz It (FR) [7 f(p(t)) dt
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exists in Rr and equals L @I, by Definition 2.4 ([17]) for every & > 0 there
exists ¢ > 0 such that for any division P = {[u,v]; £} of [a, 8] with norm
A(P) < 6, we have

D (Z*(v —u) O f(p(§)), % ® I) <e.

P

Equivalently we find

D (Z*(mv —mu) ® f(ga(ﬁ)),]) <me=:¢

P

and equivalently we have

P

D (Z*((mv +7)— (mu+7))© f(@(f))al> <€

Denoting v/ := mwv + 7, v/ := mu + v, £ := mé + v we have equivalently,
D (Z*w ~w)o f<s’>,f> <,
Pl

for P! = {[u/,v'];¢'} any division of [a, b] with norm A(P’) < mé =: 6. By
Definition 2.4 ([17]) we get equivalently that (FR) ff f(z) dx exists in Rz
and equals I. O

The counterpart of the last result comes next.

Theorem 14.8. Let © := p(t) ;= mt+v, m < 0, v € R, t € [a,[].
Call a :==mf +, b :=ma+~. Then (FR) ff fle(t))dt exists in Ry iff
(FR) f: f(z)dx exists in Ry, and

b B
(FR)/ f(cc)d:n:\m|®(FR)/ Flo(t)) dt. (14.21)

Proof. Similar to Theorem 14.7. O

Next we present a result regarding linear change of variables for improper
(F R)-integrals.

Theorem 14.9. Let x := p(t) := mt + v, m, v are fized reals and t € R.
Then (FR) [%_ f((t)) dt exists in Rr iff (FR) [ f(x)da exists in Ry,
and

(FR) /_OO f(z)dx =|m|® (FR) /_oo fle(t))dt. (14.22)

Proof. Clearly ¢ is (1 — 1) and onto from R — R.
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(i) Here m > 0.
If (FR) [*_ f((t)) dt exists in Rz then Jo € R such that (cf. Definition
14.5(iii))

(FR)/_o;f(cp(t) FR/ flet)dt @ FR/ fle

where the improper integrals
(FR) / Flo®)dt, (FR) / Flp(®)dt exist in Ry.

That is there exist (FR) [," f(¢(t)) dt for any § < a and (FR) [” f((t)) dt
for any p > «, and in the D- metrlc we have

(FR)/_;f(w(t))dt:Ohm FR/ e
(FR) [ seta= im () [ o) ar

Hence by Theorem 14.7 we obtain

and

ma+y

(FR) /_a fle(t)dt = %@ lim (FR)/9+ f(z)dz
ma+y

= —0 (FR)/ f(z)dz,
and

0 mp+y
(FR) / fle)dt = ~© lim (FR) / (@) do

1 e
= —o(FR) /WM (@) da
Consequently we obtain
or) [ e = @n [ 7:” fla)dae (FR) [ O:M /(@) da
- R [ fed
(ii) The case of m < 0 is similar. O

We need
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Theorem 14.10 ([67]). Let f: [a,b] — Rz be fuzzy continuous with respect
to metric D. Then (FR) f; f(z)dx exists and belongs to Rr, furthermore
it holds

b

b r b
(FR) / f(x)dx] - [ / (HO() de, / (N () de

a

, Yrelo,1].

(14.23)

Clearly fj(:): [a,b] — R are continuous functions.
Denote by C(R,Rx) the space of fuzzy continuous functions and by
Cp(R,Rx) the space of bounded fuzzy continuous functions on R with

respect to metric D.
We use also the following

Definition 14.11 ([11]). Let f: R — Rz be a fuzzy real number valued
function.
We define the (first) fuzzy modulus of continuity of f by

w:(tf)(f7 0):= sup D(f(z), f(y), o>0. (14.24)

z,yeR
lz—y| <8

Definition 14.12 ([11]). Let f: R — Rz. We call f a uniformly continuous
fuzzy real number valued function, iff for any € > 0 there exists § > 0:
whenever |z — y| < 0; x,y € R, implies that D(f(z), f(y)) < e. We denote
it as f € C¥(R).

We denote by CY(R,Rzx) the space of uniformly continuous functions
from R — R# that are bounded.

Proposition 14.13 ([11]). Let f € C¥(R). Then wg}-)(f, J) < +oo, any
d>0.

Proposition 14.14 ([11]). It holds

(i) wgf)(f, 0) 1is nonnegative and nondecreasing in § > 0, any f: R —
Rr.

(ii) limg 0w (f,6) = w7 (£,0) = 0, iff fe CY(R).

(iii) Wi (f, 61 + 02) < W (f,81) + W (f,82), 61,62 > 0, any f: R —
Ry.

(iv) wg}-)(f,m;) < nwgf)(f,é), d>0,neN, any f: R — Rg.

(v) wg}-)(f, Ad) < [ngf)(f, ) < (A4 1)w§}-)(f, 8), A>0, § >0, where
[] is the ceiling of the number, any f: R — Rg.

(vi) wgf)(f ®g,0) < wgf)(f, 0) —l—wg}—)(g,é), 0>0,any f,9: R - Rg.
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(vii) wg}-)(f, -) is continuous on Ry, for f € CZ(R).
It follows a very important and useful representation result for moduli
of continuity.

Proposition 14.15. Let f: R — Rz be a fuzzy real number valued func-
tion. Assume that w(F)(f, d), wl(fy),d), wl(f_(;),(s) are finite for 6 > 0.
Then it holds

(f,6) = Zl[t)pl] max{wl(fgr), J), wl(ff), §)}- (14.25)

Formula (14.25) is valid also when f and the moduli of continuity are
defined over [a,b] C R.

Proof. Let z,y € R: |z —y| < . We have from [17], Section 2 that
D(f(x), f(y)) = sup max{|(f(2)" — (FO)LI(F @)L — (F@)Y

rel0,1]

< s max{n (70,0147, 90}
rel0,1

Thus

W (£,6) < sup max{wi (£, 6),w1 (£, 5)}.
rel0,1]

Next we observe for any r € [0,1] and any x,y € R: |z — y| < J that

W (1,6) = D(f (), f(y) = 1(F @) — F) LI @) — (N

Therefore

wi(f7,8),wi(£7,8) <w{T(£,8), vrelo].
Clearly it holds

sup max{wl(f(_r),é), (7) 0)} <w(f)(f, d).
rel0,1]

We have established formula (14.25). O

Remark 14.16. (i) Let f: [a,b] — Rz be fuzzy continuous. From [17],
Section 2 we have

DU®.0) = s max{£OOLIW), elnn  (1120)
re
Since f is fuzzy bounded we have that 3M > 0 such that D(f(t),0) < M,
Vt € [a,b]. Since D(f(t),0) is continuous in ¢ € [a,b] for some t* € [a, b] we
have that
D(f(t7),0) = sup D(f(t),0).

t€la,b]

1}
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Notice that by the principle of iterated suprema we get

sup D(f(t),5) = sup sup max{|f" @),/ @)}
t€la,b] t€la,b] r€[0,1]
= sup max sup {[f7 @), £ ()]}
re(0,1] te[a,b]

Clearly we find that

sup D(f(£),6) = sup max{||F" oo [IF{"” ]| }- (14.27)
tela,b] r€l0,1]

We observe here easily that Vr € [0,1], V¢ € [a, b] we derive

1O @), 17 1)) < D(fF(E),6) < M,

so we can apply above the principle of iterated suprema.

(ii) Let f: R — Rz be fuzzy continuous, then clearly fj(;) are continuous
functions from R into R, Vr € [0, 1]. If f € CZ(R), equivalently (by Proposi-
tion 14.14(ii)) we have limso wgf)(f, d) = wgf)(ﬁ 0) = 0. Thus by formula
(14.25) we get limg o wi (f17,6) = wi(f7,0) = 0, ¥r € [0,1], equivalently
£ e Cy(R). Le. If f € CY(R) then £ € Cy(R), Vr € [0,1].

We need the following

Lemma 14.17 ([14]). Let f: R — Rx fuzzy continuous and bounded. Let
g:JJ C R — Ry continuous and bounded, where J is an interval. Then
f(x) ®g(x) is fuzzy continuous function Vx € J.

Remark 14.18. Here r € [0, 1], zl(-T), ygr) eR,i=1,...,m € N. Suppose
that

sup max(ml(.r),yl(r)) eR, fori=1,...,m. (14.28)
ref0,1]

We see that

2 < max(a”,y”) < supmax(a{”, "),

y” < max(al”,y"”) < supmax(a”,y").

I

Hence
m m
S < 3 supmael )
i=1 i=1 "
m m

IN

3 supmax(z{”, y").

r

>l

i=1 i=1
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Consequently

max ( 2", Z yﬁ)) < Z sup max(z'", y(").
i=1 i=1 "

i=1

We conclude that

sup max (ngr),Zyy)> < Z sup max(xgr),ygr)). (14.29)
] i=1 i=1

rel0,1 i—1 T€[0,1]

Inequality (14.29) is used in the proofs of the main results here.

We denote by CV (R, Rz), N > 1, the space of all N-times continuously
fuzzy differentiable functions from R into R.

We need the following

Theorem 14.19 ([71]). Let f: [a,b] C R — Ry be H-fuzzy differentiable.
Let t € [a,b], 0 <r < 1. Clearly

FOr = [(FeN”, (Fe)] Cr. (14.30)

Then (f(t))(ir) are differentiable and

7= L)Y (@) (14.31)
Le.

()@ = £y, vreo,1]. (14.32)
Remark 14.20. Let f € CN(R,Rx), N > 1. Then by Theorem 14.19 we
obtain 4 ' '

SO = (O, (F@FH?],

for i =0,1,2,..., N and in particular we have that

(fENH = (£, (14.33)

for any r € [0,1].

14.3 Main results

Let here f € CY(R,Bx), and let p € Cp(R) of compact support C [—a, al,
a >0, ¢ > 0 and be such that

/ olx—u)du=1, VreR, (14.34)
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equivalently
/ o(u) du = 1. (14.35)
(See Example (ii).)
By Proposition 14.13 we have that wgf)(f, 0) < 400, for any § > 0. Let
k € Z, x € R. We introduce the following fuzzy convolution type operators,

(i)

(Brf)(x) == (FR) /_ T (2%) ® ¢(2Fz — ) du, (14.36)
(i) )
(Lif)(x) = (FR)/_ el (u) © o2z — u) du, (14.37)
where
27" (u+1) 2~k
c};(u) ::2k®(FR)/27k/ ' f(t)dtszG(FR)/O f(t-i—%)dt
' (14.38)
(equality true by Theorems 14.7, 14.10),
(ii)
(Crf)(x) := (FR)/_ Vi(u) ® @28z — u) du, (14.39)

where

’Yi(u) ::Z wj®f<2—k+%>,n€Nﬁxed, w; >0, ijzl,
§=0

3=0
(14.40)
(iv) here additionally we assume that ¢ is even and define
(Ah@) = FR) [ rl oo v, (1)
where -
v (u) = 2 & (FR) / F() © p(25 — ) d. (14.42)

We emphasize again that the above defined fuzzy operators Ay, By, Ly,
I’y are the fuzzy analogs of the real convolution operators Ag, By, L, I'x
discussed in Section 14.1. Introduction, defined in an analogous way.

We present our results

Theorem 14.21. It holds
D*(Buf, f) < wi” (ﬁ i) , (14.43)

and
W (Bet,8) <l (f,6), V5>0, (14.44)
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that is By, fulfilling the property of Fuzzy Global Smoothness preservation.
Proof of inequality(14.43). We notice

D((Buf) (=), f()) (by (14.15):& (14.34)) D((FR)/2 z+a ; (ﬂ)

kFx—a
2kz+a

©(2%z — u) du, (FR) / k
(by (2.9) of [17])

< [ D (1 (%) et s o - w)

f(z) ® p(2Fz —u) du)

kr—a
2’“ac+a
U
= bz —w)D (f (5 d
| e@e—uwp (1 (5) fa)
2% z4a
< kg — @)l o ‘
< /ka_u 028z — u)w) (f, o x)du
. a u a
(notlce —27§x—2—k§2—k>
2km+a
< k.. (F) a
< /2kx—a o2 — u)w;y (f, 2k)du
2k:c+a
k (F) a
= 2% —u)du | w fi==)=w 1 ,
([ e onae) o (1) =7 (1.2)

by f2 o ©(2¥x — u) du = 1. That is proving

kp—q P

D(Bef)@). f()) < i (.57

hence (14.43) is true.

Proof of inequality (14.44). Let z,y € R: | — y| < 4. Then we observe
that

D((Bxf)(z), (Bx.f)(y))
- D (FR)/ f(2k)®<p(2 ¢ — u) du, (FR)/ f(jk)@

—00

= D((FR) /OO f (33 - (_u;zkx)) ® p(—u + 2%2) du,
(FR) /OO f <y - (_u;Qky)> © p(—u+ 2%y) du>

(call o(u) == —u+ 2%z, p(u) := —u + 2%y)
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= D((FR) /_Z f (a: — ";Zﬂ) ® p(o(u)) du,
(FR) /_O; f (y - p;?) ® ¢(p(w)) du)
e D((FR)/_Zf (v - 3¢) @ ¢lw) dw,
#R) [ 1 (v-2) @ olw)do)
= o(@r) [ 1 (o= g) ot
#R) [ 1 (- 3) @ etw)an)

(by (2.9) of [17])
< [ D(f(o-g5) v f (- 5) Oelw)) du

[ n (i ). )

< / sa(w)wﬁfkf,\z—y\)dwg[ o)) (,6) duw
N </ p(w) dw) W (£,8) MY 1 0 (£,6) = (£, 6).

We have proved that

D((Bif)(@), (Brf)(v)) < wi”(£.9)
which clearly implies (14.44). O
‘We continue with

Theorem 14.22. It holds

D*((Lif), f) <t (f, ot 1) : (14.45)

and

W (Lif,0) <wP(1,8), V6>, (14.46)

that is Ly, fulfilling the property of Fuzzy Global Smoothness preservation.
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Proof. First we prove that c{: (u) is fuzzy continuous in u. We notice that

D((FR)/OMf(tJr )dt( )/OQkf(t—s—Q%)dt)

(by (2.9) of [17]) < /02 D (f (t+ %) f (H— i)) dt

—k

2
(F) [t — ul
/0 wl (fa 2k ) dt

" (]:) <f» u|)%0, as Uy — u,

IN

where u,,,u € R. That is proving fuzzy continuity of c£ (u). Also we see by
(2.9) of [17] that

D ((FR) /OM f (t+ 2%) dt,é)

IN

/OMD(f(H?k) ) dt

< M27F < 400,

where M > 0 such that D(f(x),0) < M, Yz € R. That is proving that
c£( ) is also fuzzy bounded.

By Lemma 14.17 now we have that ck( ) © 28z —u) € O(R,Rf) as a
function of u. Again we get that

a+2km’
(Lpf)(z) = (FR) / ci(u) © 2%z — u)du, (14.47)

—a+2kx

and by [17], Section 2

D((Lif)(@), f(z)) = sup max{|(Li /)" (@)~ @), |(Le )T ()£ ()]}

refo,1]
(14.48)
We see that

] = 2"

(14.23) |, (r) K <r> u
L [2/0 70 (t+2k dt2/ f 2—k)dt]

(ro) (i)
[ck (u),c; " (u)]

= s Cp,

That is proving
FooN) (f(’"))
(c(u)y’ =¢,* "(u), YueR. (14.49)
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Thus
a+2kz r
ey = |en [ dwoeeets-w du]
—a+2kx
(1429 e el (W) "2k z — u) du
— [/+< (@)D p(25 — ) du,
a+2kz
/ (cf ) e(2"e — ) du]
—a+2kx
- [/“2 X Cfcfir))(u)w(ﬁz —u)du
—a+2kz
a+2kw ”
/—a+2k$ c,(f(* ))(u)g0(2kx —u) du]
= (@D @), (L)) @)
That is

[(Lif)(@)]" = [(Lr(f) (@), (L (F7)) (@),

which gives

(L)) @)D = (Lu(fS) (@), vr e 0,1]. (14.50)
Therefore
D((Lif)(x), f(z)) = up. max{|(Li (f7))(2) — ()],

(Li(f) (@) = 7 (@)}
(1%9) sup max{ (f(T),a+1>,

ref0,1]

N a+1 (14.25)
w1 <,f—5-)a 2k: )} = (]:) <.f7

We have established that

DL fo) < of” (1,450, (145)

From [17], Section 2 we get (14.45).
Next we see that

D(Lef,0) "V sup max{wi (L), 6), w1 (Lif),6)}

rel0,1]
= sl[lp}max{m(Lk(fi”),5>7w1<Lk<fi”>,5>}
rel0,1

(14.11) . (14.25
< s maxun(s 19 8),w (1,80} YEY WP (1,6,
rel0,1
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proving (14.46). O
Next we give

Theorem 14.23. It holds

D((Cf). ) < (f, at 1) , (1452)

and

i (T f,8) < w7 (1,8), V8 >0, (14.53)
that is Ty fulfilling the property of Fuzzy Global Smoothness preservation.

Proof. Here fyﬁ(u) is fuzzy continuous in u. We observe that

" AR w
Zwﬂf(%*%)@ wof(g+s))

=0

(by (2.1) of [17]) ij ( (1;7; +2’lzn),f<;+2i>>

ijwlf) <f, > <f, |t ul) o,

as Uy, — u, where {u,,}, u € R. That is proving fuzzy continuity of vi(u)
Next we observe

D(y(u),5) = D Z*wj@f<;+2in),a

(s (3 ) ) s Sy o

=0

IN

where M > 0 such that D(f(z),6) < M, Vx € R. That is 'yi(u) is fuzzy
bounded.

By Lemma 14.17 we get again that ’y£ (u) ©@(2Fx —u) is fuzzy continuous
in u. We have from [17], Section 2, that

D(Tef)(a). f@) = sup max{(Cef)? () =7 (@) /) (@)= 17 @)1
’ (14.54)

where

a+2kz

Cn)@) = FR) [ ylw) @ et - wdu (14.55)

—a+2Fz
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We easily see Vr € [0, 1] that

o = Sl o) (3

7=0
) (CARY!

= [’yk (u), ’yk (u)] :

Therefore we obtain

a+2k:t r
mner = fem [ ot il
—a+2Fx
a+2k:1:
029 [/ (7L () V(2" — u) du,
—a+2kzx
a+2kw
| etk - wd
—a+2kz
a+2k1' (r)
= [/ 'y,(cf* )(u)gp(Qkx—u) du,
—a+2Fkg
a+2kz ()
[ et - ) du]
—a+2kx

= (O(I))@), TR @)

That is, we have proved that

(Ce(N @)Y = Cr(fE))(@), vrelo,1]. (14.56)

Consequently we derive

D((Trf)(@), f(z) = sup max{|(Tw(f))(x) — £ ()],

r€(0,1]

(Ce(H) ) (@) — £ @)}

(14.10) . 1
< sup max{wl (f(),a—: ),
rel0,1] 2

»n oa+1 (14.25)  (F a+1
wl(fi)y ok )} = W§)<f72—k>~

D(TWf)(@), f(2) < P (f, i) , (14.57)

L.e. we get

hence establishing (14.52).
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Next we see that

W Thf,8) = s?p]max{m((rkf)(f’,6>,wl<<rkf>$>,6)}
rel0,1
= s%p”max{wl«rk(fi”)),a>,w1<<rk< ),0)}
re|0,
(14.11)
< sup max{wi (7, 8),w1(f7,8)} = (£, ).
rel0,1]
That is proving (14.53). d

It follows

Theorem 14.24. It holds
* a
D*((Axf). f) < wi” (f, W) : (14.58)

and

W (AL, 0) < 0T (1,0), W8>0, (14.59)
that is Ay fulfilling the property of Fuzzy Global Smoothness preservation.

Proof. Here we observe the following, ¢(2¥z —u) # 0 iff —a < 2¥z —u <a
iff
2kx—a§u§2kx+a.

Let us fix u € 2%z — a,2%z + a]. Also we have p(2Ft — u) # 0 iff —a <
M —u < aiff 452 <t < 4he

Let t € [“32%,%2], then ¢ € [ — 57,0 + 527 If t > & + 527 then
(2Ft —u) =0 and if t < z — 5%+ then (2%t — u) = 0. Therefore we have

a:+2k%l
rl(u) = 28 © (FR) / f(t) ® o2t — ) dt. (14.60)
Also we have
a+2kac
(Apf)(z) = (FR) / T,{(u) © 2%z — u) du. (14.61)
—a+2kg

We prove that r,{(u) is a fuzzy continuous and bounded function in u €
22 — a,2%x + a]. Let u,, € [2¥x — a,2%x + a] be such that u,, — u, as
m — +o0o. Clearly ¢(2Ft — u,,) — @(2%t — u), so p(2¥t — u) is continuous
in u.
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We notice that

a
T+ opoT

D(rf(up),r{(u) = 2D ((FR) / F(£) © p(2%t — up) dt,

a
k-1

(FR) /mj?k ft) ® (2%t — ) dt)

(by Lemma 14.17
F(£)© @2t —um), F(£) © (2"t —w)

are fuzzy continuous functions in ¢, using also (2.9) of [17] to get)

< ok /Hk D(f(t) © (2"t — up), f(t) © p(2"t — ) dt

_a
2k—1

(by Lemma 2.1 of [17])

ot

< ot / T 0@ — ) — (28t — )| D(f(1). 5) dt
xfyc%l

< 4aMw1(<p|[73a 3q)7 | em — ul) = 0, as m — 400,

where M > 0 such that D(f(x),0) < M, Yz € R. (Clearly here if ¢ €
[z — 525, 2 + %] then 2t — u, 2%¢ — u,, € [~3a,3a].) That is proving
r,{(u) is fuzzy continuous in u € [2¥x — a,2%x + a].

Next we see that

T+ opty
2kD ((FR) / f) © @(2Ft — ) dt, 5)

a
k-1

z—&-Qk%l
(by (2.9) of [17]) < 2’“/ ~ D(f(1) © @2kt — ), 6) dt

— ok /sza1 D(f(t) ® p(2%t —u), f(t) © ) dt

a
k-1

a
T+ 32—
k1

(by Lemma 2.1 of [17]) < 2’€/ ) D(f(t),6)(2"t — u)dt

T 5k—1

< 4aML < +oo,

where L > 0 be such that ¢(x) < L, Va € R. That is proving T£(u) is fuzzy
bounded in u € [2¥z — a, 2%z + 4.

Again by Lemma 14.17 we get that 7",’: (u) ®p(2Fx —u) is fuzzy continuous
in u € [2¥z —a, 2"z +a], and to repeat f(t) ® (2t —u) is fuzzy continuous
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int € [z— 5%, 2+ 5%7]. Furthermore we observe Vr € [0,1] that

m+5ﬁj— r
Pl = 2°|(FR) / ) f(t)@so(zkt—u)dt]
029 [/+ IO @2t — ) dt,

/ e £ @28 = u) dt]

—_—a
k-1

) £
= [ (), mt (w)]

That is, we proved
(r)
(@) =" ). (14.62)

Then

[(AeN)@)]" =

kFx—a

fw+a
[/ (r) 0(2%z — u) du,
2T+a
/ )@(2’“3: —u) du]
2k

2z+a (U
(1262 / (f u)cp(?kx — ) du,

2w+a (ﬂ

ﬁz+a r
(FR) /2 T,{(u) 2z —u) du]

(u)p(2k 2z — u) du]

2k —a

= (A @), (A7) (@)

We have established that

(A ) (@) = (A(F) (). (14.63)
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Next we see that
D((ArN@), f@) = sup max{|<Akf><I><z> - (@),
|<Akf>( o (@)}
=" sup max{|<Ak<fY (@) = £ ()],
|(A(F)) (@) = 1 <;c>\} )

< slipmax {w1 (fir), 2k+1> y W1 (fj—r)’ 2k—1>}
(14:29) wgf) (f7 Qka—l) ’

D((Akf)@), £(@) <P (£ 505) (14.64)

and from [17], Section 2 we get (14.58).
Finally we treat

Hence

14.25 r T
WD (At Y s?p]max{m((Akf)&),6>,wl<<Akf>&>,6>}
rel0,1
14.63 r r
(L6 s?p]max{wlmk(fi>>,6>,w1<Ak<fi>>,a>}
rel0,1
(14.11)
< sup max{w, (F7,8), w1 (£, 0)) M2V 0P (1, 6),
rel0,1]
so proving (14.59). O

In the following three theorems of high order fuzzy approximation to
the fuzzy unit operator by the fuzzy operators Ay, By, Ly, Iy the scaling
function ¢ will be as before in this Section 14.3. However now we take
for consideration f € CN(R,Rz), N > 1, with fN) € C¥(R) and f €
Cy(R,Rx). Clearly here by Theorem 14.19, fir) € CN(R) and of course

(L3 PNV e Cp(R), Ve [0, 1]

()
‘We present

Theorem 14.25. It holds

f(i) ) at aN N
D((Arf) (= Z it D) T NNG-D Y (f( ) T ok 1)
i=1
(14.65)

Vk € Z, Vx € R.
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Proof. We have that
D((Arf)(@), f(z)) =  sup max{|[((Axf)(@)") = f" ()],

ref0,1]

(AP (@) = £ ()]}

14.63 r r
L sup max{|(Ax(F7) (@) — £ ()],
r€(0,1]
(A (7)) (@) — £ ()]}
(14.12) |<f£”> (@) o
< sup max{ - -
ref0,1] ; it 2i(k=1)
aN (
)\ (N
+N|2N(k 1) ((f ) ) 2k 1)
Z‘ @( )| a
2i(k—1)
aN My _@
T NN (( S, 2k1)}
N N (r i
oazm max{z|<f9><><m>| a
r€[0,1] p il 2i(k—1)

a” (V) (r
e (K 50)

i (SO (@) al

il 2i(k—1)

i=1
aN

(N)y(r a
Fmae (007 55)}

(14.29) N Ol i
< {Z [ sup max{|<f£>>( (@), 1(5)" ><x>|]
i—1 |r€lo.1]
i
+L SuUp maxq wi ((f(N))(T) - )
NI2N(k-1) ref01] - P 9k—1)"

o (1), 55 |

(by (14.25) and (14.26))
N

_ D(f®(z),0) a
- Z; il 9i(k—1)

at (), G
e (1 5)- -
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We continue with

Theorem 14.26. It holds

D((Bif) (@ ZNj TR0 | e (5, 5,

2k
(14.66)
Vk € Z,Vxr € R.

Proof. Using (14.13) and very similar to the proof of Theorem 14.25. [
Finally we give

Theorem 14.27. It holds

{D((ka)(th(f))a . iDU”?(w)v@) (@t 1467

D((Txf)(x), f(x))

Vk e Z,Vr € R.
Proof. Using (14.14) and very similar to the proof of Theorem 14.25. O
Note 14.28. Since here f(N) € CY(R), as k — +o0, we derive

W) (fN (F) [ p(N) @ F)  pny at1
(1 0) 7 (50, 55) o (59,557 ) =0

Thus from (14.65), (14.66) and (14.67) we obtain that D((Ax f)(x), f(z)) —
0, D((Bxf) (@), f(x)) — 0, D((Ly.f)(2), f () — 0, and D((Tx f) (), f(x)) —

0, pointwise with rates.






15

DEGREE OF APPROXIMATION
OF FUZZY NEURAL NETWORK
OPERATORS, UNIVARIATE CASE

In this chapter we study the rate of convergence to the unit
operator of very specific well described univariate Fuzzy neural
network operators of Cardaliaguet—Fuvrard and “Squashing”
types. These Fuzzy operators arise in a very natural and com-
mon way among Fuzzy neural networks. The rates are given
through Jackson type inequalities involving the Fuzzy modulus
of continuity of the engaged Fuzzy valued function or its deriva-
tive in the Fuzzy sense. Also several interesting results in Fuzzy
real analysis are presented to be used in the proofs of the main
results. This chapter is based on [11].

15.1 Background

Let f: R — Rz be a uniformly continuous Fuzzy real valued function.
For each n € N, the neural network we deal with here has the following
structure: it is a three-layer feedforward network with one hidden layer. It
has one input and one output unit. The hidden layer has (2n2+1) processing
units. To each pair of connecting units (input to each processing unit) we
assign the same weight n' =, 0 < o < 1. The threshold values nku are one

for each processing unit k.

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 263—288.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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The activation function b (or S) is the same for each processing unit.
The Fuzzy weights associated with the output unit are f (%) ® ﬁ, one
for each processing unit k, where I = [*_b(z)dx (or I* = [*_S(z)dz),
“®" denotes the scalar Fuzzy multiplication.

The above fully described neural networks give rise to some associ-
ated completely described Fuzzy neural network operators of Cardaliaguet—
Euvrard and “Squashing" types. We study here thoroughly the Fuzzy point-
wise convergence of these operators to the unit operator, we give also some
L,, p > 1 analogs; see Theorems 15.17, 15.19, 15.24, 15.26 and Corollaries
15.21 and 15.22. This is done with rates through Jackson type inequalities
involving Fuzzy moduli of continuity of the engaged Fuzzy functions. On
the way to establish these results we produce some new results on Fuzzy
Real Analysis, especially see Theorem 15.14, where we show a Fuzzy Tay-
lor’s formula with Fuzzy integral remainder.

The real ordinary theory of the above mentioned operators was presented
earlier in [6] and [47]. And, of course, this chapter is motivated from there.
The monumental revolutionizing work of L. Zadeh [103] is the foundation
of this chapter, as well as another strong motivation. Fuzziness in Com-
puter Science and Engineering is one of the main trends today. This way
of quantitative approach over Fuzzy neural networks appeared recently in
the literature. It determines the rates of convergence precisely in a natural
quantitative manner through very tight inequalities using the measurement
of smoothness of the engaged Fuzzy functions.

As in Remark 4.4 ([31]) one can show easily that a sequence of operators
of the form

Lo(f)(@) =Y "f(ar,) @ war(z), neN,
k=0

(3°F denotes the fuzzy summation) where f: R — Rz, x), € R, w,, (z)
real valued weights, are linear over R, i.e.,

La(AO f@&pog)(z) =20 La(f)(z) ® p© Lu(g)(z),

YA\ pu € R any 2 € R; f,9: R — Rx. (Proof based on Lemma 4.1(iv) of
31].)
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15.2 Basic Properties

We need the following

Definition 15.1. Let f: R — R be a fuzzy real number valued function.
We define the (first) fuzzy modulus of continuity of f by

W (1,6):= sup D(f(x), f(y), &>0. (15.1)
z,yeR
|[z—y|<o

Definition 15.2. Let f: R — Rgz. If D(f(z),0) < M,Vx € R, M >0, we
call f a bounded fuzzy real number valued function.

Definition 15.3. Let f: R — Rxz. We say that f is continuous at a € R
if whenever z,, — a, then D(f(x,,), f(a)) — 0. If f is continuous for every
a € R, then we call f a continuous fuzzy real number valued function. We
denote it as f € Cr(R).

Remark 15.4. Let f be bounded from R into Rz. Then we observe that

W (f,8) = sup  D(f(z), f(y))

I
)
=
T
S
s
~~
=
@D
sl
=
<
N~—
53]
Q
N~—

That is, wgf)(f, 0) < 4o0.
Definition 15.5. Let f: R — Rz. We call [ a uniformly continuous fuzzy

real number valued function, iff for any € > 0 there exists § > 0: whenever
| —y| < §; x,y € R, implies that D(f(z), f(y)) < e. We denote it as
f e CZ(R).

Proposition 15.6. Let f € C¥(R). Then wgf) (f,0) < 400, any 6 > 0.
Proof. Let ¢y > 0 be arbitrary but fixed. Then there exists dg > 0: |[z—y| <

do implies D(f(x), f(y)) < eg < 4+o00. That is w(lf)(f, do) < egp < +o0.
Let now § > 0 arbitrary, ,y € R such that [z —y| < d. Choose n € N:
ndg > 6 and set x; ;= + (y —x), 0 <i < n. Then

D(f(x), f(y)) = D (f(x) o> @), Y e f(y)>
k=1 k=1

< D(f(x), f(x1)) + D(f(21), f(w2)) + - --
+D(f(2n-1), F(¥) < nw{™ (f,80) < neo < +ox,
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since |2; — z;11| = 2|z — y| < 1§ <y, 0 < i < n. Therefore wl (f, J) <
neg < +o00. O
Denote f: R — Rz which is bounded and continuous, as f € CE(R).

Proposition 15.7. It holds

(i) wgf)(f, 0) 1is nonnegative and nondecreasing in § > 0, any f: R —
Ry

(i) hfnwl (£.0) =7 (1,0) =0, iff [ € CY(R).

(111) (fv 61 +52) < wl (f761) +w1 (fa 52) 61a62 > Oa any f: R —
R]-‘

(iv) wgf)(f, nd) < nw(lf)(f, 0),0>0,neN, any f: R — Ry.

) (£, 00) < N (£,6) < A+ D' (£,6), A >0, 6> 0, where
[] is the ceiling of the number, any f: R — Rg.

vi) W (F@9.6) <l (£.6) + w7 (g,6), 6 >0, any f.g9: R — R
(vii) wg}—)(f, ) is continuous on Ry, for f € CL(R).

Proof. (i) is obvious

(i) Clearly w1 (f, 0) =0.

(=) Letw (f7 d) —0asd | 0. Then Ve > 036 > 0, wg}—)(f,é) <e.le,
for any x,y € R: |z —y| < § we get D(f(z), f(y)) < e. That is, f € CZ(R).

(<) Let f € CY(R). Then Ve > 03§ > 0: whenever |z—y| < §; z,y € R,
it implies D(f(x), f(y)) < e. Le, Ve >0 35 > 0: wgf) (f,0) < e. That is,
wg}-)(f,(S) —0asd 0.

(iii) Let 21,22 € R be such that |z — x| < 01 + d2. Then there exists
z €R: |z — x| <41 and |z — 25| < 0a.

We have

D(f(x1), f(z2)) = D(f(z1)® f(x), f(z2) ® f(2))
< < (1), £(x)) + (f(x) f(x2)
< (f,|~’01 |)+W1 (f,|$*9€2\)
< off)(f,al)wl (f,82)-

Therefore (iii) is true.
(iv) and (v) are obvious.
(vi) Notice that

D(f(z) @ g(x), f(y) @ 9(y)) < D(f(2), f(y)) + D(g(x), 9(y))-

That is (vi) is now clear.
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(vii) For any f: R — Ry it holds by (iii) that

Wi (f, 01+ 82) — i (f,00)] < w7 (£,62).

Let now f € C¥(R), then by (ii) hm wl (f, d2) = 0. That is proving the

continuity of W1 (f, )on R,. O
We mention the following fundamental theorem of Fuzzy calculus

Theorem 15.8 ([52]). If f: [a,b] — Rz is differentiable on [a,b], then
f'(z) is (FH)-integrable over [a,b] and

f(s)=f(t)® (FH) /ts f(x)dx, for any s >t, s,t € [a,b].

The Fuzzy-Henstock integral (FH) [ is defined in [52], Definition 2.1.

Note. In Theorem 15.8 when s < t the formula is invalid! Since fuzzy real
numbers correspond to closed intervals etc.
We need

Corollary 15.9. Let f: [a,b] — R be fuzzy differentiable on [a,b], and the
fuzzy derivative f': [a,b] — Rz is assumed to be fuzzy continuous. Then it
holds

f(s) = f(a)® (FR) /S f(t)dt, for any s € [a,b].

Proof. By Corollary 13.2 of [66], p. 644 we get that (FR) [ f'(t)dt, a <
s < b exists in Rz. Clearly we have

(FR) /s f(t)dt = (FH) /S f(t)dt

By Theorem 3.6 of [52], f(t) is (F'H)-integrable over [a,b], and

srn [ " F@)dt = fla) ® (FH) / FWdt=f(s). O

‘We need also

Lemma 15.10. If f,g: [a,b] CR — Rz
F: [a,b] — Ry defined by F(z) :=

and
D ((FR) / " fu)du, (FR) / ’ g(u)du) < /  Fl@)de

Proof. Exactly the same as in Lemma 13.2 (ii) for 2z-periodic functions,
see [66], p. 644. O

are continuous, then the function
D(f(x),g(x)) is continuous on [a,b]
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Lemma 15.11. Let f: [a,b] — Rx continuous, then D(f(x),0) < M,
Va € [a,b], M > 0, that is f is fuzzy bounded.

Proof. Let x,,, x € [a, b] such that x,, — x, asn — 400, then D(f(x,), f(x)) —
0, by continuity of f. But

D(f(zn), f@)) = sup max{|(f(z.)" = (F@) T 1(F @)~ (£ )1}

re(0,1]

Hence |(f(xn))(ir) - (f(ac))(ir)| — 0,all0 <r <1, as n — 4oo. That is,
(Fa ) = (f2),all0 < r <1, as n — +oo. Hence (f)Y € C([a, b)),

all 0 < r < 1. Consequently, (f)g:) are bounded on [a,b], all 0 < r < 1.
Here

D(f(),6) = sup max{|(f(x)",|(f(@)}.

rel0,1]

From basic Fuzzy theory we get that

(f@) < (f@)” < (fa)?,
and
(N < (F@)y < (f@).
Thus
(f(@) 7] < max(|(f(2) ], |f(2) D)),
and

(@) ] < max(I(£(2) D] 1)),

all 0 < r < 1. Therefore

for some M > 0. Leforall0<r <1 -M < (f(x))g) < M,\Vx €
[a’ab]<:>X—M§f(x)SXva(x)ER}_ O

Lemma 15.12. Let f: [a,b] C R — Rz be continuous. Then

(FR)/ f(t)dt is a continuous function in x € [a,b].

Proof. By Corollary 13.2, p. 644 of [66], see also [52], f is (FR) integrable
on [a,b] and on its closed subintervals. Using Theorem 2.5 of [52] and a
property of D, and without loss of generality by assuming s, > s, as
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Sp — S, N — +00, we have

D ((FR) / " pbdt, (FR) / ) f(t)dt)
- D <(FR) / " H(b)dt & (FR) F(t)dt, (FR) / ) f(t)dt)

D ((FR) / " f(t)dt,5> _D <(FR) / " f)dt, (FR) / s" 6dt>

(Lemmal5.10) Sn
< [T pgo.o
s

(Lemmal5.11

) e
< / Mdt < M (s, —s) — 0.

That is . .
D <(FR)/ ft)de, (FR)/ f(t)dt> — 0,
as S, — S, n — 4o00. ([l

Lemma 15.13. Let f € C£(R), r € N. Then the following integrals

) [ seasrmy [T ( [ f(sr)dsr> ds, 1.

.. (FR) /a </a (/a (/a f(sr)dsT> dsrl) ) ds1,

are continuous functions in S._1, Sq—_a,...,S, respectively.
Here s,._1, Sy_9,...,8 > a and all are real numbers.
Proof. By Lemma 15.12. O

We present the following new interesting result, which is the Fuzzy Tay-
lor’s formula.

Theorem 15.14. Let T := [zg,z0 + B8] C R, with 8 > 0. We assume
that f: T — Ry are differentiable for all i = 0,1,...,n — 1, for any
x € T. (Le., there exist in Ry the H-differences fO)(x + h) — fO)(z),
fO@2)—fO(x—h),i=0,1,...,n—1 for all small 0 < h < (. Furthermore
there exist fUt1)(z) € Ry such that the limits in D-distance exist and

o o fO@ER = O@) @) = fO@—h)
SO () _h1—>0+ h _hLO+ h ’

for allt = 0,1,...,n — 1.) Also we assume that f9 i =0,1,...,n are
continuous on T in the fuzzy sense. Then for s > a; s,a € T we obtain

(s —a)?
2!

® Ry (a,s),

fls) = fla)@ fla)©(s—a)® f(a)©

(S _ a)n—l
(n—1)!

@@ f V)



270 15. Approximation of Fuzzy Neural Network Operators, Univariate Case
where

Ro(a,s) == (FR) / (/ (/ f(”)(sn)dsn> dsn_1> ) ds,.

Here Ry(a,s) € Cx(T) as a function of s.

Note. (1) This formula is invalid when s < a, as it is based on Theorem
3.6 of [52].

(2) This Fuzzy Taylor formula is also valid with Fuzzy—Henstock integral
remainder where now we can drop the assumptions that ), i =0,1,...,n
are fuzzy continuous on 7T'. The proof is totally the same, and it is now based
on Theorem 3.6 of [52]. Clearly again the remainder R, (a, s) exists in Rz.

Proof (of Theorem 15.14). By Corollary 15.9 we have
f6) = f@) & (FR) | 1'yat,
with f” being (FR)-integrable on T
t
) =r@eER) [ o,
with f” being (FR)-integrable on T'. Therefore

) [ roa=n) [ roasEn [Ew ( / t f”(w)d’y> d
- fwot-aern [ (| t P ) at

Clearly the last double integral belongs to Rz by Lemma 15.12. That is

S
a

fs)=f(a)® f'(a) ©(s—a)® (FR)/ (/t f”(ﬂy)dy) dt.

But also next similarly we have
~
o) = f@o ER) [ 1,

with f” being (FR)-integrable on T', and

/at f'(Mdy = f"(a) ® (t —a) ® (FR) /at </V f”’(é)dﬁ) dr.

Furthermore,

/: </atf"(7)dv) it = f”(a)@/as(t—a)dt
s(FR) [ S < / t < / ' f’“(e)de) d7> d.
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Clearly the last triple integral belongs to Rz by Lemma 15.12. Hence it
holds
a)?

fls) = f(a>@f’<a)®(s—a)@f”(a)ca(s_T

@ (FR) /: (/: (/; f”’(f)dé) d’y) dt.

The remainder of the last formula by Lemma 15.12 is a continuous func-
tion in s. Etc. O

15.3 Main Results

We need (see also [6], [47])

Definition 15.15. A function b: R — R is said to be bell-shaped if b
belongs to L! and its integral is nonzero, if it is nondecreasing on (—oo, a)
and nonincreasing on [a, +00), where a belongs to R. In particular b(x) is
a nonnegative number and at a b takes a global maximum; it is the center
of the bell-shaped function. A bell-shaped function is said to be centered if
its center is zero. The function b(x) may have jump discontinuities. In this
article we consider only centered bell-shaped functions of compact support

[-T,T), T > 0. Denote I := fTT b(t)dt. Notice that I > 0.

Examples 15.16.

(1) b(x) can be the characteristic function on [—1,1].

(2) b(z) can be the hat function on [—1,1], i.e.,

1+, -1 <2 <0,
b(z) =< 11—z, 0<az<l,
0, elsewhere.

Here we consider functions f: R — R that are either continuous and
bounded, i.e., f € CE(R), or uniformly continuous, i.e., f € C¥(R),
both in the fuzzy sense.

In this chapter we study first the pointwise convergence with rates over
the real line, to the fuzzy unit operator of the fuzzy univariate Cardaliaguet—
FEuvrard neural network operators,

" pi=a(y — k
Faw) =)= 3 1 (B) o=l sy

k , In>
=—n
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where 0 < a<land z € R, n € N.

The above are linear operators over R. These operators in the ordinary
real case were thoroughly studied in [6], [47]. So as in [6], we consider
without loss of generality and for simplicity that n > max(T + ||, T~1/).
In this case we have that —n? < nzx—Tn® < nx+Tn® < n?, and card(k) >
1. Furthermore, it holds card(k) — +o0, as n — +o0. Set b* := b(0), the
maximum of b(x). Denote by [] the integral part of a number.

Next we present the first main result.

Theorem 15.17. Let x € R, T > 0, and n € N such that n > max(T + |z|,
T-1/). Then

L i (o £))

D(fa(a) f@) < | % Tno

k=[nz—Tn>]

-DU@MD+?(MW7%>%ﬂ(ﬂnZa>

—1 (15.3)

Proof. As in [6] we have that

[nz+Tn"] 1— k
b(n'~*(z—3)) _ b 1
k=[nz—Tn]
Next we estimate
2

DY s

k=—n2

D(fn(z), f(2))

Il
3
7 N
| &
N————
©
SY
—
S
T
Q
—
=
|
3=
SN—
S—
=
&
SN~—

[ne—Tn%]—1
*

D oot

k=—n2

k=[nz+Tn>]+1

[na+Tn®] _

: AW G 7).
S S ()
k=[nz—Tn>]

[nz+Tn®]
*

- o (B)e ) s

k=[nz—Tn]
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(by b having compact support [T, T7)

[nz+Tn] _

_ - B\ b (= 3)

( > (5o
k=[nx—Tn]

P bt (o - £))

ef@o Y ) f(a)

In>
k=[nz—Tn]
[ne+Tn] 1—a k
b(n x— =
@ f(x) ® Z ( Ifﬁba n))
k=[nz—Tn~]
[ne+Tn] 1—a k
b _k
< 7+D(ﬂ@® }: lﬁ—%%—ﬁwao
k=[nz—Tn>]

= ®’

where

[nx+Tn] _
_ . AW (el G 3)
=D ( Sr(n) et

k=[nz—Tn>]
[nz+Tn®] 1— k
bn %z — =
f(JC) o Z ( Iq(,La n)) )
k=[nz—Tn>]

Here we observe that

[nz+Tn"] pl=a(py_ k
D (f(w)@ > wﬂw)@ 1)

k=[nz—Tn>]

[nz+Tn®] b(nlf‘”‘ (iC _ %)) :
Z Ina o

k=[nz—Tn>]

<

D(f(x),0).

The last is true by Lemma 2.2 of [31].
Next we see that

[na+Tn®] _
_ : B\ bz - 1))
1= D( () et
k=[nz—Tn>]
[nac—i—TlL“]

Y i %)))

k=[nz—Tn>]

273

(15.5)

(15.6)
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[na-+Tne] ol k
kY b (@ =)
< 2 1)<f<;)<3‘———ﬁ;r———’
k=[nz—Tn>]
b(nt—o(z— &
RRLTS T
[ne+Tn] 1—a k
_ b(n' (= — ) k
= Z TD (f (ﬁ) ,f($)>
k=[nz—Tn]
[ne+Tn] 1—a k
b(n' (@ =3)) = (4 |k
< Z Tne w1 <f7 E -z )
k=[nz—Tn>]
[nz+Tn] 1—a k
bn' (- )| i~ r
= > B v a— wi” (f ; nl—a> :

k=[nz—Tn>]
That is, we have that

[nz+Tn] —a ok
<X @JLﬁw@@iJ (15.7)

Ine nl—a
k=[nz—Tn>]

Finally, applying (15.5), (15.6) and (15.7) into ®, we obtain

[nez+Tn]

D(fal@). f@) < | 3

k=[nz—Tn]

[nz+Tn] 1—a k
b - = T
NS (=) <f7 _ ) .

k=[nz—Tn>]

P =) il pisene) (158)

Using now (15.4) into (15.8) we get (15.3). O
Remark 15.18. By Lemma 2.1 of [9], p. 64 we obtain that

[nx+Tn]

. b= (o= £)
R S
k=[nz—Tn>]

any = € R. Let f € CZ(R), then lirJrr1 w§f) (f,
n—-+oo
(15.3) we get

an_a) = 0. Therefore from

im D(f (@), f(2)) = 0.

That is, f,(x) — f(x), pointwise with rates, as n — +o00, where z € R.
We denote by CEV(R) := {f: R — Ry, such that all the derivatives
fO:R Rz i=0,1,...,N exist and all are uniformly continuous in the
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fuzzy sense}, N € N. Also denote by CXB(R) := {f: R — Ry, such that
all f): R — Rz, i=0,1,..., N exist and all are bounded and continuous
in the fuzzy sense}, N € N.

Now we present the second main result.

Theorem 15.19. Let x € R, T' > 0, n € N such that n > max(T + |z,
TV, Let f € CXU(R), or f € CXB(R), N € N. Then

[na+Tmn®] b(nl—a ( k

D(fu(2), f(z)) < > * =) [D(f(m),ﬁ)
k=[nz—Tn>]

(%) T () r
ot (1520 (1)
N-—1

b* 1 2iTd
T (2T * n_a) z; Fin—a
J:

. {D(f(j)(x),é) +wl?) (f(j)7 L)] } (15.9)

In>

nlfoz

QNTNp* 1
2Ty 1 (N1 5
T NIna—aN <2T + no‘) {D(f (2),9)

- T
+3w§ ) (f(N)a nl__o‘) }

Remark 15.20. By Lemma 2.1 of [9], p. 64 we obtain that

P b= (o - )

I A\ 7 AR
UMDY T 0
k=[nz—Tn]

any z € R. Let f € CRV(R), then

n— 400 1-a

lim w{”) <f<j>,ni> =0, j=0,1,...,N.
Therefore from (15.9) we get
lim D(fu(z), f(x)) = 0.

n—-+o0o

That is, f,(z) — f(z), pointwise with rates, as n — 400, z € R.

Proof (of Theorem 15.19). Because b is of compact support [-T,T] we
have that

[nx+Tn"]

fulz) = Z* f (E) o w

k=[nz—Tn>]
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Clearly the terms in the sum (15.2) are nonzero iff '~ |z — %| <T,iff

<z——-<

T k T
nl—o ﬁ pl—o’
Hence in here x — nlL_a < %, z € R.

Using the fuzzy Taylor formula (Theorem 15.14) we have

N-1 k T \J
k * . T 2 =T+ 5
f(—>:§j v (:s— 1_a>@(n - ) @RN(z—
n =0 n 7!

T

nl—a’p

k

).

where
T k & 51
i (o) —en [ ( [
(/ ) f(N)(sN)dsN> dsN_1-~> dsy.
Then
Ca N-1 j
f (E) ® b(nl (‘T %)) _ * f(j) (Z’ o T ) ® (% — T+ ni—o )J
n In~ : nl-o j!
Jj=0 J
b(n'~*(z— 1))
© In~
T k b(nlf& (x %))
@RN (CE — T—a’ E) @ Ino‘ .

Therefore we have

[anrT:La] k b(nlfa (x _ %))
> (E) et
n In>
k=[nz—Tn>]
[ne+Tn®] N-—1 k T \J
- e T (i -2+ o)
PRI CE I EE

k=[nx—Tn>] j=0

v e b)) TR

* R Tk
Ine b Z N (1‘ nl—a’ n

k=[nz—Tn>]

T

k

)
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That is,

N—1 [nz+Tn%] k T \J
* * i T = =T+ =
Z Z f(]) <LIZ _ n1_a> ® (n . nt )
J=0 k=[nz—Tn>] J:
M)
In>
[ne+Tn] _
: )
o Y (oo grmn) ot gl
k=[nz—Tn>]
Next we estimate
nz-l—Tn"] T
D(fn SD fn f<$— 1_a)®
k= (na: Tne] K

)

[nz+Tn"] 1— k
T b(n'~*(z— 1))
+D(f($—n1a>@ 2. e

k=[nz—Tn>]

f(:c— n?g) @1) + D(f (f—nlia) 7f(w))
(by Lemma 1.2) N—1  [nz4Tn?] T
S (S k)

& (properties of D) j=1 k=[nz—Tn]

k T \J 1—a Kk [nz—&-le"‘]
(n T+ nlfot) ® b(n (Q? n)) fast Z RN (1._ T_ E)

j! In nl—a’n

©
k=[nz—Tn>]

[ne+Tn] b(nlia (.T -~ ﬁ))

Z T n -1

k=[nz—Tn>]

T T
D <f <:c nl_a> ,6) +wl? (f, nl_a>

—1 [nz+Tn%] (k_x_’_nlia)j b(nlfa(l._ E))

Z Z g 4! - . In~ :
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p(10 (=) 7

N [nxina] b(nl—a(x _k

L) T k\ .
B G GEEIR)
k=[nz—Tn>]

[nx+Tn%] b(nl—o _k
78 e (12
k=[nz—Tn~

r T
+wg ) (f’ nl—a)

0TI b 1

< o | 2T+ —

L jln(l—a)j | ne
Jj=1

).(Daﬂﬂ@ma)+w93<fm7;§§>>

“ b(nt— _k
L D) (o 2 8) )
k=[nz—Tn>] " K "
| bt

L )4 .(D(f(x),a)w@ (f g ))
vl (fim ) = 00

In the following we work on

p(ax (v~ 757 9)
n n

k_ _r \N

S

k T \N

f(N) (IL’— an) ® (ﬁ_$+n1*0‘) )

N!
T ok T E_gpy TN
D<RN(m_n1a’g>vf(N) <x—n1 >®(” w=)
k_ _r \N
+D<f(N) (x_nfa>®(n x—‘rnl*a) ,6).

IA
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Hence

(a0 ) )
n-—en

T k (N) T (%_1,4_”171&)]\[
s D By T 24 e )@ N!

NN
+% (D(f(N)(w),é)jngf) (f(N), T )) (15.10)

nlfa

Finally we estimate

dSN 1 ~~)dsl),
py S1 SN—1
F (‘T 1a> ®/ / / o
r——L— r——L r——L
dSN_1 )dsl>
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(by Lemmas 15.10,15.13) [ & 51 SN—1
< A
T T T
Ty T—— T —

T—a nl—a

T
D (f(N)(SN)’f(N) (90 - nla)) dSN) dsy-—1- ) ds1
b 51 SN-1
<L (e
T— —= r——L r——T
nlfa nl—a nl—a
dSN 1 dSl
; SN—1
g/ / / ; ldsy dsN_1> -~~>d51>
T—— T
) () B k T (- + an—a)N A vy 2T
“1 ! 'n ” + nl-o = N! It LA nl-o
TN (A (N)
< N!nN(l—a)w < )

That is, we get that

N
T k T (& -2+ =)
_ v (N) _ n nl—o
D (RN (l‘ pl—a’ n) ,f (33 n1a> © N

2NTN N) 2T
< W (f( > . (15.11)

SN — X+ s

)

Consequently we obtain

D <RN <:c — nli_a z> ,5> (15.12)

oNTN T
< NN {D(f(N)( ), )+3w(f) <f( ),nl_a)}.

Therefore, by (15.12) and (15.4), we have

[mina] b(n' (@ =3)) (RN <33 - nli k) ,6) (15.13)

k=[nz—Tn>]

ONTN p* 1 T
R S (N) = (F) [ £(N)
= NIInN(1-a) (2T + ’I’LO‘> {D(f ($), 0) + 3wl (f ) nl—a) } :

At last using (15.13) into (%) we have completed the proof of the theorem.
O

Corollary 15.21 (to Theorem 15.17). Let b(z) be a centered bell-shaped
continuous function on R of compact support [-T,T|, T > 0. Let © €
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[-T*,T*], T* > 0, and n € N be such that n > max(T + T*,T~/%),
0<a<1. Consider p>1. Then

[D(fn (@), fF(@)lp,(~1+,7 < ([D(f(2),0)[l00,[~1+,77])
Lyt (o b))

Z Ine " -1

k=[nz—Tn] p,[=T*,T%]

b* 1 T
+ (2T + n_a> ol /p*1/py,(F) (f, —) , (15.14)

nl—a

where I = f_TT b(t)dt. From (15.14), when f € C%Z(R), we get the L,
convergence of f, to f with rates.

Proof. Since f is fuzzy continuous on [T, T*] it is fuzzy bounded there
(Lemma 15.11), therefore

I1D(f (@), 0)lloo,[-1= 1] < +00.

So from Theorem 15.17, we have that

D(fa(@), f()) < (ID(f(2),0)llo0,[~7+17])

[nm+Tn°‘] b(nlfa (m _ E))

Z Ine =1

k=[nz—Tn>]
b* 1 (F) T

Inequality (15.14) now comes by integration of (15.15) and the properties
of L, norm. As in [9], p. 75, using the bounded convergence theorem we
get that

[nz+Tn) 1—a k
, b(n'~*(z — 7))

k=[nz—Tn>]

—1 =0. O

p,[=T*,T*]

Corollary 15.22 (to Theorem 15.19). Let b(z) be a centered bell-shaped
continuous function on R of compact support [=T,T]|, T > 0. Let © €
[-T*,T*], T* >0, and n € N be such that

n>max(T + T TV, 0<a<l.
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Consider p > 1. Then
ID(fn (@), f@)lp,(~1+ 1)
- T
< (IDG@): i1+ 87 (£ ) )

R () I
Z Ina o

k=[nz—Tn] p,[=T*,T%]

Nl gimi

b* 1
1/pp*1/p - s
+wl” (f, — )2 TP = <2T+na) Z;j!nufa)j
iz

(1G9 @+ (10, 5 2 |

2NTNb* 1
—_— il (NY (N =
N!I’Tl(lfa)N <2T + na) {”D(f (LU), O)||P7[—T*7T*]

T
+ 3w\ <f< ) > 21/PT*1/P} (15.16)

nla

+

When f € CXY(R), from inequality (15.16) we obtain the L, convergence
of fn to f with rates.

Proof. Similar to Corollary 15.21. (]
We need (see also [6], [47])

Definition 15.23. Let the nonnegative function S: R — R, S has compact
support [=T,T], T > 0, and is nondecreasing there and it can be continuous
only on either (—oo,T] or [=T,T]. S can have jump discontinuities. We call
S the “squashing function”.

Let f: R — Rz be either fuzzy uniformly continuous (f € C¥(R)), or
fuzzy continuous and bounded (f € CZ(R)). Assume that

= /_i S(t)dt > 0.

S(z) = S(T).
Jonax (z) = 5(T)

Clearly

For = € R we define the “univariate fuzzy squashing operator”

" pl=a(y — k
(GCu(M(@):= > f (S) ® S ”)), (15.17)

I*ne

0<a<1landn€N:n>max(T +|z|,T~*). The above neural network
operators are also linear operators over R. These operators in the ordinary
real case were thoroughly studied in [6], [47].
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It is clear to see again that

[nz+TlL°‘] nl=a(y k
@)= 3 f<§>®s( o) s
k=[nz—Tn>]

Here we study the pointwise convergence with rates of (G, (f))(z) — f(z),
asn — +oo, x € R.

Theorem 15.24. Under the above terms and assumptions we obtain

" (oo 4))

n
I*ne

k=[nz—Tn]

S(T 1 T
5*) (2T+ n—g) Wi (f, nl—_a> . (15.19)

Proof. Notice that

[nz+Tn]
> 12T +1). (15.20)
k=[nz—Tn>]
We have that
D((Gn(f))(), f
[nz+Tn B
M S(nt—o _k
D( f<ﬁ> oS t) fm)
n n
k=[nz—Tn
[nz+Tn] _
: Y, S0z —3))
) D( 2 f<ﬁ)® Tno
k=[nz—Tn"]
[nx+Tn] 1—o k
S(n r—=
k=[nz—Tn>]
[ne+Tne] ol K
S(n x— =
+D(f@)o > ( I*Ela ")),f(x)
k=[nz—Tn>]
[noz+Tn] - k
Sn~%x—-=2
<y e brw.e) =

k=[nz—Tn>]



284 15. Approximation of Fuzzy Neural Network Operators, Univariate Case

where

[nz+Tn]
*

e o E () sty

k=[nz—Tn>]

[ne+Tn] ’I’Ll_a — k

k=[nz—Tn>]

Thus

[ne+Tn®]

7 b (s(E) oSt

k=[nz—Tn>]

S(nt=*(z — %)))
fl@)o

)
IN

I*n®
[nz+Tn)

B S = PP

k=[nz—Tn>]

[nz+Tn®] 1— k
S(nt=o(z—k k
3 S8 (g

k=[nz—Tn>]

IN

[nz+Tn]

Stz -\ =, T
Z T*no w1 (f’ nlcx)
k=[nz—Tn>]

[nz+Tn]
S\ [, T
= (I*na) Wi f’ nl—a Z 1

k=[nz—Tn>]
(15.20) T T
20 S0 & ( f
I*n®

IN

) (2Tn® +1).

nl—a

Le.,

~y < Sg) <2T + n%) w'?) <f, nli—a> . (15.21)

Using (15.21) into (%) we have established (15.19). O
Remark 15.25. From Lemma 2.2, p. 79, [9], we have that

M (i (o= )

li —1/=0. 15.22
n—1>I-ir-loo Z [*no 0 ( o )
k=[nz—Tn>]

Let f € C%(R), then from (15.19) as n — o0, we obtain the pointwise
convergence with rates of (G, (f)(x)) to f(x), where z € R.
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As a related final main result we give

Theorem 15.26. Let x € R, T > 0, n € N such that n > max(T + |z|,
T-Y%). Let f € CFV(R) or f € CFB(R), N € N. Then

[ne+Tn<] S(?’Llia (x . @)) )

k=[nz—Tn>]

. (D(f(:c),é) +wl? (f, an_a)> +w? (fv an_a>

L 8@ <2T+1> Nzlw (DU (@), 6)

I* ne jln(i-a)j

# (o T 2NN S(T)
e o7 (10255} e (o7
-{D(f(N)( ).0) + 3w (f“V P )} (15.23)

Note. When f € CYXY(R) and n — +oo from (15.23) we get the pointwise
convergence with rates of (G, f)(z) — f(x), z € R.

Proof (of Theorem 15.26). Again we see, that the terms in the sum
(15.18) are nonzero iff nl_a‘x - %‘ <T,iff

T k T
<z—--—<
n

nl-a — nlfa'

Therefore here x — nf:a < %, z € R. Using again the fuzzy Taylor formula
(Theorem 15.14) we have

N—-1

k g T\ (E—wt ) Tk
M) = () _ n nl-o _ b
1(3) =X (o J o e (o ).

Jj=0

where

T
RN (iﬂ—l,k) =
nt"* n

([ ([ ) o
T— 17:a x*nlqla

(7R /f T

nl—a
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Thus

T () e St

> f <g Tena

k=[nz—Tn>]
et Nl T ) (—gy LY

- S (e e

k=[nz—Tn] j=0

S @ - b)) Tk SE (- b))
© T*no EBk_D;Tnﬂ Ry <-75 - nloug) © T ne :
Hence
N—-1 [nz+Tn®] J
Gnw = 3 Y (- (ot o)
J=0 k=[nz—Tn>] ne '7'
LSO )
I*n®
[nz+Tn]
* T k) SeT(z— )
®k ’—T;Tna-‘ RN <£L‘ B nl—o E) © [*no
Next we estimate
D((Gn(f))(2), f(2)) <
R T\ S (e— b))
D (Gn(f))(x)vk_(nga“ f (3;‘ - nlf") © T*n

[nz+Tn] 1—a _k
oot e
k=[nz—Tn>]
() en )
1
D(Z G (x_nl_

[na:+Tn T > ( :I;'+n1 Q)j
j=1 k=[nz—Tn>] “

4!

LS b))

I*no
[ne+Tn] —a
T k)@S(nl (x_;’g)),é)

® Z* RN <:C - nl—a ? E

k=[nz—Tn>]
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[nz+Tn] 1—a k
S(n r—= T
I s (e n).)
k=[nz—Tn
)
N—-1 [nz+Tn®] (E—x—l—lL_)j S(nl—a(x_k))

= Z : 4! I*n® :

J=1 k=[nx—Tn~]

p(10 (=) 7
n

[ne+Tne] - k
S(n O‘(:B — Z)) T Ek\ .
> Tone D(RN (x—nl—ﬂ)

k=[nz—Tn>]
[na+Tn] 1—a k
S~z - 3)) S, (T
+ Z T*no -1 |:D(f($),0)+w1 <f’ nl—a>:|
k=[nxz— Tn“-\
L) < >
N 1

-3 e (m (o) 9

k=[nz—Tn]
e (e (o 4))

+ Z [*no - -1

k=[nz—Tn]

[pu@.a 4ol (5o )|+l (1) = 0

Using (15.12) and (15.20) we get

[mi”n] S (= =3)) (RN (x S E) ,5) (15.24)

I*n~ nl—a’n
k=[nz—Tn>]
2NTNS(T) 1 T
el el il (N) 5 (F) [ pN) 2
= NI [*nN(1-a) (2T + na) {D(f (:E), O) + 3w1 (f ’ nl—a) } :
Finally using (15.24) into (%) we obtain (15.23). O

Note. In Chapter 16, see Theorems 16.13, 16.14 and Corollary 16.15, we
present an improvement over Theorems 15.19, 15.26 and Corollary 15.22
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here, respectively. The reason for this improvement and simplification is
that there, in Chapter 16, we use real analysis results, however here we use
only the fuzzy method and setting. We feel both have their own merits and
so we present them.



16

HIGHER DEGREE OF FUZZY
APPROXIMATION BY FUZZY
WAVELET TYPE AND NEURAL
NETWORK OPERATORS

In this chapter are studied in terms of fuzzy high approximation
to the unit several basic sequences of fuzzy wavelet type oper-
ators and fuzzy neural network operators. These operators are
fuzzy analogs of earlier studied real ones. The produced results
generalize earlier real ones into the fuzzy setting. Here the high
order fuzzy pointwise convergence with rates to the fuzzy unit
operator is established through fuzzy inequalities involving the
fuzzy modulus of continuity of the Nth order (N > 1) H-fuzzy
derivative of the engaged fuzzy number valued function. At the
end we present a related L, result for fuzzy neural network
operators. This chapter is based on [16].

16.1 Introduction

We need the following results. They motivate this chapter and we generalize
them into the Fuzzy setting. Theorems 16.1-16.4 deal with wavelet type
operators.

Theorem 16.1 ([9], [8]). Let f € CN(R), N > 1, 2 € R and k € Z. Let
© be a bounded function of compact support C [—a,a], a > 0 such that

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 289-308.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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Z;’;_Oo oz —7) =1 all z € R. Suppose ¢ > 0. Call

B = 3 1 (5) el2'a i) (16.1)

j=—00

Then

N
(B () (= Z

which is attained by constant function.

Theorem 16.2 ([9], [8]). Same assumptions as in Theorem 16 1. Addi-

al a Ny @
_k RN N1t (f( )’Q_k)’ (16.2)

tionally, suppose that ¢ is Lebesgue measurable (then f (x)dx = 1).
Define
ori(@) = 22002z —j5) allk,j € Z,
)= [ S0 (16.3)
and
(Ak(M)(@) = D (f20u5) 00 (@)
j=—00
=5 ([ s (3 et an) etza ).
T (16.4)
Then
f(z i oN
(Ax(N)) — () < Z' s+ e (1 5.
(16.5)

which is attained by constants.

Theorem 16.3 ([9], [8]). Same assumptions as in Theorem 16.1. Define

Z 7kj(f)<ﬂ(2k$ )

j=—00

o0 27k (j+1)
3 <2k /2 | f(t)dt> o2z — j).  (16.6)

—k
j=—o0 J

Cr(f)(@) :

That s,

27k (j+1) 27k ;
iy (f) = 2’“/2 L fdt= 2’“/0 f <t + i) dt. (16.7)
-

2k
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Then (x € R, k € Z)

N 1O (2)|(a i a N a
() () — flo)] < S @Mt Y (et DT (f<N>, “),

ok
(16.8)
which is attained by constants.

Theorem 16.4 ([9], [8]). Same assumptions as in Theorem 16.1. Define
(k,j€Z, 2 €eR)

(Dif) (@ Z Sk (£ (28 — ), (16.9)
j=—00
where .
J T
Sis(f) = > wef (2,C N 2,%) , (16.10)
7=0
neN, ws >0, > " w: =1. Then
B < SHUOE @) @)Y, (o (@t
|( kf) | Z 2ki + QkNN' w1 f 727]C )
(16.11)

which is attained by constants.

Example of ¢’s:

] c { 1 1)

) Y T 59

(@) = 22 (16.12)
0, elsewhere,

the characteristic function;

(ii)
1—x, 0<x<1
pz) =< 14z, —1<z<0 (16.13)
0, elsewhere,

the hat function.

The next in this section come from [9], [6], [47].

Here we consider functions f: R — R that are continuous.

We mention the pointwise convergence with rates over the real line, to
the unit operator, of the univariate Cardaliaguet—Euvrard neural network
operators (see [9], [6], [47])

(Fu(H))(@) = fulz) = i f(jljl/an) b (nl—“- (a: - i)) ., (16.14)

k=—n2
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where 0 <a<landzxeR,neN, I := fTT b(t)dt.

Denote by [-] the integral part of a number and by [-] its ceiling. Set
b* := b(0) the maximum of b(z) which is a centered bell-shaped function,
of compact support [T, T], T > 0, see Definition 4.1 of [17].

We have

Theorem 16.5. Let x € R, T > 0, and n € N such that n > max(T +
|z, T=/*). Let f € CN(R), N € N, such that f™) is a uniformly contin-
wous function. Then

[nz+Tn]
k k
-l = | X D (e (oo 2)) - g
k=[nz—Tn>]
[nz+Tn]
o ET (o (e 2))-
k=[nx—Tn

b* 1 N |fD ()| - T
+ T (2T+ n_a) . ; LhC) (16.15)

T ™ b* 1
(V) _ 2 -
+ wy (f ; n1—0‘> N NS T <2T + n@) .

Let S be a squashing function of compact support [-T,T], T > 0, see
Definition 4.2 of [17]. Let f: R — R be continuous. Suppose that

- /_z S(t)dt > 0.

For € R we define the “univariate squashing neural network operator"
(see [9], [6], [47])

. Z f*k/n , (nla.(m_ED, (16.16)

n
k=—n2

0<a<1landnéeN: n>max(T + |z, T~1/). It is easy to see that

G- X (e (o-4)) e

Here we mention the pointwise convergence with rates of (G, (f))(z) —
f(x), as n — 400, z € R.

Theorem 16.6. Let x € R, T > 0, and n € N, such that n > max(T +
lz|, T=Y). Let f € CN(R), N € N, such that fN) is a uniformly contin-
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uwous function. Then

[(Gu(f)(2) = f2)] < [f(2)]

[na+Tn]

! k
Z 'S<n1°‘.<x_>>_1
I* . no -
]i):l’nquTna‘I
ST) |fD ()| - TI
- <2T+ > Z jl-ni (1-a)
T TN
N
e <f( g nl—a) "N pN-(—a) (16.18)

S(T 1
SO <2T+ )
I* ne
In this chapter we study the same operators By, Ay, Ci, Dy Fy, Gy,
k € Z, n € N, respectively, when they act on fuzzy real number valued
functions, proving their high order approximation to the unit operator. So
according to the context one can understand clearly, when these operators
are applied to real valued functions, and when they are applied to fuzzy
real valued functions. Here we apply real analysis results into the fuzzy
setting.
Remark 16.7. (i) Here Cyy(R) denotes the uniformly continuous functions
from R into R. If f € C¥(R), then fj(:) € Cy(R), Vr € [0, 1]. Also one has
wl(fi"),é) < 400 for any 6 > 0.
(ii) If f: R — Ry is fuzzy continuous then fj(:): R — R are continuous,
Yr e [0,1].
Note. Let f € CV(R,Rz), N > 1. Then by Theorem 8 of [15], [71], we
have f(r) € CN(R), for any r € [0,1].
Definition 16.8. Denote by CXY(R) := {f: R — R | such that all fuzzy

derivatives fV: R — Rz, i = 0,1,..., N exist and are fuzzy continuous,
furthermore f(N) is fuzzy uniformly continuous from R into Rg}, N > 1.

16.2 Main results

We present the first main result.

Theorem 16.9. Let f € CXU(R), N > 1,z € R and k € Z. Let the scaling
function p(x) a real valued bounded function with supp ¢(x) C [—a,a],

0<a<+oo, p(x) >0, such that > ¢(x—j) =1 on R. Consider the

j=—oo
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fuzzy wavelet type operator

(Bf)(x Z f( ) 2z — j). (16.19)

j=—00
Then

N (1 5) at N
D((Bif)( )< > it z! )2k1+2kC]LVN| (f(N) ) = A\ (z).
- (16.20)

As k — 400 we get w (f(N) £) — 0 and D((Bif)(z), f(z)) — 0, i.e.

lim Byf=f, pomthse with rates.
k— 400

Proof. Since ¢ is of compact support (16.19) is a finite sum. Thus for
r € [0,1] we have

wowr = % [r(&)] eee-s

Le.
(Be)Y) = Bi(f{), vrelo,1]. (16.21)
We observe by Section 2 of [17] that
D((Bif)(x), f(z)) = up. max{|(By /)" (z) — ()],

(BeH) (@) — £ (@)}

(16.21) up. max{|(By (1)) () = £ ()],
(Be(f7) (@) = £ (@)}

At this point we notice by Theorem 8 of [15] that for any r € [0, 1] the real
function fg) € CN(R) and (fg))(N) € Cy(R). Therefore we can apply
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Theorem 16.1 (16.2) to obtain
D((Brf)(x), f(x))
N

N () ()@
< sup max{(Zf @) |a +2’3VN' ((f(r))(N)vgl—k)>7

re(0,1] )

(r) (z) | o aN

(z ! o+ e (. 2))]

(z (] 4
(by (33) of [15]) = sup max{ <Z W—

r€[0,1] p 2k

a (N)y(r) @
+W“1 (<f— 5))
N

(f . o
(Z ! 2’% TN ((fiN))( " 2_k>)}

(by (29) of [15]) < ZT sup masx(|(f ()], (7 () )
i=1

rel0,1]
a (N) a a
_ (r) Ny &
t NN Zl[tpl]max{wl ((f* ) ’Qk)’wl (f+ ) ’zk)}
N
(by (25) & (26) of [15]) Z o D D(f(z),5)
(f) (n) @
et (1)
We have established (16.20). O

We continue with

Theorem 16.10. Let f € CRV(R)NCy(R,Rz), N > 1,z € R and k €
Z. Let the scaling function p(z) a real valued function with supp p(z) C
[—a,a], 0 < a < 400, ¢ is continuous on [—a,al, ¢(x) > 0, such that

Z @(m—j)zlonR(thenf x)dx = 1). Define
j=—o00
o ()= 2M2p@M — ), fork,jEZ, teR,  (16.22)
Gooy= ) [ 00 a0, (16.23)
"
and the fuzzy wavelet type operator
(Apf)(z) = f* (f,015) © prj(x), z€R (16.24)

j=—oco
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Then
N (4) ~ i
DA, fa)) < S PIEDI (16.25)
i=1 :
aN> a
tTNNGED Y <f(N 2k_1)
= ().

As k — 400 we get khrf Arf = f, pointwise with rates in the D-metric.
— 100

Proof. Since ¢ is of compact support (16.24) is a finite sum. For any
r € [0,1] by Theorem 16.9 and Lemma 2 of [15] we notice that

[((fron)]” = V ) (f(£) © s (1)t /7 (f(ﬂ@‘ﬁkj(t))(l)dt}

i_a j
ok
jta jta

[ [ e, [ @ e >dt] .

—a

2k 2k

We see that
[(Apf)(2)]" = Z [(fs )] rj (@)

J a jta

D, [ ) e >dt] o15()

-3 |[Zue .

= [ > ( O >dt> o1 (),

j=—00 P

) ( PO >dt> %-(sc)]

Jj=—00 ok

= [(A(F)) (@), (Ap(F7) @)

That is we prove that

(A = Ag(f),  vreo,1). (16.26)
We observe from Section 2 of [17] that
D((Axf)(a). f@) = sup max{|(4x )" (@) - £ (@),

(A ) (@) — 17 @)}

=" s max{|(Ax(f") (@) - £ (@),

(Ap(F)) (@) = £ ()]}
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Here by Theorem 8 of [15] for any r € [0, 1] fg) € CMV(R) and (f(ir))(N) €
Cy(R). Hence by applying Theorem 16.2 (16.5) we get

D((Arf)(z), f(x))
N (7") i
(2 )) )|
< sup max{ <;1 STE=D)

rel0,1]
aN () a
)\ (N
NN <(f* ), 2k—1)>’

N (r) i i
[(f7 @)D o
(= s

7!

GN (’I‘) N a
T NN ((f+ ', 2k1)>}

N D @)@ a
(by (33) of [15]) = sup max{(Z'f )0

B

r€[0,1] 2i(k=1)
N

s (000,75,

SN o a)
— i! 2i(k—1) " NI19N(k—1) "L M+ ' oh—1

%

a (1) (r) (1")
— sup max{|(f
> ey s {7 @)L I @) )

] =

(by (29) of [15]) <

a . (NN (r a
sy 2, e (U7 55 )

7% ((f-s—N))(r)v 2;:11 ) }

(by (24) & (25) of [15]) =

a i ~
-

M=

i=1

L e
N12N(k 1) P ok—1 )"

We have proven (16.25). O

Next we give

Theorem 16.11. All assumptions here are as in Theorem 16.9. For k € 7Z,
z € R we define the fuzzy wavelet type operator

oo

(Crf)a) =Y (2’“@<FR> /Oﬂf<t+ )dt) p(2ha — ).

j=—oc0

(16.27)
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Then
N O (z
D((Crf)(x SZDf 0) (@ 2,“) +
=1
(;;1:7}\)7, Wy (f(N) a+1> =: A3(). (16.28)

As k — 400 we get kli:r_l Cyxf = [, pointwise with rates in the D-metric.
— 100

Proof. Since ¢ is of compact support (16.27) is a finite sum. So for r € [0, 1]
we observe that

(D@ = 3 2o / f(t+ M o2 j)
>~ [ 275 (j+1) "
-y 2’6@(FR)/H_ f(t)dt] o252 — )
> 7RGy G
(by (23) of [15]) = j;oo B / L, NP @an / (f)i)(t)dt]
28z — )
% 275 (j+1)
- {Z (2’“ / <f><’“><t>dt>so<2kx—j>,
o0 27R(j+1)
> (2’f | <f><:><t>dt) o2 —j)]
= (G (@), (CelF)()).
That is, for any r € [0, 1] we proved that
Ce )Y = CulF). (16.29)
Then by Section 2 of [17]
D((Cif) (@), f(x)) = sup max{|[(CLf) (@) - fT ()],

rel0,1]

(Cuf)(@) D — £ ()]}
sup max{|(Cr(f") () — £ (),

rel0,1]
(Ce(FN () — £ ()]}

Again by Theorem 8 of [15] for any r € [0,1] the real functions fir) €
CN(R) and (fg))(N) € Cy(R). Hence by Theorem 16.3 (16.8) we get

(16.29)
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D((Cif)(z). f())
N (r)x D (q i
. max{<zl(f (@)@ (a+1)
i=1

r€[0,1] 1! 2ki

a+ 1N a—+1
+(2k—;_1\)[! w1 ((f( ))(N)7 2_: >) 7

N N (4 i (g N “
(Zm @Ol @ 1) @Y, <(f< ), ;1)>}

@ ()] (g + 1)
(by (33) of [15]) = sup max{ (ZW (.)) [(a+1)

re(0,1] i—1 2k
% (10, 221)),
(Z' IRV CRE VL <( £ %1»}
(by (29) of [15]) i “,;,i sup max{( FO @)1 @)
i=1 relo,
()

N

(by (25) & (26) of [15]) Z '2]“ D(fD(z), )

@+ DY 7 (v a+1
A (MY e )
That is proving (16.28). O

The last fuzzy wavelet type result follows.

Theorem 16.12. All assumptions here are as in Theorem 16.9. For k € 7Z,
z € R we define the fuzzy wavelet type operator

(Dif)(z Z Sk (f 2%z — j), (16.30)
j=—o00
where

n

o () = 3 wre f (;7 T %) , neN w:>0, Y w;=1. (16.31)

7=0 =0
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Then

D((Df)(@), f(2)) < )

= )\4(1‘)
As k — 400 we get kli:r_l Dy f = f, pointwise with rates in the D-metric.
— T 00

Proof. Since ¢ is of compact support (16.30) is a finite sum. So for r € [0, 1]
we observe that

(D)@ = 37 B2 )
%) n . ~ (r) ~ (r)
J r J T
-2 (Z“’ [(f (v 3m) (7 (3 am)). D
o(2"z — j)
00 n . ~ (r)
J .
= L_z:oo (;wf (f (27 + %>> ) p(2Fx — j),
00 n . ~ (r)
j T
3 (S (1 (o)) ) )
= [(Dx(F) (@), (Dr (7)) ()]
That is, we prove that
(Deh)Y = Du(f), vrelfo.1]. (16.33)
Next we see by Section 2 of [17] that
D(Dxf)@), f@) = swp max{|(Def)@)? ~ /(@)

rel0,1]

(Def) (@) = £7 (@)}

= sup max{|(Dk(f£T)))(a?) — f&r)($)|a
rel0,1]

(DR(f)) (@) = 17 ()]}

Using Theorem 16.4 (16.11) and acting as in the proof of Theorem 16.11
we obtain (16.32). O
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In the next let b be a bell-shaped function as in Definition 4.1 of [17]. Let
f € C(R,Rx) we define the fuzzy univariate Cardaliaguet—Euvrard neural
network operators by

i nl-a(y _ k
@ = Y 1 (2) B i Cd-9) (16.3)

. , In>
=—n

where 0 < o < 1 and z € R, n € N. Since b is of compact support [T, 7],
T > 0 we obtain

[nw-‘rT;L"‘] nl_a v k
mw= Y p(E) et e
k=[nz—Tn>]

forn > T + |z|.
We present the fuzzy pointwise convergence with rates to the unit of
operators Fj,.

Theorem 16.13. Let « € R, T > 0, n € N such that n > max(T +
|z, T=Y*). Let f € CYU(R), N > 1. Then

et Tn®] p(pi-a(z — k
DUEN)@), f@) < DG, | Y Ara)

k=[nz—Tn>]

N

b*
— J) -
+ = (2T+ ) ZD nJ(l a)j

N *
# [y T T b 1
+ ! <f ,nl_a> v T (2 o). (1636)

where b* := b(0).
By Lemma 2.1 ([9], p. 64) we have

[nz+Tn®] 1—a k

. b(n'"*(z — )

N S T
k=[nz—Tn]

Since fV) € CY(R) we get that

T
li (F) [ p(N) -0
n—l>r—|I-1c>o “1 f T pl-a 0

Consequently from (16.36) as n — +oo we derive

D((Fa(f)(2), f(z)) =0, z€eR.




302 16. Approximation by Fuzzy Wavelet Type and Neural Network Operators

Proof of theorem 16.13. Notice that (16.35) is a finite sum. Thus

[nx+Tn]

(PP @) = k_mzw [f <§>}Mﬂ
U (e,
[na+Tn"]

S ()

k=[nz—Tn"]
= [(F(f)N @), (Fu(£7) @)

Le. for any r € [0,1] we have

(Fa(MY = Fa(1). (16.37)

Next we observe from Section 2 of [17] that

DFEN@.f@) = swp max{[(Fuf)(@)" - £ (@),

((Fuf) (@) = 77 (@)}

sup max{|F,(f)(z) - 1 (2)],
rel0,1]

IEL(f) = £ ()]}

(16.37)

Since f € CXY(R) we have for any r € [0,1] that fﬂ(;) € CM(R) and
(ff))(N) € Cy(R). Therefore we can apply Theorem 16.5 (16.15) to obtain

D((F,f)(z), f(2))
[na+Tn] nl—a T — k
< sup max{ (Ifi’”’(z)l~ > et

re[0,1] k=[nz—Tn>]
* N ONG) J
b 1 |(f2 )V ()T
+ (2T + n—a> (]Z_; By
N *
oy TN _T7 b L
—+ wq ((f_ ) 5 ’I’Ll_a) N!nN(l—a) T 27T + ne 5

[ne+Tn) nl_a T k
CECRED S

In~
k=[nz—Tn>]
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b* I(f (J) )|T7
+ 7 <2T+ )(Z 1 a)j,
N *
oy T r— b 1
+wi (( +) ’n1a> NIpN(—a) | T+

(by (33) of [15]) = sup max{ <| F()] -

rel0,1]

A T (),

e |
In>

k=[nz—Tn>]

" N () (r) j
b 1 |(fZ7)" () |T My T
+ 7 <2T+n—a> (2 S| T O R e
=
T b* 1 ()
NN T (2T+ n-)) <If+ (@)

)

>, Hmeod)
In~

k=[nz—Tn>]

- N J) )™ J

L (S ()|T

(e ) (e

N T ™ b* 1
<(f(N ) ) 1—a> NIpNA—a) T <2T+ n_a>> }

(by (29) of [15]) < ( sup max{|f" (z)], [/« n}>-

rel0,1]

Z In> ol

k=[nz—Tn>]

Z(mpmﬂHmW(ﬂK WMm)

L <2T+—>
I . rel0,1]

Jj=1
Ti
nj(lfa)j }
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[naz+Tn"] nl=o(y_ k
(by (25) & (26) of [15]) = D(f(x),d) > b= —w)) 1

Ine

k=[nz—Tn>]

N N

b* 1 T’
_ - (J) -
o7 () | BP0 sy
Jj=1 J

N *
& (T = b L
+ wj (f ,n1a> TEO DR G b
That is proving (16.36). O

In the following let S be a squashing function as in Definition 4.2 of [17].
Clearly max S(x) = S(T), = € [-T,T]. Assume that I* := fTT S(t)dt > 0.
Let f € C(R,Rx) we define the fuzzy univariate squashing neural network
operators by

i nl-a(p_ k
(GCu(M)@):= > f (g) ® ol ”)), (16.38)

k s I*ne
=—n

r€R,0<a<1landn € N:n >max(T + |z|,T-Y). It is easy to see
that

[nz+Tn]

! nl=o (g k
GCu@) = > f (%) ® S ")). (16.39)

I*n>
k=[nz—Tn"]

We present the fuzzy pointwise convergence with rates to the unit of
operators G,.

Theorem 16.14. Let x € R, T > 0, n € N such that n > max(T +
|z, T=Y*). Let f € CXU(R), N > 1. Then

[nz+Tn®] S(’n,lioé (.’,E o E))

D((Gwn(f)(2), f(x)) < D(f(x),0) - > Topa 1
k=[nz—Tn>]
S(T) al T
e <2T+ > ZlD —nm—a)j!
j=
T A S(T
W(lf) <f(N)’ nl—a) NipN(1—a) }* ) <2T + nio‘) - (16.40)

By Lemma 2.2 ([9], p. 79) we have

[nz+Tn] 1—a k
. S'=*(z %)) _
nEI-&r-loo E Trna =1, xzeR
k=[nz—Tn>]
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Since fV) € CY(R) we get that

i () -
nll»g-loow <f O‘) 0.
Consequently from (16.40) as n — +oo we obtain D((G,(f))(z), f(x)) —
0,z eR.

Proof of theorem 16.14. Notice that (16.39) is a finite sum. Then one
finds easily that

(G = Gu(£), (16.41)
for all r € [0, 1].
Next we see again by Section 2 of [17] that

DU(Guf)(), f(x) = sup max{|(Gnf)(@)” = f ()],

relo,1]

(G f) (@) = £7 ()]}
U sup max{|(Ga(F7)) (@) — 17 (@),

rel0,1]
(G (F)) () = £ ()]}

Then the proof follows like in the proof of Theorem 16.13. We make use

of Theorem 16.6 (16.18) for f(r) We again use in order (16.33), (16.29),
(16.26) and (16.25) of [15] and finally produce (16.40). O

Also we give

Corollary 16.15 (to Theorem 16.13). Let b(x) be a centered bell-shaped
continuous function on R of compact support [=T,T), T > 0. Let = €
[T, T*], T* > 0, and n € N such that

n > max(T+T*,T_1/°‘), O<a<l.
Consider p > 1. Then we obtain

ID((En (@), f(@)llp,~1- 171

P - 8)

< (IDUG@,ooforer) || D =
k=[nz—Tn>] p[—T*,T*]
v 77
+ 5 (2T+> ZHD Oy, (=71 S5a=ar 71
Nol/pps1/p px 1
) (povy T\ 172 v —
ol <f ,nl_a> e (2T =) (16.42)
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From inequality (16.42) as n — 400 we obtain the L,-fuzzy convergence of
E,(f) to f with rates.

Proof. Since f if fuzzy continuous on [T, T*] it is fuzzy bounded there
(see Lemma 2 of [11]), therefore

||D(f(w),6)||oo,[7T*,T*] < +o00.
So from Theorem 16.13, we have that
D((Fu(f)(2), f(x)) < ID(f(2),0) 0=+ 1] - (16.43)
[nz+Tn®] b(nl_a ({I; . E))

2. !

k=[nzx—Tn]
+ ¥ (or +— ZD 9 (x
I n](l u)][

N *
&) (o) T ™ L
+ Wi (f ’ nla) NlnN(l—oz) I 2T + no '

Inequality (16.42) now comes by integration of (16.43) and the properties
of L, norm. As in [9], p. 75, using the bounded convergence theorem we
get that

[ne+Tn] 1—a k
: b(n'~*(z - 7))
lim ) G 25 - 0. 0
e k=[nx—Tn] In p,[=T*,T*]

Note. Theorems 16.13, 16.14 and Corollary 16.15 simplify and improve
the author’s earlier corresponding results in [11], namely from there see
Theorems 3, 5, and Corollary 2, respectively.

A different direct fuzzy method, not using real analysis results, is applied
there [11]. See also here Chapter 15.

We also give the following related results

Theorem 16.16. All assumptions as in Theorem 16.9. Let (Byf)(x) as
n (16.19), (Crf)(x) as in (16.27), (D f)(x) as in (16.30). Then

(i)

Ere(x) = D ((Brf) (), (Dif) (2) < A1 (@) + Aa (2),  (16.44)
(i)

Eo(z) = D((Bef) (2), (Crf) (x)) < A (2) + Az (2),  (16.45)
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(iii)
Esp(x) = D ((Crf) (x) , (Def) () < As (x) + A (z) . (16.46)

Notice E1(z), Eor(x), Esk(x) — 0, pointwise with rates, as k — oo.

Proof. We use the triangle inequality property of metric distance D and
(16.20), (16.28) and (16.32) of Theorems 16.9, 16.11 and 16.12, respectively.
Indeed we have

(i)

IN

D ((Bif) (z), f (z))
+D ((Dr.f) (x), f (x))
A1 () + A (),

D ((Bif) (x), (Dif) (x))

IN

IN

((ka)(x) f (@)
D((Crf) (2), f (x))
() Az (),

D((Bif) (2), (Cif) (x))

IN

(iii)
D ((Crf) (), f(2))

+D((Dif) (z), f (x))
)\3 (.’13) + )\4 (SL‘) .

D((Crf) (z), (Drf) (x))

IN

IN

Finally we give

Theorem 16.17. All assumptions as in Theorem 16.10. Let (Axf
as in (16.24), (B f)(x) as in (16.19), (Ckf)(z) as in (16.27) and (Dyf)(x)
as in (16.30). Then

(i)
Ey(z) = D ((Arf) (z), (Brf) (z)) < A (2) + A2 (), (16.47)

(i)
Esi(x) = D ((Arf) (@), (Crf) (@) < A2 (z) + A3 (z),  (16.48)

(iii)

Eoi(a) = D ((Anf) (2) . (Dif) (2)) < Ao (0) + Aa (1), (16.49)
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Notice Ear(z), Esk(x), Esr(x) — 0, pointwise with rates, as k — oc.

Proof. Similar to Theorem 16.16. It is based on (16.20) of Theorem
16.9, (16.25) of Theorem 16.10, (16.28) of Theorems 16.11, and (16.32) of
Theorem 16.12. Of course we apply again the triangle inequality property
of D. (|

Note. We notice that (16.44) of Theorem 16.16 improves (13.33) of The-
orem 13.21. Also (16.46) of Theorem 16.16 improves (13.34) of Theorem
13.22. Furthermore (16.45) of Theorem 16.16 improves (13.35) of Theorem
13.23. Similarly can be improved Corollaries 13.27, 13.28, 13.29, accord-
ingly. The reason for this improvement is that in the proofs here we use
real and fuzzy methods, while in Chapter 13 we use only fuzzy methods.



17

FUZZY RANDOM KOROVKIN
THEOREMS AND INEQUALITIES

Here we study the fuzzy random positive linear operators act-
ing on fuzzy random continuous functions. We establish a se-
ries of fuzzy random Shisha—Mond type inequalities of Li-type
1 < ¢ < o and related fuzzy random Korovkin type theorems,
regarding the fuzzy random ¢-mean convergence of fuzzy ran-
dom positive linear operators to the fuzzy random unit operator
for various cases. All convergences are with rates and are given
using the above fuzzy random inequalities involving the fuzzy
random modulus of continuity of the engaged fuzzy random
function. The assumptions for the Korovkin theorems are min-
imal and of natural realization, fulfilled by almost all example
fuzzy random positive linear operators. The astonishing fact is
that the real Korovkin test functions assumptions are enough
for the conclusions of the fuzzy random Korovkin theory. We
give at the end applications. This chapter follows [22].

17.1 Introduction

Motivation for this chapter are [4], [18], [24], [32], [17], [66], [96]. We in-
troduce the concept of fuzzy random positive linear operator and we prove
the results for a very large general class of such operators. Most of the

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 309-345.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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summation and integration operators fall into this class. To do that we
are greatly helped by the fuzzy Riesz representation theorem developed
in [24]. The surprising fact is that the basic assumptions of real Korovkin
theory for the test functions 1, id, id? carry over here and they are the only
ones needed. Of course a natural realization condition is required in the
fuzzy random setting to prove the fuzzy random g-mean convergence. But
first we establish a series of fuzzy random Shisha—Mond type inequalities
for various important cases. These contain the fuzzy random modulus of
continuity of the involved function.

So this chapter is basically the study with rates and quantitavely for
the fuzzy random g-mean convergence of a sequence of very general and
abstract fuzzy random positive linear operators to the fuzzy random unit
operator. Linearity and positivity here are the analogs of the real case.
Finally we give applications to fuzzy random Bernstein operators.

We need the following definitions.

Definition 17.1. (See also [66, Definition 13.16, p. 654]). Let (X, B, P) be
a probability space. A fuzzy-random wvariable is a B-measurable mapping
g: X — Ry, i.e., for any open set U C R, in the topology of Rz generated
by the metric D, we have

g ' U)={seX; g(s) cU} €B. (17.1)

The set of all fuzzy-random variables is denoted by Lx=(X, B, P). Let g,,,g €
Lr(X,B,P),neN,and 0 < ¢ < +00. We say,

“g-mean”
gn(s) — — g(s), (17.2)
n — +00
if
lim (D(gn(s), g(s)))qP(ds) = 0. (17.3)

n—-4oo X

Definition 17.2. (See [66, p. 654, Definition 13.17].) Let (T, 7) be a topo-
logical space. A mapping f: T — Lx(X, B, P) will be called fuzzy-random
function (or fuzzy-stochastic process) on T. We denote f(t)(s) = f(¢,s),
teT,se X.

Remark 17.3. (See [66, p. 655].) Any usual fuzzy real function f: T — R
can be identified with the degenerate fuzzy-random function f(t¢,s) = f(¢),
VieT,se X.

Remark 17.4. (See [66, p. 655].) Fuzzy-random functions that coincide
with probability one, for each ¢ € T', will be considered equivalent.

Remark 17.5. (see [66, p. 655].) Let f,g: T — Lx(X,B, P). Then, f ® g
and k © f are defined pointwise, i.e.,

(fogts) = [t s)Dgl(ts),

(ko filt,s) = ko f(t,s), teT, se€X, keR
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Definition 17.6. (See also [66, Definition 13.18, pp. 655-656].) For a
fuzzy-random function f: [a,b] — L£(X, B, P), we define the (first) fuzzy-
random modulus of continuity

1/q
QP (f,0). = sup{ ( /X DY(f(x,5), f(y. s>)P<ds>) 2,y € [a,0],
|a:—y|<(5}7 0<d, 1<g<oo. (17.4)

Definition 17.7. Here, 1 < ¢ < co. Let f: [a,b] — L#(X, B, P) be a fuzzy
random function. We call f a (g-mean) uniformly continuous fuzzy random
function over [a,b] iff Ve > 0 3§ > 0: whenever |x —y| < ¢, z,y € [a,b],
implies that

[ (DGw.5). 509) Plas) < e (175)

We denote it as f € C%%([a,b]).
We need

Proposition 17.8. Let f € Cg}’%([mb])‘ Then, ng)(f, 0)pe < 00, any
6> 0.

Proof. Let €y > 0 be arbitrary, but fixed. Then, there exists dg > 0: |z —
y| < do, x,y € [a,b] which implies

[ (D 9).1(09) Plas) < 20 < o

That is, ng)(ﬁ d0)ne < E(l)/q < 00. Let now § > 0 arbitrary, x,y € [a,b],
such that |z —y| < . Choose n € N: ndy > 0 and set z; := z+ (i/n)(y — x),
0 <7 <n. Then,

D(f(ac,s),f(y,s)) SD(f(mvs)vf(th)) + D(f(xl,s),f(xg,s))
+ "'+D(f($n71,5),f(y,5))~

Consequently,
(/x (D(f(z,s), f(y, s))>qp(ds)> 1/q
) (/X (DU (. 9). S, 8)))qP(ds)> N

T ( /. (D(f(xn_l,s»f(y,s»)"P(ds))l/q

nQ) (f.60) 10 < neg/? < oo,

IN
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since |z; — xiy1| < (1/n)lx —y| < (1/n)d < 0o, 0 < i < n. Therefore,
Q) (£,6)pe < net/? < . O

Proposition 17.9. Let f,g: [a,b] — L#(X,B, P) be fuzzy random func-
tions, [a,b] C R. The following hold.

(1) Q(lj:)(f, d)ra be nonnegative and nondecreasing in 6 > 0.

(ii) limgsyo @\ (f,6) 00 = Q7 (£,0) 00 = 0, iff £ € CL%([a,b]).
(iit) Q7 (f,61 + 62) 0 < QP (f,61) 10 + Q7 (f, 62) 14, 61,62 > 0.
(iv) Q) (f,n8) e <nQ(f,6)14, 6 >0, n €N,

(V) Q(l}—) (f> )‘5)14‘1 S [/\—IQ(lj:) (fa 6)L‘1 < (>‘ + 1)9(1]:) (.f) 5)L‘1) A > Oa 0 > 07

where [-] is the ceiling of the number.

(vi) O (f @ 9,000 < A7 (£,0) 10+ (9,6)10, 5 > 0. Here, f & g is
a fuzzy random function.

(vii) ng)(f, Ypa 18 continuous on Ry, for f € Cg}lz([a,b]).

Proof. The proof is obvious.

Proposition 17.10 (see [17]). Let f,g be fuzzy random wvariables from
X — Rg. Then, we have the following.

(i) Let c € R, then ¢® [ is a fuzzy random variable.
(ii) f @ g is a fuzzy random variable.

For the definition of general fuzzy integral we follow [75] next.

Definition 17.11. Let (2,3, i) be a complete o-finite measure space. We
call F: Q — Rz measurable iff V closed B C R the function FF~1(B): Q —
[0, 1] defined by

FYB)(w):= 21612 Fw)(z), allweQ

is measurable, see [46], [75].

Notice here that the concept of measurability is different than the B-
measurability of Definition 17.1.

Theorem 17.12 ([75]). For F: Q — Rz, F(w) = {(Fgr-)(w),Fi’r-)(w)) \
0<r< 1}, the following are equivalent.

(1) F is measurable,

(2) vr €10,1], F", FJ(:) are measurable.
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Following [75], given that for each r € [0, 1], FST), FJ(:) are integrable we
have that the parametrized representation

{(/ F u,/Ff)du) |0<7"<1}
A A

is a fuzzy real number for each A € X.
The last fact leads to

Definition 17.13 ([75]). A measurable function F': Q — R,
Fw)={(F7 (), F{"w)]0<r <1}

is called integrable if for each r € [0, 1], Fj([/") are integrable, or equivalently,

if Ff) are integrable. In this case, the fuzzy integral of F' over A € X is
defined by

/quz={(/F<”>du,/FY’du) 03r§1}.
A A A

By [14], F is integrable iff w — [|F(w)||# is real-valued integrable.

We need also

Theorem 17.14 ([75]). Let F,G: Q — Ry be integrable. Then

(1) Leta,b e R, then a ® F +b® G is integrable and for each A € X,
/(a@F@b@G)duza@/qu@b@/Gdu;
A A A

(2) D(F,G) is a real-valued integrable function and for each A € ¥,

D(/Aqu,/AGdu> S/AD(RG)dﬂ_
"AFd“"fSAI|F|fdM.

Definition 17.15. Let U open or compact C (M,d) metric space and
f:U — Rxr. We say that f is fuzzy continuous at xo € U iff whenever
Ty — X, then D(f(xy), f(xo)) — 0. If f is continuous for every zg € U,
we then call f a fuzzy continuous real number valued function. We denote
the related space by Cz(U). Similarly one defines C#([a,b]), [a,b] C R.

In particular,

‘We need



314 17. Fuzzy Random Korovkin Theorems and Inequalities

Definition 17.16. Let L: Cx(U) — Cz(U), where U is open or compact
C (M, d) metric space, such that

L(01®f®02®g):61®L(f)@02®L(g), Ver,co € R.

We call L a fuzzy linear operator.
We give the following example of a fuzzy linear operator, etc.

Definition 17.17. Let f: [0,1] — Rz be a fuzzy real function. The fuzzy
algebraic polynomial defined by

BP) (1)) = Z (Z) Fl-z)Fof (:) . Yz elo1],

k=0
will be called the fuzzy Bernstein operator. Here Y.* stands for the fuzzy
summation.

We also need

Definition 17.18. Let f,g: U — Rz, U C (M, d) metric space. We denote
291 f(@) 2 gla), Vo € U, iff 17 (@) 2 g1 (@) and f7(2) > ¢(a),
Ve e U, ¥r € [0,1], iff £ > ¢\ and f > ¢, vr € [0,1], where
@) =117 @), 17 @),

We give
Definition 17.19. Let L: Cz(U) — Cz(U) be a fuzzy linear operator,

U open or compact C (M, d) metric space. We say that L is positive, iff
whenever f,g € Cx(U) are such that f =~ g then L(f) 7z L(g), iff

(LT > (L)
and
(LN = (L), vrelo1].

Here we denote

L) = [N @)P]. vrelo ).

An example of a fuzzy positive linear operator is the fuzzy Bernstein oper-
ator on the domain [0, 1], etc. For more see [18], [24], [32].

‘We mention

Assumption 17.20 (see [24]). Let L be a fuzzy positive linear operator
from Cx(K), K compact C (M, d) metric space, into itself. Here we assume
that there exists a positive linear operator L from C(K) into itself with
the property

(LY = L), (17.6)
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respectively, for all r € [0,1], Vf € Cx(K).

As an example again we mention the fuzzy Bernstein operator and the
real Bernstein operator fulfilling the above assumption on [0, 1], etc.

We apply the following Fuzzy Riesz Representation Theorem.

Theorem 17.21 (see [24]). Let L be a fuzzy positive linear operator from
Cr(K) into itself as in Assumption 17.20, K compact C (M,d) metric
space. Then for each x € K there exists a unique positive finite completed
Borel measure p,, on K such that

(Lf)(x) = /K FOua(dt), Vf € Cr(K).

17.2  Auxilliary Material

We apply in proofs

Remark 17.22. Let f: [a,b] — L#(X, B, P), [a,b] C R be a fuzzy random
function. Then by Proposition 17.9(v) we get

.
QP (f, 2 — yl)x < qu Q) (£,0) 10, Y,y € a,b] any 5 > 0,

0
(17.7)
The main function space we are going to work on in the chapter is defined
as follows.

Definition 17.23. Let (X, B, P) be a probability space, [a,b] C R, and
the fuzzy random function f: [a,b] X X — Rz such that f(¢,w) is fuzzy
continuous in t € [a,b] uniformly with respect to w in X.Le. Ve > 030 > 0
such that whenever |z — y| < d; 2,y € [a, b], then

D(f(z,w), fy,w)) <e, YweX.

We denote the space of all these functions by C¥%p([a, b]).

One can easily see that if f € C¥,([a,b]) then for each w € X we have
that f(-,w) € Cx([a,b]) and f is g-mean uniformly continuous in ¢ € [a, b],
ie fe C’g}’%([a, b)), any 1 < g < 400, see Definition 17.7.

‘We mention

Definition 17.24. Let L*: C%,([a,b]) — C%R([a,b]) such that
L'(c10fitca® fo)=ca ©L (fi)®c2®L*(f2), Vei,c2 €R.

We call L* a fuzzy random linear operator on C¥%p([a, b]).

The following motivate this chapter.
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Example 17.25 (see [66], p. 656). For f: [0,1] — Lz(X, B, P), the fuzzy
random polynomials defined by

n N k
B&) = ") k(1 — )k = €0,1], we X
() ) kZZO P LS ol A (o) IR (UR A
will be called a Bernstein-type. Clearly Bﬁlf)(-)(x,w) is a fuzzy random
linear operator, n € N.

‘We have

Theorem 17.26 (see [66], p. 656). For f:[0,1] — Lz(X,B,P) we have
the estimate

[ PED (e e <507 (F ) ot

Vo € [0,1], n € N. If moreover f satisfies the condition

lim Q7 (.8), =0.

then
“l-mean”
BH (Nw,w)  —  fz,w),
n — +00

uniformly with respect to x € [0, 1].

We mention
Definition 17.27. Let L*: C¥%([a,b]) — C¥([a,b]) be a fuzzy random
linear operator. We call L* a positive fuzzy random linear operator iff when-
ever we have f,g € C%([a,b]) such that f = g, i.e. f(z,w) = g(z,w) for
all (z,w) € [a,b] x X then L*f = L*g, i.e. (L*f)(z,w) = (L*g)(z,w) for all
(z.w) € [a.b] x X, iff (L") (z,w) > (L*9){ (2,w) and

(L) (z,w) > (L") (z,w), Yre[0,1], ¥(z,w)e€ [ab] x X.
Here we denote

(N = (LN (@,w), (L) (@,w)], vrelo1],
V(z,w) € Ja,b] xX.

An example of a positive fuzzy random linear operator is B ()(z,w), ete.
We give the useful

Remark 17.28. Let L be a fuzzy positive linear operator from Cz([a, b])

into itself. We suppose that there exists a positive linear operator L from
C([a, b)) into itself with the property

(LhHY = L), (17.9)
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respectively, Vr € [0, 1], Vf € C#([a,b]). Then by Theorem 17.21, V¢ € [a, ]
there exists a unique positive finite completed Borel measure p, on [a, b
such that

(L)) = ]f(s):ut(ds)7 Vf € Cz(la, b]). (17.10)

la,b

Consequently for f € C%y([a,b]) and since f(-,w) € Cx([a,b]), Vw € X,
we get that

L(f(-,w))(t) = w f(s,w)p(ds), Vte€ [a,b], Ywe X. (17.11)

Of course here by (17.9) we have

(LU @) = L7 ) (@), Ve fab], Yo € X, Vr € [0,1].

(17.12)
We call
my = p,([a,b]) > 0. (17.13)
By setting
M(f)(t,w) = L(f(-,w))(®), (17.14)
that is
M(f)(t,w) = f(s,w)p(ds), (17.15)

[a,b]
from Theorem 17.14 (1) we have that

M(Cl © f D ®g)(taw) = O M(f)(tvw) De2© M(g)(ta UJ), (1716)

V(t,w) € [a,b] x X, Vf,g € C¥x([a,b]), Ver,c2 € R.

Let Crr([a,b]) := {f: [a,b] x X — Rg: such that f(¢t,w) is fuzzy con-
tinuous in ¢ € [a, b] and B-measurable in w € X}. Additionally we assume
here that M (f)(t,w) is B-measurable in w € X. Then

M(f) € Crr(la,b), ¥f € CFp(la,b).

That is M is a fuzzy random linear operator from C¥([a,b]) into Cxr([a, b]).
Thus by (17.12) we have

MNP (tw) = (L)) @) = LU (w) @), (17.17)

Let f,g € Cg([a,b]) such that f = ¢ iff fﬁ’”) > g@ and fy) > gg),
Vr € [0,1]. Then

and
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That is (M(f))" > (M(9))"” and (M() > (M(9), vr € [0,1].
Hence M is a positive fuzzy random linear operator.
For example we notice that

) (f1. I e N S e P B
BO () =3 (et -oror(Ee) =B,

(17.18)
Vo € [0,1], Vw € X, Vf € C¥5([0,1]), the last fulfills all the above theory.
So fuzzy operators like L, M are quite common, e.g. summation, integral
operators in the fuzzy sense, therefore we study their approximation prop-
erties next.

Clearly, by Theorem 5 of [24], any positive linear operator L from C([a, b))
into itself induces a unique positive fuzzy linear operator L acting on
Cz([a,b]), which in turn generates by (17.14) a unique positive fuzzy ran-
dom linear operator M acting on C¥([a,b]), so the class of M’s is very
rich.

17.3 Main Results

We will use the following

Proposition 17.29. Let (X, B, P) be a probability space, [a,b] C R, f €
CYr([a,b]). Let L a fuzzy positive linear operator from Cx([a, b)) into itself
for which there exists a positive linear operator L from C(|a,b]) into itself
such that

(Lg)L = L(g)), (17.19)

respectively, Vr € [0,1], Vg € Cx([a,b]). We consider the positive fuzzy
random linear operator M acting on C¥([a,b]) defined by

M(f)(t,w) = L(f(,w)(t), V(t,w)€ [a,b] x X, Vf € CgR([a,(b])- |

17.20

We assume that M(f)(t,w) is B-measurable in w € X. That is M(f) €
Crr(la,b]). Then

D(M(f)(t,w), f(t,w)) < / D(f(s,w), f(t,w)) py(ds) (17.21)

[a,b]
+ |mt_1|D(f(t7w)76)a V(t,w) € [a7b] XXa

where w, is as in (17.10) and my as in (17.13).
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Proof. We observe that the B-measurable function (see Remark 13.39, p.
654, [66])

D(M(f)(tw), f(t,w)) "= D( - f(s,w)ut(ds)af(t,w)>
< D( i f(S,W),Ut(dS)af(t,W)th> + D(f(t,w) @ my, f(t,w))

= D( i f(s,w)py(ds), - f(t,w)ﬂt(d5)> + D(f(t,w) ©my, f(t,w))
< (by Theorem 17.14(2) and Lemma 1.2)
/[ , D) F6.0) )+ b= UD(F(4,).5).

Here notice that

ftwyom = {(m(ft,o) m(ftw)) 10 <r <1}

_ {(/[a,b](f(’*w))(—r)d““/[a,w(f(t’w))(:)dut) |0<r< 1}

F(t, w)py(ds).
[a.0]

By Remark 2 of [24] we trivially see that
me = L(1)(t) >0, Vt€ [a,b]. (17.22)

We give the first main result.

Theorem 17.30. Assume all terms and assumptions of Proposition 17.29
and

/XD(f(t,w),ﬁ) dP(w) < o0, VYt € [a,b].
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and
éﬁ;(&DMﬂﬂ@w%ﬂmwﬂPWO (17.24)
<L) = s ([ D(s(e0). )P ) )

+ L) + /L) Q7 (L ILC = D@1,

Proof. Integrating (17.21) we obtain
[ D@ E0). .0) P ()

< /X </[a,b] D(f(s,w)7f(t7w))ut(ds)> dP(w)
+ [my — 1] </X D(f(t,w),é)dP(w)> -

(by D > 0 and the facts that D(f(s,w), f(t,w)) is continuous in s € [a, b],
by Lemma 1 of [11], also it is a real random variable in w, by Remark 13.39
of [66], p. 654 and thus by Proposition 3.3(i) of [17] it is jointly measurable
in (s,w), and then being able to use Tonelli-Fubini’s theorem, p. 104 of
[62] and thus see both double integrals make sense)

/[a,b] </X D(f(s’w)’f(tvw))dp(w)> 1(ds)
+ |my — 1 (/X D(f(w),a)dp(w))

(h>0)

< / ) (f, ') i (ds)
[a,b] Lt

+ |my — 1] </X D(f(t,w),é)dP(w)) (by (17.7))

(F) |s — ¢
O I

Ty — 1| </X D(f(t,w),é)dP(w))
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< =11 ([ D(s. 0P )

v ( [ 05 t')utws)) 0 (7, )
= =11 [ Dste0).0)aPw) )

1
- (mt + /[ Jo tut<ds>> A (f. 1)
(by Cauchy-Schwarz inequality)

< fme =11 ( [ D(s1t.0).0)r )

1/2
1 2 (F)
+ (mt + E\/ﬁ (/[%b] (s—1) Nt(d3)> ) 91}- (fs P

+

(by choosing

1/2 ]
hi= (/ (s—t)%(ds)> = (L((- —>)®)""* > 0,
[a,0]
for > 0 it is enough to assume p,([a,b] — {t}) > 0)

< my—1] </X D(f(t,w),é)dP(w))
+ (me+ vmD@” (£ (L= 0)0) )

by using (17.22) we have established (17.23). One can easily see that if

L((-=1)*)(t) =0

then again (17.23) is valid. Clearly by Remark 13.39, p. 654, [66] D(f(¢,w),d)
is a real random variable in w € X, for each ¢ € [a, b].
Next we notice that

|D(f(z,w),0)=D(f(y,w),0)| < D(f(z,w), f(y,w)) Vz,y € [a,b], Vw e X.

Hence Ve > 0 3§ > 0 such that whenever z,y € [a,b] with |z — y| < § then

’/XD(f(IE,w),é)P(dw)/ D(F(y.0),5) P(de)

X

< / D(f(x,w), f(y,w)) P(dw) < ¢,
X
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because f € C¥L([a,b]) by f € C%4([a,b]). Therefore the function

F(x) ::/XD(f(x,w),ﬁ)P(dw),

is continuous in z € [a, b] and hence is bounded, i.e. || F(2)| oo < 00, making
(17.24) valid. O

We need the following

Proposition 17.31. All here as in Proposition 17.29 and

/X(D(f(t,w),é))qP(dw)<oo, ¢>1, Vteab.

Then

(/X (D(M(f)(t,w), f(2, W))qu(w)> 1/q

< fme=11( [ (D(f(t,m,a))qP(dw))l/q (17.25)

1/q
1-1 s —t\?
+my ! </[ . <1 + |h|> d#t@)) Q(lf)(fy h)ra,

h>0, Vt € [a,b].

Proof. Let ¢ > 1 then by (17.21) we have

</X D(M(f)(t’w)’f(tyw))qdp(w)>1/q

where
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Let p > 1 such that % + % = 1. Hence by Holder’s inequality we have

1/q
) < m” </ < Dq(f(svw)vf(taw))ﬂt(ds)) P(dW)> +0
X la,b]
(by Tonelli-Fubini’s theorem as in the proof of Theorem 17.30)
1/q
= ml (/[mb] (/X Dq(f(s,w)7f(t,w))P(dw))uAds)) +6
(let A > 0)
q 1/q
< il (/ ( f><f7 s—4, ) ) Mtus)) L
[a,b] La

1/q

(17.7) —t]\?
< oml ( / <1+"°’h> m(ds>> QP (f.h) e +0.
[a,b]

We examine two cases and we give

Theorem 17.32. Here we assume all as in Proposition 17.31.
1) Let g € N—{1}. Then

(/X D1 (M(f)(t7W)7f(t7w))P(dw)>1/q

< IO -1l (/X Dq(f(t,w),a)P(dw)>l/q

) ) q ) . 1/q
(L)) (Z (7) <L<1><t>>1—q>

k=0

< O (f,(E(1- >><t>>1/Q) . aran

La

Yt € [a, b].
2) Let ¢ > 1 real. Then

(/X Dq(M(f)(t’w)’f(t>w))P(dw)>l/q

1/q
< 1200 -11( [ D(se)0) P
+ 2175 (L)) H (L)) + 1)1
< (£ (- =)@, (17.28)
vt € [a, b)].
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When q € N— {1} then (17.27) is sharper than (17.28). Furthermore we
have
3) Let ¢ € N—{1}. Then

sup ( /. D%M(f)(t,w»f(t,w>)P<dw>)l/q

t€la,b]

< JL(1) ~ U|oc sup (/XDq(f(t,w)aé)P(dW))l/q

t€la,b]

q 1/(]
LIt ( 3 ( ) )

0 oo

k=
x Q7 (£ - —49) ()1 .. (17.29)

4) Let ¢ > 1 real. Then

o ([ D‘Z(M(fxw»f(t,m)P(dw))l/q

t€la,b]

< 0 =l e (/XD%f(t,w),a)P(dw))l/q

t€la,b]
1, = 1-1 -
+ 215 L(1) oo *(IL(1) + 1)L
x Q5 (£ - =) ON1L9) - (17.30)

When g € N — {1} inequality (17.29) is sharper than (17.50).

Proof. 1) We notice that

I (14 2) 9= (Z( ) S_t'k>dut<s>

q—1
q\ 1 1
= mt—l—z (k)ﬁ/ |S_t|kdut(8)+ﬁ/[a ) |s — t|%dp, (s).

Also we see for k=1,...,q— 1 that

Lk k/q
/ s — t]Fduy(s) <my ¢ (/ |s—t|fldut<s>) .
[a,b] [a,b]
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Hence

A\
3
+
S
— =
N
TR
N——
=
o
3
T
Q|3
7 N
7
=
»
I
~
=
U
=
iy
NP
N—
x~
~
2

h
q 1-(k/q) kla
q\ my
D (k> — ( /[a’b] s - tmt(s))

(by choosing

I
—
—
e
fan
|
=
i}
N>
Nt
—~
o~
=
SN—
—
~
=}
\Y
(@)
SN—

3 (Z) S (17.31)

That is, we got that

|st|>q L rq\ 1-k
I+ dpy(s) < my "
/[a,b]< h ;;o ¥

Hence proving (17.27) with the use of (17.25). The inequality (17.27) is
true easily if our choice is easily

h? .= / |s —t|%du,(s) = 0.
[a,b]

2) The function z? is convex for « > 0, ¢ > 1. Therefore

1 [s—t| \ ¢ 1 [s—t|?
<+h>§ +’”,h>0.

2 2

Le.

s =1\ _ s (1, ls—t7
<1+h <2 14 % , Vs, t € [a,bl.
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(055 e
ol—% (/[a’b] <1 Ll hqﬂq) dut(s)>1/q

1 1/q
1

21 q (mt + ﬁ </[’a b] |S —_ tqdﬂt(s)>>
(by choosing again

1/q
h:= (/ s — t|qd,ut(s)> > 0)
[a,b]
2

=3 (my + 1)V9.

Hence

1/q

IN

That is, we got that

s — 4\ v

— 1
</ <1+h> dut<8>> <217 (my 4+ 1)1,
[a,b]

Using (17.25) and the last estimate we obtain (17.28). Again if our above
choice is h = 0 then (17.28) is still valid.
When ¢ € N — {1} and m; > 0 we would like to prove that

q 1k 1/q
—k 1
(Z (1) ) < 2" (my + 1) (17.32)

k=0

hence (17.27) is better than (17.28). Notice that (17.32) is trivially true
when m; = 0.

Equivalently we need valid

q q 1k
Z(k)mtq < 207 (my + 1)

=
~ (q
(k) m;k/q <
k=0

By calling z := m; ' > 0, equivalently we need true

i(i)zk/q < 2971+ 2)

k=0

2971 4+ m; ).

&
<

(1 + 219y 29711 4 2).
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The last is true by the convexity of 29, z > 0, ¢ € N— {1}. If m; = 0, then
both (17.27) and (17.28) are trivially the same.

Deriving (17.29), (17.30) from (17.27), (17.28), respectively, it is easy.
Clearly D(f(t,w),0) is a real random variable in w € X, Vt € [a,b].
Additionally we notice that Ve > 0 3§ > 0 such that whenever z,y € [a, ]
with | — y| < ¢ then

| </X pe 6)dp(w)> - </X D(f(y,w), 5)dP(w)) "

1/q
< ( / Dq(f(x,w),f(y,w))dP(w)) <e. by f e Clp(lab).

Hence proving that the function

o)~ (. D%f(saw)ﬁ)dp(w))l/q,

is continuous in = € [a,b]. Therefore ||G||o < oo, making the inequalities
(17.29), (17.30) valid. O

Similar general results using a different initial estimate follow.

Lemma 17.33. Let f: [a,b] — Lp(X,B,P) be fuzzy random function,
1<g<o0,d>0. Then

O (f, |z —yl)ze < (1 L@ ;f)?) O (£,6) e, Va,y € [a,b]. (17.33)
Proof. We have by (17.7) that
QP (f, |z —y)e < (1 + w) O (,8) 4. (17.34)
Let |z — y| > 4, thus wa;y‘ > 1. Then

R.H.S.(17.34) < (1 L@ 527,,)2) A (£,6) L.

Let |z — y| < § then

(z —y)?
62

AP (fz— yl) < 0P (,8)10 < (1 i ) QD) (£,5) 1.

O
‘We present

Theorem 17.34. Assume all terms and assumptions of Proposition 17.29
and

/XD(f(t,w),é)dP(w) < oo, VteEla,b].



328 17. Fuzzy Random Korovkin Theorems and Inequalities

Then
N
[ DI (). Ft.)dP()
< 12O -1l [ DUt 9)are)
X
+ (L)) + D9 (£, (L= 9®) ) |, (17.35)
vt € [a,b], and
2)
o [ D)), £0)dP)
< 1L =1l s ([ D(7(e.0).0)ap )

L) + 127 (F LG~ 6)2)(@0)X2) .- (17.36)
Proof. Initially from the proof of Theorem 17.30 we have
[ DI, 500 aPG) < 1 ( / D(f(t,w,a)dP(w))
X X

+%?fﬁ%ﬁb—ﬂuw@
(let h > 0)

a739 me — 1 (/Xp(f(t,w),a)dp(w)>

+ ( /[] (1 + 8 ;f)g)utws)) 47 (f, k)

= =11 [ D(sew)aP))

1
' (mt R o t)%(dS)) A (f,h) 12
a,b

taking
1/2
B (/ (s — t)2ut(dt)> - (j(( _ t)Q)(t))l/Q >0
[a,?]

(17.37))
= |my—1] </X D(f(t,w),a)dp(w)>+(mt+1)Q§f> (f, (L((- - t)z)(t))l/z)Ll ;
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Yt € [a,b]. That is proving (17.35).
The above choice (17.37) of h if h = 0 makes again (17.35) valid. In-
equality (17.36) is now clear. O

Finally we get the very useful

Theorem 17.35. Assume all terms and assumptions of Proposition 17.29
and

/XD(f(t,w),é)dP(w) < oo, VteEla,b].

Then
1)
/X D(M(f)(t.w), f(t,w))dP(w)
< L)@ -1 ( / D(f(t,w),é)dP(w))
+ min{ (£ +yEW@). 00 +1)]
QP (f, (L =) (0)Y?) ., VEelab], (17.38)
and
2)
o ([ Dt se)ire)
< 12 = 1l s ( [ Dt 0)ape >>
n mm{nL )4 VID)lles (1 +1||oo}
OF (FIIL = 0201122 .- (17.39)
Proof. Obvious from Theorems 17.30 and 17.34. O

The corresponding results for ¢ > 1 follow.

Theorem 17.36. Here we assume all as in Proposition 17.31. Let q €
N —{1}. Then
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1)
1/q
([ orarhiwe). sewire >)
~ 1/q
< |L(1)(t) — 1] </x dp( ))
~ . R N 1/q
+ (L)) (Z (Z) ((L(l))(t))1_4>
k=0
Q) (£, ((L( = £)2)()/27) (17.40)
vt € [a, b)].

And also holds
2)

sup ( /. D(M(f)(t,m,f(acu))qu(w))l/q

t€la,b]

1/q
< IL(1) = 1| sup (XD dP(w )) (17.41)

te(a,b]
q
_k
IR ( () : )

A (£ L= PO .

Let ¢ > 1 real. Then
3)

( /X D(M(f)(t,w), f“»ﬂd))qdp(w))”q

. 1/q
< |L<1><t>—1( [t >)QdP<w>) (17.42)

(f
FEEOO)HED @) + DV (£, (L~ )(0)) .,

Yt € [a,b]. And also holds
4)

sup ( / D(M(f)(t,w»f<t,w>>qu<w>)1/q

t€la,b]

1/a
< |L(1) = 1]|s sup (/ DI(f(t,w),0)dP( )> (17.43)
t€la,b]

2 HIEQ) % L) + 10 (£ NIEC - 0712 ..
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When q € N — {1} then inequality (17.40) is sharper than (17.42) and
inequality (17.41) is sharper than (17.43).

Note 17.37. We see later that inequalities (17.40)—(17.43) and/or inequal-

ities (17.27)—(17.30) can be used to prove “g-mean” convergence with rates
of a sequence of M’s to unit operator I.

Proof. Initially from the proof of Proposition 17.31 we obtain
. 1/q
([ oarne). saw)are)
X

< 0+ (/ (/ D(f(svw)af(tvw)):ut(dt)> dP(“))
X [a,b]

(0 as in (17.26))

1/q
1—1
< 0+m, ( /[ ](ng)(fysﬂ)Lq)qdut(S))
a,b

(let b > 0)
(by (17.33)) 1-1 (s —t)%\*? e (F)
< 0+ my (/[a,b] <1 + h2 ) dlut(s)> Q1 (fv h)Lq

= (6

1/q

1) Let ¢ € N — {1}. We observe that

/M] <1 LG ;Zt)z)qdut(s) = /[a)b] (; <Z> (S;th)%> dp, (s)
- +qi_1 (Z) % (/{a’b](s - t)%dut(s)) + % </[a’b} (s — t)2‘1dut(s)> .

For k=1,...,q—1, £ > 1 and by Holder’s inequality we have

. k/q
|t s <my (/ <s—t>2qdut<s>> .
[a,b] [a,b]

/[a,b]<+ h? ) Mt()_z<k) 12k </[a,b]( )= dp( ))
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(by choosing

IN
(7=
PR
TR
N———
:*3,_.
|
Q|
—~
—_
~
=~
e~
S~—

That is

</[a,b] (1 = ;QtV)qd“t(s)) " < (é (Z) mig)uq. (17.45)

Thus by (17.44) and (17.45) we have

q 1/q
© < o+ (LM (Z H (Hl)(t))“é)

k=0
< QO (f, (L= 6)20) (1)) ,,, Vi€ [a,b].

That is establishing (17.40). When the choice (17.44) of h = 0 then again
(17.40) is trivially valid.
2) Let now ¢ > 1 real, then again by convexity of 29, x > 0 we have

— 52\ —t)%
<1+(S t)) §2q1<1+<3h2>), h>0, Vs,t € [a,0].

h? a

Hence

A

, ) 2 1/q
€ < e+m2q21‘q< <1+(Shg?q)dut<s>> Q8 (f,h) 14

1/q
_1 1
= 0+ 21_%mt1 Lt hQ‘I/[ b](s - t)quNt(s)l O (£, 1) Lo

(let h >0 as in (17.44))
L 1.1
= 2 wm, 7 (my + DY (f,h) 1
= 0+ 270 (LO )L + 1V (£ (L~ 6)) )
Vt € [a,b]. That is proving (17.42).
When the choice (17.44) for h = 0 then inequality (17.42) is trivially
valid. Inequalities (17.41) and (17.43) derive easily from (17.40) and (17.42),

respectively, and they are valid, similarly, as inequalities (17.29) and (17.30).
The comparison of inequalities is the same as in Theorem 17.32. (]

La’
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Finally we derive

Theorem 17.38. Here we suppose all as in Proposition 17.31. Let q €
N —{1}. Then

k=0
x min{ Q) (£, (L(] - —t|)®)7) .,
Q) (£, ((L( = £)20)(£)/27) ., }, (17.46)
vt € [a, b].
And also holds
2)

s ([ DQ(M(f)(t,wxf(tw))dP(w))l/q

t€la,b]

< JL(1) = 1|oc sup (/XD‘I(f(tw)ﬁ)dP(w))l/q

t€la,b]
4 1/q
+ L) ( > (Z) (L) )
x min{ Q) (F (] =t BO]119) ..

k=0
t
A (£~ 020112 . ). (17.47)

|

Let ¢ > 1 real. Then
3)

. 1/q
< 1B - 1] ( /. (D(f(t,m,é))qdmw)

+ 275 (L)) T (L)) + 1)
x min{ Q) (£, ((L(] - =) ())/7) ..
Q) (£, (L= 0*)(6)%9),,. ), (17.48)
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Yt € [a, b].
And also holds
2
1/q
titfb](/ (M) (1), [ (1,0)) P(d >)
1/q
< i —1||oot21[2pb( (dw>)

+ 2 L) A E(1) + 1)L
x min{ Q) (f, [(L(| - —t|9)) (0129 .,
QP (£ LG = 62 (@)]|22) ., ). (17.49)

When q € N — {1} then inequality (17.46) is sharper than (17.48) and
(17.47) sharper than (17.49).

Proof. By Theorems 17.32 and 17.36. (|
We give
Corollary 17.39. All here as in Proposition 17.29 and

/XD2(f(t,w),6)dP(w)<oo, vt € [a, 0]

Then
1)
1/2
< /X D2 (M(f)(t,w), f(t,w))P(dw)) (17.50)
} 1/2
< |L<1><t>—1|( [ D(re0).0)P (dw>)
L)@ 2EQ)E + 2T )2 + 1)
(£, (L= ) @)Y?) or VEE [a,0]
and
2)

sup ( /X D?(M(f)(t,w»f(t,w>)P<dw>)1/2

t€la,b]
1/2
< ||L(1) = 1|0 sup (/ D*(f(t,w), )) (17.51)
te[a,b]
+ILOILILQ) + (1))”"’+1||”2

QP (£ (-~ 1) >>< IESPS
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Proof. By Theorem 17.32, inequalities (17.27) and (17.29). O

All inequalities presented in this chapter are of Shisha—Mond type (see
[96]) in the fuzzy-random sense. We will derive next some Fuzzy-Random
Korovkin Theorems regarding the spaces of functions

Koo )= { € Challat): [ D(7(0).0)ap(w) < o0, e € fa.),
X
where 1 < g < co. We observe that if 1 < k < oo such that k < ¢ then
Ky([a,0]) € Ky([a,b]).

For the above purpose we need to put together the following assumptions
and settings.

Assumption 17.40. Let (X, B, P) be a probability space, [a,b] C R, f €
CYp(la,b]). Let {Ly}nen be a sequence of fuzzy positive linear operators
from Cx([a,b]) into itself for which there exists a corresponding sequence
of positive linear operators { L} nen from C([a,b]) into itself such that

(Lng)y) = La(gd)), (17.52)

respectively, ¥r € [0,1], Vn € N, Vg € Cx([a,b]). We then consider the se-
quence of positive fuzzy random linear operators { My }nen from C¥p([a,b])
into Crr([a,b]) defined by

Mn(f)(t7w) = Ln(f('ﬂw))(t)v (17'53)

V(t,w) € [a,b] x X, Vn € N, Vf € C¥([a,b]). Here I is the fuzzy random
unit operator, i.e. I(f)(t,w) = f(t,w), V(t,w) € [a,b] x X. We assume also
that {L, (1) }nen is bounded.

From Theorem 17.35 we have

Corollary 17.41. Here all are as in Assumption 17.40, and
/ D(f(t,w),0)dP(w) < oo, Vi€ [a,b].
X

Then

/X D(M, (f)(tw), f(t,0))dP(w)
< L))~ 1] ( / D(f(t,m,a)dP(w))

+ min { (Ln(1)(t) + \/Ln(1)(8)), (Ln(1)(t) + 1)}

< Q) (£, (La((- = D) (E)Y?) 0, (17.54)
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Yt € [a,b], VneN,

and
2)
s ([ POt feenare)
< IE0(0) = U s ([ plriew)d)are))
+ ain {12, (0 4 /Lo (Ul 1201 + 1l
< QP (£ La(( = DN 11, (17.55)
Vn € N.

From Corollary 17.39 we obtain

Corollary 17.42. Here all are as in Assumption 17.40, and

/XD?(f(t,w),a)dP(w)@o, vt € [a,b].

Then
1)

(/X D? (M"(f)(t’w)’f(t:w))P(dw))l/Q

< 1|</ D?(f(t,w), ))1/2

+ (L (M) (L)1) + 2(Ln (1)(0)) 2 + 1)1
< Q5 (f, (La((- = 1) ENY?) L, (17.56)

Yt € [a,b], Vn € N.
And also holds

2)
1/2
;m] ( I (Mn<f><t,w>,f<t,w>)P<dw>)
1/2
< (1)~ L s ( R (f(t,m,o)P(dw))

L (WU L (1) + 2(Ln (1) + 1122

< Q7 (£ 1T (= D@1 s (17.57)
Vn € N.
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Note 17.43. One sees from [96] that

HZa( =) D]le < Nn(@®)(#) = llo (17.58)
+2¢]| Ly (2) (t) = tlloo + [ La(1)() = oo,
where ¢ := max(|al,]b]), Vn € N. Then one from the above fuzzy random

Shisha-Mond type inequalities (17.55) and (17.57) derives the following
basic fuzzy random Korovkin Theorems, see also [78].

Theorem 17.44. Here all are as in Assumption 17.40. Furthermore as-
sume that R R ~
L,(1) %1, L,(id) % id, L,(id*) % id?

as n — 0o, where u means uniformly and id is the identity map. Then

lim H/ D(Mn(f)(t,w),f(tw))dP(w)H =0, Vf e Ki([a,]).
n—oo X OO,t
(17.59)
Le.
“l-mean”
Mn(f)(tvw) - f(tv w)v (1760)
n — oo
uniformly, Vf € Ki([a,b]), that is uniformly M, 1—%an I, as n — oo,
on K1([a,b]).
Proof. Using (17.55), (17.58) and Proposition 17.9(ii). O

We continue with the second basic fuzzy random Korovkin theorem.

Theorem 17.45. Here all are as in Assumption 17.40. Furthermore sup-
pose that

in(l) 41, in(zd) = id, in(idQ) Lid?, asn — oo.

Then
nlggo H/X DQ(Mn(f)(t,w),f(t,w))P(dw)H =0, Vfe Ks(a,b]).
- (17.61)
Le. . )
Mo(f)(tw) T2 gt w0), (17.62)

uniformly, Vf € Ka([a,b]), that is uniformly M, -mean
on Ks([a,b]).
Proof. From (17.57), (17.58) and Proposition 17.9(ii). O

The related general fuzzy random Korovkin theorem follows.

I, as n — oo,

Theorem 17.46. Here all are as in Assumption 17.40, q > 2. Furthermore
we assume that
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(i) Ln(1) — 1,
and
(i) ]
Jim [(Zn([ - =2]7)) ()]0 = 0, (17.63)
i) Tim (Lol = 02)(0)]oc = 0.
Then
Jn | [ 00 s )| =0, vr e Kot
h (17.64)
Le. . .
M (H)(tw) 5 f(tw), (17.65)
“qg-mean”

uniformly, Vf € K,([a,b]), that is uniformly M, *— I, asn — o,

on K,([a,b]).

Proof. By (17.30) or (17.43) and Proposition 17.9(ii). In fact (i)’ implies

(ii). So one can use (ii) or (i)’ as long as it is easier to be verified. O
The case m; = L(1)(t) = 1, Vt € [a,b] is a very important and common

one. Then all results of the chapter simplify a lot as follows.

Proposition 17.47. All here as in Proposition 17.29 and m; = 1, Vt €
[a,b]. Then

D(M(f)(t,w), f(t,w)) S/ D(f(s,w), f(t,w)) my(ds), Y(t,w) € [a,b]xX,

[ab]
(17.66)
where p, is as in (17.10).

Proof. We notice that the B-measurable function

D(M(f)(t,w), f(t,w)) "=

[a.0]

D ( (] f(s)w)ut<d8)a f(t’w)ﬂt(ds)>

< [ D). f(t)nlas)
(by Theorem 17.14(2)) “la:0]

Thus we obtain

Theorem 17.48. All here as in Proposition 17.47. Then
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1)
/X D(M(f)(t.w), f(t.w))dP(w) < 20 (£, (L((-—t)*)(£)*/?) .. Vt € [a,b],
(17.67)
and
2)

sup /XD(M(f)(tvw)vf(t,W))dP(w)Smgﬂ(f, IZ(C = ) ON1L2) -

te€la,b]
(17.68)
Proof. By integrating (17.66), then it follows, in a simpler way, as the
proof of Theorem 17.30. O

Also we have

Proposition 17.49. All here as in Proposition 17.47, ¢ > 1. Then
. 1/q
([ ore.e. o) are)
X

s—ay )
: </[a,b] <1 i h) dM(S)) ng)(fv h)pa, (17.69)

h>0, Vt€ [a,b].

Proof. Using (17.66) in exactly the same but simpler manner as in the

proof of Proposition 17.31. O

We present
Theorem 17.50. All here as in Proposition 17.47, ¢ > 1. Then

1)

1/q
([ oo s pa) (17.70)
X
< 207 (£, (L( - =) ()Y, ¥t € [a,],

and

2)

s ([ DQ(M(f)(t,m,f<t,w>)P<dw>)1/q

t€(a,b]
< 207 (£ =)L), (771

Proof. We use (17.69) and it follows similarly as the proof of Theorem
17.32. O
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We also give

Theorem 17.51. Here all as in Proposition 17.29, m; =1, Vt € [a,b] and
q>1. Then

)
1/q
([ orrnee sew)are)
< 2007 (£, (L0 = 0P *) . (ATT2)
Yt € [a,b],
and
2)
1/q
e ([ D). sew)ire)
< 2007 (£ I — )OI .. (A7.73)
Proof. Similar to the proof of Theorem 17.36. O
We derive

Theorem 17.52. Here all as in Proposition 17.29, my = 1, Vt € [a,b] and
q>1. Then

1)
1/q
< XD%M(f)(zs,w),f(t,w>)dP<w>) (17.74)
< 2min{ Q7 (£, (L(| - —t19)(£)) .,
O (£, (L(- — 6)%0)(1))/%9) , }, V¢ € [a,b],
and
2)
1/q
o ( [ o (M(f)(t,m,f(t,w))dP(w))
< 2min{ Q7 (£, I(L(| - ~t11)@)IL),..
QP (£ - 0)2)@0))22),, ). (17.75)
Proof. From Theorems 17.50 and 17.51. O
‘We have

Corollary 17.53. All here as in Proposition 17.29, m; = 1, Vt € [a,b].
Then
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1)
1/2
( / D2(M<f><t,w>,f<t,w>)P<dw>)

< 20 (£, (L((- — 1)) ()/?) .y VEE [a,b], (17.76)
and
2)

1/2
s ([ D010y, s )P
< 207 (£ I = 2D O1L3) Lo (17.77)
Proof. By Theorem 17.50, ¢ = 2. (]

Corollary 17.54. Here all as in Assumption 17.40, m; = 1, ¥Vt € [a,]].
Then

1)
[ DL, £t aP)
< 2017 (£, (La( = ) O)) 11 (17.78)
Vt € [a,b], Vn € N,
and
2)
S ( /X D (M, (f)(t,w), f(t,w))dP(w))
< 207 (£ I1(Ln (- = )W) 0r Y €N (17.79)
Proof. By Theorem 17.48. (]

Corollary 17.55. Here all as in Assumption 17.40, m; = 1, Vt € [a,b].
Then

1)
1/2
( /. DQ(Mn<f><t,w>,f(t,w»P(dw))
< 2087 (£, (Ln((- = NENY?) 1, (17.80)

Yt € [a,b], Vn € N,
and
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2)
1/2
sw ([ D00,(7)(00). 2. Plao))
te(a,b] X
< 207 (£ 1L = ?NDONL3) o (17.81)
Vn € N.
Proof. By Theorem 17.50, ¢ = 2. O

We give now the following fuzzy random Korovkin Theorems for the case
of L(1)(t) =0, V¢t € [a,b].

Theorem 17.56. Here all are as in Assumption 17.40. Furthermore sup-
pose that

L,(1)(t) =1, Vte€a,b], Ln(id) % id, L,(id*) % id* asn — oco.

Then
dn | [ Do, (1) s)ap@)| =0, vr € Chllat).
h (17.82)
Le. . .
M (f)(tw) TRE (1 w), (17.83)

uniformly, Vf € C¥x([a,b]), that is uniformly M, L-mean I, asn — oo,

on C%p(la, b]).

Proof. Using (17.79) and (17.58) and Proposition 17.9(ii). O
We continue with

Theorem 17.57. Here all are as in Assumption 17.40. Furthermore as-
sume that

L,(1)(t) =1, Vtea,b], L,(id) > id, L,(id*) % id* asn — oco.

Then

i | [ 20410 S) Plas)]| =0, vf € CHnllat

n—oo OO,t
(17.84)
Le.

“2-mean”
—

My (f)(t,w) ft,w), (17.85)

uniformly, Vf € C%x([a,b]), that is uniformly M, “Z-M(m I, as n — oo,

on C¥,([a,b]). Notice here that M, 2-mean” 1 implies M, L-mean I,

uniformly, i.e. Theorem 17.56.
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Proof. Using (17.81) and (17.58) and Proposition 17.9(ii). O

Finally we present

Theorem 17.58. Here all are as in Assumption 17.40, L,(1)(t) = 1,
Vt € [a,b] and q > 2. We assume further that

(1) lim [[(La(] - =) (O]l =0,

(i)” N
Tim (L (- = 1)*)(8) ]l = 0. (17.86)
Then
dm | [ D006, ) PG| =0, F € Cnllat:
h (17.87)
Le. . .,
Mu(f)(tw) T2 f(tw), (17.88)

uniformly, Vf € C¥p(la,b]) that is uniformly M, Tmepn I, asn — oo,

on Cp([a,b).
Proof. By (17.71) or (17.73) and Propositoin 17.9(ii). O

Remark 17.59. 1) Notice here from (17.87), that M, e g implies

M, h-mean I, uniformly for any 1 <k < g < oo on C%,([a,b]).

2) In the case of m; = 1, Vt € [a,b], all presented results here did not
require the condition

/ Dq(f(t,w),é)P(dw) < oo, Vtelab], 1<q<oo,
X
as they did the earlier ones for general m; > 0.
3) One can do related research for other domains other than [a,b], e.g.

[0, 4+00), multivariate domains in R¥, k> 1 and K compact convex subset
of a metric space. Of course not all results can pass through there.

17.4 Application

We consider here the fuzzy random Bernstein polynomials

B =3 (1)t —arror(E),

k=0
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Vo € [0,1], Vw € X, Vf € CZ4([0,1]), Vn € N, see (17.18). We apply first
here (17.79) for

Mn(f)(tvw> = Bgf)(f)(t,w), V(tvw> € [a‘vb] x X,

and Z~Ln = B,, the real Bernstein operator

n

Bu(g)(z) =Y <Z> 2k (1—z)" kg (S) ., VgeC(0,1]), Yz €[0,1], Vn € N.

Clearly

B~ 070 =" e
Hence

1Ba((- = 6)%)(8)]| 2 < 7 vn e N.

Notice also that (B, (1))(t) =1, Vt € [0,1].
Clearly here Br(l]:)(f)(t,w) fulfill Assumption 17.40. Thus by (17.79) we
obtain

s ( / D(B5f><f><t,w>,f(t,w»dP(w))

< 207 (f, 2\/_) (17.89)

VfeC¥%y(0,1]), Vn e N.
Similarly, from (17.81) we obtain

1/2

sw ([ DBO(1 0. 1) rw)

te[0,1]

< 207 (1,5 f) Vf € CLu((0, 1), (17.90)

Vn € N.
Finally, from (17.75) for ¢ > 2 we obtain

sup (/XDq(Bff)(f)(t,w),f(tw))dP(w))l/q

te[0,1]
< 2min{ Q7 (£, 11(Ba(| - =) DI ..
Q) (£, 1(Bal- — 0°*)()]2%9) . }, (17.91)

VfeC¥%(0,1]), Vn e N.
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In particular, if f is additionally of Lipschitz type, i.e.

/X D(f(z,w), f(y,w))P(dw) < Olz —y|, >0, Vr,ye0,1], (17.92)

then
O (f,0) <05, 6>0, (17.93)
and . ;
O (f—=) <7 . 17.94
1 (f’Q\/FZ)Ll_Q = VneN (17.94)
Hence
() 0
sup D(BY(f)(t,w), f(t,w))dP(w) ) < —, VneN, (17.95)
tef0,1] \Jx vn

Vf € C%4(]0,1]) which is of Lipschitz type (17.92).
Inequality (17.95) improves the corresponding inequality from (17.8),
since over there we only get

su (]:) T, W T, W 1) 379 n
b (/X”B" (1)), f(r.)) P(d >)< T e (17.9)

2€[0,1] — 2






18

FUZZY-RANDOM NEURAL
NETWORK APPROXIMATION
OPERATORS, UNIVARIATE CASE

In this chapter we study the rate of pointwise convergence in the
g-mean to the Fuzzy-Random unit operator of very precise uni-
variate Fuzzy-Random neural network operators of Cardaliaguet—
Euvrard and “Squashing” types. These Fuzzy-Random opera-
tors arise in a natural and common way among Fuzzy-Random
neural networks. These rates are given through Probabilistic-
Jackson type inequalities involving the Fuzzy-Random mod-
ulus of continuity of the engaged Fuzzy-Random function or
its Fuzzy derivatives. Also several interesting results in Fuzzy-
Random Analysis are given of independent merit, which are
used then in the proofs of the main results of the chapter. This
chapter follows [17].

18.1 Introduction

Let (X, B, P) be a probability space. Consider the set of all fuzzy-random
variables Lx(X,B, P). Let f: R — Lx(X,B, P) be a fuzzy-random func-
tion or fuzzy-stochastic process. Here for t € R, s € X we denote (f(t))(s) =
f(t,s) and actually we have f: R x X — Rz, where Rz is the set of fuzzy
real numbers. Let 1 < ¢ < 4+00. Here we consider only fuzzy-random func-
tions f which are (g-mean) uniformly continous over R. For each n € N,
the fuzzy-random neural network we deal with has the following structure:

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 347-372.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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It is a three-layer feed forward network with one hidden layer. It has one
input unit and one output unit. The hidden layer has (2n? + 1) processing
units. To each pair of connecting units (input to each processing unit) we
assign the same weight n'1~%, 0 < o < 1. The threshold values n% are one
for each processing unit k. The activation function b (or S) is the same
for each processing unit. The Fuzzy Random weights associated with the

output unit are f (k ) O o ) —, one for each processing unit k, where
I = [% b(@)dz (or I* = [ S(x)dz), “©” denotes the scalar Fuzzy
multiplication.

The above precisely described Fuzzy-Random neural networks induce
some completely described Fuzzy-Random neural network operators of
Cardaliaguet—Euvrard and “Squashing" types.

We study here thoroughly the Fuzzy-Random pointwise convergence (in
g-mean) of these operators to the unit operator. See Theorems 18.21, 18.24,
18.27, 18.29. This is done with rates through Probabilistic-Jackson type
inequalities involving Fuzzy-Random moduli of continuity of the engaged
Fuzzy- Random function and its Fuzzy derivatives.

On the way to establish these main results we produce some indepen-
dent and interesting results for Fuzzy-Random Analysis. The real ordinary
theory of the above mentioned operators was presented earlier in [6], [9]
and [47]. And the fuzzy case was treated in [11], see also here Chapters
15, 16. Of course this chapter is strongly motivated from there and is a
continuation.

The monumental revolutionizing work of L. Zadeh [103] is the foundation
of this chapter, as well as another strong motivation. Fuzziness in Computer
Science and Engineering seems one of the main trends today. Also Fuzziness
has penetrated many areas of Mathematics and Statistics.

The approach here is quantitative and new on the topic, started in [6],
[9] and continued in [11]. It determines precisely the rates of convergence
through natural very tight inequalities using the measurement of smooth-
ness of the engaged Fuzzy-Random functions.

As in Remark 4.4 ([31]) one can show easily that a sequence of operators
of the form

Ln(f)(z) = *f(ar,) ©wnr(z), neN, (18.1)
k=0

(3°F denotes the fuzzy summation) where f: R — Rz, x1, € R, w,, (z)
real valued weights, are linear over R, i.e.,

La(A© fopnog)() =0 La(f)(z) ® 1 © Ln(g)(z), (18.2)

YA\ p€R, any z € R; f,g: R — Rz. (Proof based on Lemma 1.3(iv).)
We need
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Lemma 18.1 ([11]). Let f: R — Rz continuous, v € N. Then the following
integrals

) [ seaser) [T ([ s ) ase
([ o) e

(18.3)
are continuous functions in S,_1,8p_o,...,S, respectively.
Here s, _1,8+_2,...,8 > a and all are real numbers.
Additionally we have

Lemma 18.2. Let f: [a,b] — Rx have an existing fuzzy derivative f' at
¢ € la,b]. Then f is fuzzy continuous at c.

Proof. By the assumption we have that

Jim D (W f’(c)) =0 (18.4)
and ,
Jim_ D (f(c)}’z(c) f’(c)> = 0. (18.5)

Furthermore here is assumed that the H-differences f(c+h) — f(c), f(c) —
f(c—h) exist for small h: 0 < h < b — a.
Let z := f(c+ h) — f(c), then f(c+ h) = f(c) ® z. Hence

D(f(c+h), f(c) = D

Hence
Df(e+ .1 < 1 { DU (@00 + 0 (ZHR=IE, ),

Consequently

Jim D(f(c+h), f(e)) < (18.8)
(i ) Qe+ i o (HI ) | <o
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Therefore
lim D(f(e+h), f(e)) = 0.

That is, f is right continuous at ¢. One can prove f is left continuous at c.
We have proved that f is fuzzy continuous at ¢ € [a, b]. |

We need the Fuzzy Taylor formula

Theorem 18.3 ([11]). Let T := [xo,zo + ] C R, with 8 > 0. We suppose

that f: T — Ry are differentiable for all i = 0,1,...,n — 1, for any

z € T. (Le., there exist in Ry the H-differences f™(x + h) — fO(x),

fO@@)—fO(xz—h),i=0,1,...,n—1 for small h: 0 < h < (. Furthermore

there exist fU+1)(x) € Ry such that the limits in D-distance exist and
@+ h) - fD(z)

, D (g) — F@O(x —h
(i+1) . . f (SL’) f (ZC )
/ (z) hlﬂlr(r)lJr h hLHSh h

?

forall i = 0,1,...,n — 1.) Also we suppose that f@. i =0,1,...,n are
continuous on T in the fuzzy sense. Then for s > a; s,a € T we obtain

16) = @& F(@ 6 (s =)@ 1(a) 0 C
oo f" e (S'(n_“);,l @ Rn(a,s), (18.9)
where
Ro(a,s) := (FR) /u (/a (/u f(”)(sn)dsn> dsnl) ...)dsl.

(18.10)
Here Ry(a,s) € Cx(T) as a function of s.

Note. This formula is invalid when s < a, as it is totally based on Corollary
1.12.

18.2 Basic properties

We need
Definition 18.4 (see also [66], Definition 13.16, p. 654). Let (X, B, P) be

a probability space. A fuzzy-random wvariable is a B-measurable mapping
g: X — Rz (i.e., for any open set U C R, in the topology of Rz generated
by the metric D, we have

g ' U)={s€ X;9(s) €U} € B). (18.11)
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The set of all fuzzy-random variables is denoted by Lz (X, B, P). Let g,,,g €

“q_mea’n”
Lr(X,B,P),neNand 0 < ¢ < +oo. Wesay g,(s) —  g(s)if
n — +00
lim [ (D(gn(s), 9(5))"P(ds) = 0. (18.12)

n—-+oo X

Remark 18.5 (see [66], p. 654). If f,g € Lx(X,B,P), let us denote
F: X - R U{0} by F(s) = D(f(z),9(s)), s € X. Here, F is B-measurable,
because F' = G o H, where G(u,v) = D(u,v) is continuous on Rz x Rz,
and H: X — Rz xRz, H(s) = (f(s),9(s)), s € X, is B-measurable. This
shows that the above convergence in ¢-mean makes sense.

Definition 18.6 (see [66], p. 654, Definition 13.17). Let (7, 7) be a topo-
logical space. A mapping f: T — Lx(X, B, P) will be called fuzzy-random
function (or fuzzy-stochastic process) on T. We denote f(t)(s) = f(¢,s),
teTl,se X.

Remark 18.7 (see [66], p. 655). Any usual fuzzy real function f: T'— Rz
can be identified with the degenerate fuzzy-random function f(t,s) = f(¢),
VteT,se X.

Remark 18.8 (see [66], p. 655). Fuzzy-random functions that coincide
with probability one for each ¢ € T" will be considered equivalent.

Remark 18.9 (see [66], p. 655). Let f,g: T — L#(X,B,P). Then f ® g

and k © f are defined pointwise, i.e.,

(f@g)<t78) = f(t,s)@g(t,s),
(ko f)t,s) = ko f(ts), teT, scX.

Definition 18.10 (see also Definition 13.18, pp. 655-656, [66]). For a fuzzy-

random function f: R — Lx(X, B, P) we define the (first) fuzzy-random
modulus of continuity

1/q
A (f,6)e = sup { ( /X DY(f(,5), f (v, s))P(ds>) :
%yGRakﬂ*y\ Sé}a
0<0, 1<q< .
Definition 18.11. Here 1 < ¢ < 4+o00. Let f: R — Lx(X, B, P) be a fuzzy

random function. We call f a (g-mean) uniformly continuous fuzzy random
function over R, iff Ve > 0 36 > 0: whenever |z — y| < J; x,y € R, implies
that

/X (D(f(x, s), f(y,5)))" P(ds) < <.
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We denote it as f € C7%(R).
Proposition 18.12. Let f € Cg%( ). Then Q (f, 0)pa < 00, any 6 > 0.

Proof. Let g > 0 be arbitrary but fixed. Then there exists dg > 0: |[z—y| <
dp implies

" (D(f(xas)’f(y78)))q P(ds) < egp < 00.

That is, Q(F)(f, 0o)pa < 5(1)/q < o00. Let now § > 0 arbitrary, z,y € R such
that \x—y\ < 0. Choose n € N: ndy > § and set z; := = + - (y — x),
0 <7 <mn. Then

D(f(m,s),f(y,s)) < D(f(wvs)vf(xlvs)) + D(f($1,8)7f(1'2,8))
+oot D(f(mn—l,s),f(z%s))'

Consequently
(/x (D(f(=,s), f(y,5))" P(d3)>1/q
< </X (D(f(z,s), f(z1,5)))! P(ds)> 1/q L

1/q
n ( /X <D<f<a:n_1,s>,f(y,s»)qP(ds))
<’I’LQ (f (50)Lq < ne /q<OO

since |z; —x;iy1| = %|x—y| < %(5 < dp, 0 <7 < n. Therefore ng)(f7 Npa <
/q < 00. [l

Proposition 18.13. Let f,g: R — L#(X, B, P) be fuzzy random functions.
It holds

(1) Q(lj:)(f7 d)ra is nonnegative and nondecreasing in § > 0.
(i) o™ (£,6) 10 = Q7(1,0)00 = 0, iff [ € CHA(R).

(iii) Q( (f, 014 02)pa < Q (f 01)La +Q (fa52)L<1> 01,02 > 0.
(iv) QY (f,n8) e <nQ(f,6)04, 6 >0, n €N,

(v) Q) (£,26)10 < [N (£,6)20 < A+ 1O (£,6)20, A > 0,5 >0,
where [-] is the ceiling of the number.

(vi) Q7 (f ®9,0)00 < O (£,0)10 + Q7 (9,0)14, 6 > 0. Here f @ g is
a fuzzy random function.
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(vit) QY (f, ) e is continuous on Ry, for f € CZ%(R).

Proof. Obvious. O

Also we have

Proposition 18.14. (i) Let Y (t,w) be a real valued stochastic process such
that Y is continuous in t € [a,b]. Then 'Y is jointly measurable in (t,w).
(ii) Further assume that the expectation (E|Y|)(t) € C([a,b]), or more

generally f:(E|Y|)(t)dt makes sense and is finite. Then

E (/bY(t,w)dt) - /b(EY)(t)dt.

Proof. Clearly f; Y (t,w)dt is a real valued random variable. Also by the
assumption on E|Y| we obtain that

/b(E|Y)(t)dt < .

Here we assume that w € S, S is a probability space.

Also here Y is continuous in ¢, and measurable in w and takes values in
R. Clearly Y is a “Caratheodory function", see [2], p. 156, Definition 20.14.
Hence by Theorem 20.15, p. 156, [2] we get that Y is (jointly) measurable
on [a, b] x S. In the last we took into account the following: let f: Xx)Y — R
be measurable on X x Y, and g: ¥ x X — R be such that g(y, z) := f(z,y).
Then g is measurable on ) x X.

From the above we derive that Y (¢,w) is integrable on [a,b] x S. The
claim now is proved by applying Fubini’s theorem. O

According to [62], p. 94 we have the following
Definition 18.15. Let (Y, 7) be a topological space, with its o-algebra of

Borel sets B := B(Y,7T) generated by 7. If (X,S) is a measurable space, a
function f: X — Y is called measurable iff f~*(B) € S for all B € B.
By Theorem 4.1.6 of [62], p. 89 f as above is measurable iff

f7HC)eS forallCeT.

We would need

Theorem 18.16 (see [62], p. 95). Let (X,S) be a measurable space and
(Y,d) be a metric space. Let f,, be measurable functions from X into Y
such that for all x € X, fo(x) — f(x) in Y. Then [ is measurable. Le.,
lim f, = f is measurable.

n—oo

We need also

Proposition 18.17. Let f,g be fuzzy random wvariables from S into Rg.
Then
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(i) Let c € R, then c® f is a fuzzy random variable.
(ii) f @ g is a fuzzy random variable.

Proof. Obvious. d
Finally we need
Proposition 18.18. Let f: [a,b] — Lz (X, B, P) be a fuzzy-random func-
tion. We assume that f(t,s) is fuzzy continuous in t € [a,b], s € X. Then
(FR) f; f(t,s)dt exists and is a fuzzy-random variable.
Proof. It comes easily from: Definition 1.9 and Corollary 13.2 of p. 644,

[66] about Fuzzy-Riemann integral, Proposition 18.17, and Theorem 18.16.
O

18.3 Main results

We need (see also [6], [11], [47])
Definition 18.19. A function b: R — R is said to be bell-shaped if b

belongs to L' and its integral is nonzero, if it is nondecreasing on (—o0, a)
and nonincreasing on [a, +00), where a belongs to R. In particular b(x) is
a nonnegative number and at a b takes a global maximum; it is the center
of the bell-shaped function. A bell-shaped function is said to be centered
if its center is zero. The function b(xz) may have jump discontinuities. In
this chapter we consider only centered bell-shaped functions of compact

support [-T,T], T > 0. Denote I := fTT b(t)dt. Notice that I > 0.

Example 18.20.

(1) b(x) can be the characteristic function on [—1,1].

(2) b(z) can be the hat function on [—1,1], i.e.,

1+, -1 <2 <0,
b(z) =< 1—u=, 0<z<l,
0, elsewhere.

Here we consider functions f € ngR(R).

In this chapter we study among others in g-mean the pointwise conver-
gence with rates over the real line, to the fuzzy-random unit operator of the
fuzzy-random univariate Cardaliaguet—Euvrard neural network operators,

"2* nl=a(p— k
Fa) o) = )= 3 1 (Es) o = sy

In>
k=-—n2
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where 0 < a<1l,z € R, s€ X and n € N.

The above are linear operators over R. These operators in the ordinary
real case were thoroughly studied in [9], [47] and in the fuzzy sense were
studied in [11]. So as in [6], [11], for convenience we consider that n >
max(T + |z|, T~/). This implies that —n? < nz—Tn® < nz+Tn® < n?,
and card(k) > 1. Furthermore, it holds that card(k) — +o0, as n — +o0.
Set b* := b(0), the maximum of b(z). Denote by [-] the integral part of a
number.

Next we give the first main result.

Theorem 18.21. Letx € R, s € X, T >0, and 1 < q < +o0. Heren € N
is such thatn > max(T+|z|, T~Y*). Assume that [, D(f(z,s),0)P(ds) <
+00. Then

(/X Dq(fn(x’s)’f(x’s))P(ds)>l/q

[nz+Tn] b(nl_a (l‘ _k

T e D%f(a:,s»a)P(ds))l/q

k=[nz—Tn]

b* 1 (F) T
— 2T+ — | Q —_— .
o (o) o (r5),,
(18.14)

Proof. All parts of inequality (18.14) make sense because of the notions
and basic results developed in Section 18.2. As in [6] we have that

[nz+Tn] 1—a k
b(n'~*(z—3)) _ v 1
PO <2T+ n_a) . (18.15)
k=[nz—Tn>]

We see that
[nz+Tn]

Difules) S =0 37 p(Es)e

k=[nz—Tn>]
b(nt—« _k
=) 1)

[nz+Tn]
*

<D Z f<§75>®w’

k=[nz—Tn>]

[nz+Tn®] _
. b(n' =" (x—3))
Z f(xv 5) © ITL—O‘
k=[nz—Tn>]

[nx+Tn]

+D | f@s)o Y

k=[nz—Tn>]
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(by Lemma 1.2)

[ne+Tn] b 1—a Kk
< |y W) b
k=[nz—Tn>]
[nz+Tn] b 1—a _k k
) 8 )
k=[nz—Tn>]
That is,
[nz+Tn) b 1—a _k
D(fn(III,S),f(ZE,S)) < Z w_l D(f(S,IE),a)
k=[nz—Tn>]
[nz+Tn] b 1—a ok

k=[nz—Tn>]

Therefore

</X Dq(fn(zli,3),f(:r,5))P(d$)>1/q

[nx+Tn] 1—a 1/q
b
< E (n I7(1 </ DY(f(x,s) (ds))
k=[nz—Tn>]

Y —b(nliiffi_ =) ( [oor(r(5s) se0) P<ds))l/q

k=[nz—Tn>]

[nx+Tn] 1— 1/q
b(n a
< Z I —1 </Dq x,8) (d5)>
k=[nz—Tn>]
[nx+Tn] 1— k
b= o= ) o (|8
£ X el (nfi-e]),
k=[nz—Tn>]
[nx+Tn] 1— 1/q
b(n a
< Z I —1 </Dq x,8) (d5)>
k=[nz—Tn>]

+( [mina] b(nl—?g— 5))) <f7 S a)m

k=[nz—Tn>]

[na:+Tn”] b(nl_a([[; o E))

) CEE| &

k=[nz—Tn>]

1/ *
(foteomen)" s % s L) (1),

(by (18.15)) <
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Remark 18.22. By Lemma 2.1 of [9], p. 64 we get that

[nz+Tn] 1—a k
. b(n'~*(z — 7))
D D it
k=[nz—Tn>]

any ¢ € R. Let f € Cg%(R), then lir_{l ng) (f, nEQ)Lq = 0, by Propo-
sition 18.13(ii). Therefore from (18.4) we obtain

lim [ D¥(fu(,s), f(z,s))P(ds) =
n—-+oo X

“g-mean”
That is, f,(z,s) —  f(zx,s), pointwise in € R with rates.
n — 400
We need also (see also [6], [47])

Definition 18.23. Let the nonnegative function S: R — R, S has compact

support [T, T], T > 0, and is nondecreasing there and it can be continuous
only on either (—oo, T or [T, T]. S can have jump discontinuities. We call
S the “squashing function".

Suppose that

T
I ::/ S(t)dt > 0.
-T

Clearly

S(z) = S(T).
Lohax S(@) = S(T)

Here we consider again
f e CYLR).
For x € R, s € X we define the “univariate fuzzy-random squashing
operator”

n’ nl=o (g _ k
(Gn(f))(z,5) == Z f (i,s) ® S( ( ”)), (18.16)

I*n>
k=—n2

0<a<landnéeN:n>max(T+ |z|,T-).

The above neural network operators are also linear operators in R. These
operators in the ordinary real case were thoroughly studied in [6], [47], and
in the fuzzy sense were studied also in [11].

It is clear to see again that

[ne+Tn]

nimo(p—k
Gulfs)= Y f<’“,s)@5( C=) s

k=[nz—Tn]
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Here we study the pointwise convergence in « € R with rates of

(Gu())(@,5) TS fla,5),1 < g < 400, as n — +0.

We present

Theorem 18.24. Let x € R, s € X, T >0 and 1 < g < +o0. Let n € N
such that n > max(T + |z|, T~Y/*). Suppose that

/XD‘I(f(:c,s)ﬁ)P(ds) < 400.

Then

( [ D (Gan)(wis) f(xvs))P(ds))l/q

[nx+Tn]

S S G (/ D‘I(f(z,s),a)P(ds))l/q

k=[nz—Tn>]

S(T 1 T
3D (o L ow (L)
I* no Tll « La
(18.18)

Proof. All parts of inequality (18.18) make sense because of the notions
and basic results presented in Section 18.2.
Notice that

[ne+Tn]
> 1@ +1). (18.19)
k=[nz—Tn]

We observe that

D((Gn(f)(x;5), f(z,5))

[nez+Tn]
*

pl Y 5 <§s) S e Gl %)),f(x,S)

k=[nz—Tn"]

['VL:L‘—‘,-T::LQ] 1—a ok
RO =)

k=[nz—Tn"]

IN

[ne+Tn% _
. S~ (z - 3))
Y. flas)o——Fs

k=[nz—Tn>]

[nz+Tn"] 1— k
S(nt-o(z — &
0 (s 3 Sl

k=[nz—Tn>]
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[na+Tn] S(’I’Llia (ZL' _ %)) :
Z I*na -

k=[nz—Tn>]

N [mcf”“ S(nl’;*(;a— ) D <f (g’s> ,f(m,s)) ,

k=[nz—Tn>]

(by Lemma 1.2) < D(f(x,s),0)

That is,

) S 8)
Z I*no o ’
k=[nz—Tn>]

D(f(z,s),0)
" S (o - )

+ Z [*no “

k=[nz—Tn>]

D(f(%s) ).
Hence
(/X DIU(Gn(f))(z,5), f(, s))P(dg))

I S k)
Z I* no -

k=[nz—Tn>]

P S (e - b))

+ Z I*no 5

D((Gn(f))(,5), f(z,5)) <

([ st s>,5>P<ds>)1/q

<

k=[nz—Tn>]
(RUCOEE ) 9)"
X
[nz+Tn] k 1/q
x—_
<| 3 Sl </Dq w90
k=[nz—Tn>]
e+ Tn® o 1 a(. K
Sz =) g
k=[nz—Tn] La
[nx+Tn] 1— (x 1/q
S(n m— 2
<y ATl (/D (@,5).0)P(ds))
k=[nz—Tn>]

k=[nz—Tn>]
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[ne+Tn" S(nlf"(ﬁ— E)) -

(by (18.19)) < >

k=[nz—Tn>]

</X D(f(x,s), 6)P(ds)) 1/q
S0 or s LYo (1) D

Remark 18.25. From Lemma 2.2, p. 79, [9], we have that

[na+Tn) 1—a k
: S (z—3))
nEIJIrloo Z I*n> —1=0
k=[nz—Tn>]

any x € R.
Let f € C’gg(R), then nEIJIrlOO Q(lf) (f, nljia)Lq = 0, by Proposition
18.13(ii). Thus from (18.18) we obtain

lim DI(Gnf)(z,s), f(z,s))P(ds) = 0.

n—-+o0o X
“g-mean”
That is, (G f)(z, s) —  f(z,s), pointwise in € R with rates.
n — +00

Next we study further the fuzzy random operators F,,, G,, in 1l-mean,
their pointwise convergence with rates to the fuzzy-random unit operator
again. However, this time the domain of operators is the fuzzy-random
differentiable functions. That fact is reflected in the derived inequalities.

Assumptions 18.26. Let z € R, s € X; where (X, B, P) is a probability
space, and n € N such that
n > max(T + |z, 77, T>0,0<a<]1.

Let f: R — L#(X, B, P) be a fuzzy random function, such that the fuzzy
derivative in z

fU:R— Ls(X,B,P), j=1,...,N,

exist and are fuzzy random functions. (Le., f¥)(z,s), forall j = 0,1,..., N
is B-measurable in s.)

We suppose that (V) (x, s) is fuzzy continuous in z, and D(fN)(z, 5), 6)
M, V(z,s) € R x X, where M > 0. We also assume that

IN

/ D(fY9(x,s),6)P(ds) < 400, allj=0,1,...,N.
X
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We finally suppose that

f9 e CZL(R), allj=0,1,...,N.

We give
Theorem 18.27. All here as in Assumptions 18.26. Then

PR bt (o - £))

/X D(falz,s), f(z,s)Pds) <| 3 Tno

k=[nz—Tn>]

[/ D(f P(ds) + 97 (f, ana>J
+ i) (f, _‘> b;<2T+1>

N 1

-1

'n(l a)j
J
@ [ §0)
1 f nlfa I
2NTNp* 1
+ NG (2T + a) :

U D(fMN)(x,s),6)P(ds) + 30" <f<N> nTQ)Ll].

Remark 18.28. By Lemma 2.1 of [9], p. 64 we get that

21 [ D(f9(z,s),0)P(ds)+ (18.20)
T

[ne+Tn®] b(n'=(z — E))

li —- R | = .
n_{r_&)@ Z Tna 1 0, anyzeR
k=[nz—Tn>]

Since fU) € C%}{(R),j =0,1,..., N, we have that HEI-EOO Q(lf)( 1_Q)L1 =

0, by Proposition 18.13(ii). Thus from (18.20) we find that
lim D(fn (z,s), f(x,s))P(ds) = 0.

n—-+oo

“l-mean”
That is, f,(z,s) — f(z,s), pointwise in « € R with rates.
n — +00
Proof (of Theorem 18.27). All parts of inequality (18.20) make sense

and are finite, by Assumptions 18.26 and results of Section 18.2. Because
b has compact support [T, T] we have that

[nx+Tn]

fala,s)= > f(:,s>@b(7””a(x_fi))_

In~
k=[nz—Tn>]
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Clearly the terms in the sum (18.13) are non-zero iff n' = |z — %| <T,iff

T k T
<z——-<— z€eR
n

nl—o nl—o ’

Hence here we have x—nlL_(, < % By Lemma 18.2 all fU), j =0,1,...,N—
1 are fuzzy continuous. Using the fuzzy Taylor formula (Theorem 18.3) we
obtain

N-1 k T \J
k . T (5 -7+ =) k
() -E (e g e (o
=

where

T k
RN <1’— 1—_,—,5) =
n--en

s1 SN—1
/ / f(N)(sN,s)dsN dsy_1...|ds;
oo T T

I—«a

Py =y

is a fuzzy random variable by Proposition 18.18, Lemma 1.15 and Lemma
18.1.
Easily we derive

[nerT:a] 1—a K
)3 f<ﬁﬁ)®b@ (z—3)
n In~
k=[nz—Tn>]

[nz+Tn®] N-1 k T j
* x T (n — T+ F)
- X (0 ms) o
b(n'~*(z — )
© Ine
[na+Tn]

T k
® Z RN<$_nl_—a’E’s)

k=[nz—Tn>]
b (e —4)

T
In>
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That is,

N—1 nt+Tn ] k T \J
* ' T S) LR
)

=X Y (e

J=0 k=[nz—Tn>]

U0 la— )

[na:JrTlL”] T i
& > Ry (x—nl—a’gas>

k=[nz—Tn>]

S0 )

Next we estimate

k=[nx—Tn

[nm+T;1 ] T
D(ful, ), f(z,5)) < D (fnu,s), g ( - n—) °

In~
[nz+Tn®] 1—a k
T b(n'~*(x—3))
+D<f<xnl——a’8)® ) TR
k=[nz—Tn>]
I <LE %,5) ®1) + D <f <x 1i,5> ,f(m,s))
n e n e

— n;z:+Tn
2 )
)

(by Lemma 1.2) < D (Z Z O <IE =il

J=1 k=[nz—Tn>]

(t-r+ o) b= b))

© 4! In®
[nz+Tn]
* T k
53] Z Ry <$_n1a’ﬁ’s>
k=[nz—Tn>]
b= 8) Y| e )
s e R Y JE
k=[nz—Tn

.D(f <ﬂfnli_a5> ,5) +D(f (wnli_cﬂ) ,f(xvs))
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—1 [nz+Tn%]

>y b
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J=1 k=[nz—Tn>]

D <f(j) (x -

[ne+Tn]

>

k=[nz—Tn>]

In>

St gte) bt )

In~

1))
nlfoz’s 0

b(nl_o‘ (w —

k

D (ny (- L0 )

[nz+Tn]

>

k=[nz—Tn>]

Dsfemgas) ) (oot re)

b (e 8)

In>

Consequently we have

[ne+Tn]

b(nl—a (Z‘ — %)) T i
" k—[nwz:Tn@] o I /XD <RN (:z: Coplea? E’S> ’0> P(ds)

[na+Tn®]

’ k=fn§—:Tna'\ W ! /X b <f (x B nl—a"s) ’5> P(ds)

+/XD <f (:c - nli_as) ,f(w,8)> P(ds).
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Le., it makes sense by Remark 18.5 and Proposition 18.17 the integral
| DUGes). 59 Plas)

N-1 i
b 1 i
(by (18.15)) < — <2T + n) ' {Z T

Jj=1

[fwisomer s (.52,
T

N [nzin] b(nl’ifjl* Z))/XD<RN(

k=[nz—Tn>]

[nz+Tn] 1—a Kk
bz —3)) (18.21)

+ Z Ina
() T _.
— >L1:| + Ql (f7 n1a>L1 — (*)

T L))

k=[nz—Tn]

UD z,5),6)P(ds) + Q7 (f,

In the following we work on

/D(RN <x17:,k,s) 6> P(ds)
X n-—*'n
T T
S/ D<RN <x_1ak78>7f(N) <$— 1— 78>®
X n--*'n nte

Eogg )Y
(; t3 ))P(ds)

T b .
+/ D <f<N> <x nl—a’5> ® G x;,"l ,0> P(ds),
X .

the last makes sense by Remark 18.5 and Proposition 18.17(3).
That is,

Finally we estimate
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N
T k N T (2 -2+ L)
/)(D (RN (IL‘ W,ﬂ,s) ,f( ) <x nl_a75> O] N .

P(ds)

o] ([ (o)

nl—a nl—a nl—a
k 51 SN-1 T
dsl,(FR)/ ) / Lo / ; o <xn1_a,s> dsn
xi, — zinlfa r— o

N o
dSN,1 .. ) d81>P(d8)
s1
/.

k
(by Lemmas 1.13, 1.15, 18.1) < / </
X r— -

. (/SN; D <f(N)(SN,S),f(N) (z nza,5>) dsN> dSN_1"'> d51>

T al—a

P(ds)  (by Lemma 1.13, bounded

convergence theorem, Proposition 18.14(i) and Fubini theorem)
k

S (Lo (e (o )

o

P(ds)) dsN) dsn_1 .. ) ds

nl—a

% S1 SN—1
s/ / / o (f<N>, SN =T+ ) ds
r——Ly \Je——Lg r——Ly [ V!
...dle...>d51
k T \N
(*-1’+ﬂ) (F) Ny K T
< \n n .Q (N) &
- N! 1 f n x+n17a 1
2NN

0@ [y 2T
= NlipN(i-a) & (f ’n1°‘>L1

Thus, we got that

N
T k T (£ -2+ %)
- (N) _ n nl—o .
/}(D(RN (:lc nlf"’n7s>’f <w n1a7s>® N

oNTN ) 2T
et (n) 24
P(ds) < N!.pN(1-a) h (f ’nl—a)m
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2N+1TN F T
< Svaa i (MY =)
NinpN(1-a) n 11
Putting things together we derive

[0 (o L 5) o) pia

< Mg(f) £V T
= NipN-a)°1 Tpia )

2NN (N (F) T
NlnN(l ) </ D )I S ) (d5)+Q (f( )7n1—a>L1)'

That is, we find

AD@m@_f;ggﬁyw@ e

NN ( / ) T
< D(f 3)P(ds) + 30 (f(N),> )
NipN(O-a) nt=e ),

Also it holds

k=[nz—Tn>]

S M p (o 2 k) ) P
oy 1819) < 2t (o4 ) [ DU e 00ps

- T
+ 307 <f(N),n1a> }
1

Putting things in (*), see (18.21), etc. O

Finally we present
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Theorem 18.29. All here are as in Assumptions 18.26. Then

[ DG a9). S 9)Plas) <

R st k)
I*no B

k=[nz—Tn>]

[/ D(f(z,s) (ds)—!—Q(f) (f anO‘)Lj
(F)
i (1 nw>p

S(T) 1 i
I (2T—‘r na) . ; jin(—a)i

. [/X D(f9)(x,5),6)P(ds) + 2 (f(j),an_a>Ll]}

2NTN S(T) 1
+ NG <2T + a> (18.23)

[/Df(N z,5),0)P (ds)+3§z(f>(f< ) L >L}

nlfa

Remark 18.30. From Lemma 2.2, p. 79, [9], we have that

[nz+Tn] S(’ﬂlia (CU _ E))

nll»r-sr-loo Z Tena —1/=0, anyzecR.
k=[nz—Tn>]
Since ) € CYL(R), j =0,1,..., N, we have that
lim Q ) ) =0.
n—-+oo (f I

Hence from (18.23) we get that

lim [ D(Gnf)(x,s), f(x,s))P(ds) =

n—-+4oo X
That is,
“l-mean"
(an)(x75) — f(xas)a
n — +00

pointwise in x € R with rates.
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Proof (of Theorem 18.29). Basic facts here are justified as in the proof
of Theorem 18.27. Again we see, that the terms in the sum (18.16) are
non-zero iff n! = |ac — %| <T,iff

T < Egi z € R.
n

nl-a — nl-o ’

Thus here x — nlL_Q < % By the fuzzy Taylor formula (Theorem 18.3) we
have

()%

Jj=0

* =

ko _T_\J
f(j) <1._ Toﬂs),(n sznlfa) @RN(x_i ﬁ,s>7
n

nt— 7! l—a’p

where
T k
RN (x — nl_—oc’ ﬁ, S)
E s1 SN-1
= (FR)/ / / FMN) sy, 8)dsn
r— an,a T— nlqla x— n17la
dSNfl) .. ) dSl.
Hence
[nx+Tn] 1— k
* k S(n'~%x— =2
n I*n>
k=[nz—Tn>]

[nz+Tn*] N-1

_ Z* Z* f(J) <.’L‘ _ nljia , S)

k=[nz—Tn>] j=0

(E — T+ nljla)j

n

© 1l
J:
S b)
I*ne
[nz+Tn]
* T k
® Z RN(z— _a,—,s>
k=[nz—Tn>] n! K
LS )

I*ne
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That is

N—1 [nz+Tn"]

Gaf)s) = 3 3 40 (zan_ )

J=0 k=[nz—Tn>]
(5 -otate) S -4)

n

O]

5! I*ne
[nz+Tn®]
* T k
(&) Z RN (x_ la’_’5>
k=[nz—Tn] " "
LSt )
I*ne
Next we estimate
D((Gnf)(z,3), f(,s))
[nz+Tn®] —
* T S nl Nz — &
< D((an)(l',s)7 Z f (.T - nlo&’s) © ( I*Ela n))
k=[nz—Tn"]
[nz+Tn®] 1— k
T S G ),
+D(f (l‘_nl_oz’s>® Z T*ne ’
k=[nz—Tn

TC T B (TR

N—-1 [nz+Tn%]

(by Lemma 1.2) < D Z* Z* £ (CE - %,s)
j=1 k=[nz—Tn>] "

-zt a=) S (z—3))
] © *
J! I*n
[ne+Tn] _
o Tk S b)
© RN <£U - ni—o ) ﬁa8> © T*ne , 0

k=[nz—Tn>]

©

I e k)
Z I -

k=[nz—Tn>]

+D(f (x nli_“8> ,f(fcvs))

+
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T e ) s )
B j=1 k=[nz—Tn>] '7' Irn®
o(# (s 71) 9)
n
[nz+Tn?] 1—a k
S(n'=(z — k) Tk .
+ Z I D(RN <l’nl—_a,ﬁ,$),0)
k=[nz—Tn>]
) (i k)

k=[nz—Tn>]

+D<f (m—%ﬁ) ,f(x,8)>~

Therefore we derive
/X D((Gof)(x,5), f(z,5)) P(ds)
L (kg L) S(nt (- )

= Z Z § j! I*ne §

j=1 k=[nz—Tn]

ol o)

[ne+Tn] 1—a k
S(ni= (e — k) T kN
+ E Trno /}(D(RN (ZE—F,E,S>,O> P(ds)

k=[nz—Tn>]

A ),

+

+ k_[n;Tm T 1 ./XD<f (x— anch) 75> Plds)
+/XD<f (:c—nlia,s),f(m,s)> P(ds).

That is

/X D((Gf)(x.5). f(5))P(ds)

< 50 <2T N i) - { 2T [ [ D0, 0) Pl

F y T
(), )
L1

[ne+Tn] 1—a k
S(n (x — H)) T k N
+ Z Tona /X D (RN (m - i E’S> ,o> P(ds)

k=[nz—Tn]




372 18. Fuzzy-Random Neural Network Operators, Univariate case

[ne+Tn] 1—a k
S~z - 3))
+ Z [*no -1

k=[nz—Tn>]

UD z,5),6)P(ds) + Q7 (f 1Ta> }Hlif)(f, 1Ta>
n I n 1

Using (18.22) we find

[nz+Tn] S(pl=o (g — k T & )
s s n>>./XD<RN (x_nla,g,s),o)pw
k=[nz—Tn>]
NN
(o5 (159) < il (214 o) | [ DU (w9001 Ptas)

F
+3Q§ )<f(N)7F) ]
L1

Putting things in (*), see (18.24), etc. O
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A-SUMMABILITY AND FUZZY
KOROVKIN APPROXIMATION

The aim of this chapter is to present a fuzzy Korovkin-type
approximation theorem by using a matrix summability method.
We also study the rates of convergence of fuzzy positive linear
operators. This chapter is based on [27].

19.1 Introduction

The study of the classical Korovkin type approximation theory is a well-
established area of research, which deals with the problem of approximating
a function f by means of a sequence {L, (f)} of positive linear operators.
Most of the classical approximation operators tend to converge to the value
of the function being approximated. However, at points of discontinuity,
they often converge to the average of the left and right limits of the func-
tion. In this case, the matrix summability methods of the Cesédro type are
applicable to correct the lack of convergence [45]. The main purpose of us-
ing summability theory has always been to make a nonconvergent sequence
"converge". Some results regarding matrix summability for positive linear
operators may be found in the papers [38], [39], [94]. In this chapter using
a A-summation process we study the approximation properties of sequence
of positive linear operators defined on the space of all fuzzy continuous
functions on the interval [a, b].

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 373-384.
springerlink.com © Springer-Verlag Berlin Heidelberg 2010
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Anastassiou and Duman [29] introduced the fuzzy analog of A—statistical
convergence by using the metric D.

Let (,,),en be a fuzzy number valued sequence and let A = (a;,) is a
non-negative regular summability matrix. Recall that the regularity con-
ditions on a matrix A are known as Silverman-Toeplitz conditions in the
functional analysis (see for details, [70]). Then, (u,,), oy is A—statistically
convergent to p € Ry, which is denoted by st4 — nler;OD (ty,, pp) = 0 if for

every € > 0

li =

Pl D, =0

n:D(py,,1)>e

holds. Some basic results regarding A—statistical convergence for number
sequences may be found in the papers [65], [77], [86]. Of course, the case
of A = (7, the Cesdro matrix of order one, immediately reduces to the
statistical convergence of fuzzy valued sequences which defined by Nuray
and Savag [91]. Also, if A is replaced by the identity matrix, then we have
the fuzzy convergence introduced by Matloka [85].

Let A = (A"),5, A" = (azj k,jEN

negative real matrices. For a sequence of real numbers, = = (z;)
double sequence

be a sequence of infinite non-

jen the

Az = {(Az); : k,n € N}

&)
defined by (Az), := > a;x; is called the A—transform of 2 whenever the
j=1

series converges for all £ and n. A sequence z is said to be A—summable
to L if

oo
lim E at.x: =1L
k— o0 kja

=1

uniformly in n ([42], [99]).

If A" = A for some matrix A, then A—summability is the ordinary
matrix summability by A. If, aj; = %, forn <j<k+n, (n=12..),
and ay; = 0 otherwise, then A—summability reduces to almost convergence
[82].

19.2 A Fuzzy Korovkin Type Theorem

In this section we prove a fuzzy Korovkin-type approximation theorem via
the concept of A—summation process.

Let f : [a,b] — Rz be fuzzy number valued functions. Then f is said to
be fuzzy continuous at z¢ € [a,b] provided that whenever z,, — xq, then
D (f (zn), f(x0)) — 0 as n — oo. Also, we say that f is fuzzy continuous
on [a,b] if it is fuzzy continuous at every point x € [a, b]. The set all fuzzy
continuous functions on the interval [a,b] is denoted by Cr [a,b] (see, for
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instance [18]). Notice that C'z [a,b] is only a cone not a vector space. Now
let L : Crla,b] — Crla,b] be an operator. Then L is said to be fuzzy
linear if, for every A1, A2 € R, f1, fa € Cx [a,b], and z € [a,b],

LMOfid o fox) =M OL(fi;2) 8 0 L(f)

holds. Also L is called fuzzy positive linear operator if it is fuzzy linear and
the condition L (f;x) < L(g;z) is satisfied for any f,g € Cr [a,b] and all
x € [a,b] with f(z) = g (x).

Throughout this chapter the symbol | f|| denotes the usual supremum
norm of f.

A sequence {L;} of positive linear operators of C [a, b] into itself is called
an A-summation process on C'la,b] if {L;(f)} is A-summable to f for
every f € Cla,bl, i.e.,

lim ZaﬁjLJ— (f)—fl| =0, uniformly in n, (19.1)

where it is assumed that the series in (19.1) converges for each k,n and f.
Let {L;} be sequence of positive linear operators of C'[a,b] into itself
such that for each k,n € N

suEZCLZJ— IL; (1] < oo. (19.2)
ki)
Furthermore, for k,n € N and f € C[a, b], let
By (f32) = _ai;L; (f)
j=1

which is well defined by (19.2) and belongs to C'[a, b] .

In this chapter, we establish a theorem of Korovkin type with respect to
the convergence behavior (19.1) for a sequence of positive linear operators
of Cr [a,b] into itself. So our results are extensions of type (19..1)

1ir101<> ZaZij (f)—=fll =0, uniformly in n.

If a sequence {L;} of positive linear operators of C'z [a,b] into itself is
called an A-summation process on Cr [a,b] if {L; (f)} is A-summable to
f for every f € Crx[a,b]; i.e.,

k—o0

lim D* ZaZij (), f| =0, uniformly in n.
j=1
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Throughout the chapter we use the test functions e; (z) = z* (i = 0, 1,2)

Then Anastassiou [18] obtained the following fuzzy Korovkin theorem.

Theorem 19.1. ([18]) Let {L, }, .\ be a sequence of fuzzy positive linear
operators from Cr [a, b] into itself. Assume that there exists a corresponding

~

sequence { L, of positive linear operators from C [a, b] into itself with
neN
the property

{Ln (f;2)}) = L, (f(’"); x) (19.3)
for all « € [a,b], r € [a,b], n € Nand f € Cr[a,b]. Assume further that

lim En (61) — €5

=0 foreachi=0,1,2.

Then, for all f € Cr [a,b], we have

lim D* (L, (f).f) = 0.

n—00

Recently the A—statistical analog of Theorem 19.1 has been studied by
Anastassiou and Duman [29]. Tt will be read as follows.

Theorem 19.2. ([29]) Let A = (a;,) be a non-negative regular sum-
mability matrix and let {L,}, y be a sequence of fuzzy positive linear
operators from Cx [a, b] into itself. Assume that there exists a correspond-

~

ing sequence 4 L, of positive linear operators from C [a,b] into itself

neN
with the property (19.3). Assume further that

~

sta — lim ||L, (e;) —e;|| =0 for each i =0,1,2.

n—oo

Then, for all f € Cx [a,b], we have

stg — lim D* (L, (f),f)=0.

n—0oo

We now give the following generalization by using a matrix summability
method.

Theorem 19.3. Let A = (A"), -, be a sequence of infinite non-negative
real matrices such that B

supZaZj < 00 (19.4)
n,k
=1

and {L, }j cn be a sequence of fuzzy positive linear operators from Cr [a, b]

into itself. Assume that there exists a corresponding sequence {Lj} of
jeN



19.2 A Fuzzy Korovkin Type Theorem 377

positive linear operators from C [a,b] into itself with the property (19.3)
and satisfying (19.2). Assume further that

k—o0

lim | af;L; () — eif| = 0 for each i = 0,1,2 (19.5)
i=1

uniformly in n. Then, for all f € Cx [a,b], we have

k—o0

lim D* (> ai; L (f).f | =0

uniformly in n.

Proof. Let f € Crla,b], x € [a,b] and r € [0,1]. By the hypothesis,
since fj(:) € C'la,b], we may write, for every ¢ > 0, that there exists a
number § > 0 such that ‘f(r) (y) — j(;) (x)‘ < ¢ holds for every y € [a, b

satisfying |y — 2| < 6. Then we get for all y € [a,b], that

o 2
10 )= 10 (@) < e 22 W= (19:)

where Mg) = H fj(:) . Now using the linearity and the positivity of the

operators L; and considering inequality (19.6), we can write

> Ly (£752) = 1 (@)
j=1

< Syl (19 @) - 1 @)|i2) + |1 @) Zakj -1
j=1
0 7 Y —2)° ()
n T T
§ ;akij €+2M 5— + Hf Zakﬂ —1
< e+4c¢ Zakﬂ 1:r71+ i Zak] ( f:cz;:c)
) Zagij (Liz)—1
j=1
2 & 2
< <5+M ) Zak] (L) — 1]+ 5 Zakj ((yfx) ;z)

Jj=1
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(

r) 0o
- e (e n2) Sy 51|+ 280 (S
—2xZaZij (y; ) + xQZaszJ (1
j=1 j=1
e+ (5 + Mf_[’) S apL; (Lia) — 1

<
j=1
2M:E:T) = 7 2
+— Za L (y x) x
d e
+2 || ZakjL (y;2) — x| +x ZaZij(l,x)—l
j=1 j=1
< et (e M) e Ly (152) — 1
j=1
oM | &~
+— Zakij (y ,:13) —2? Jr Zakj
j=1
(r) 2|
20 o~
= > aiiLi (Liz) —1
j=1
(r) QMiT)C
< e+ e+ M+ 52 Zak]L] (e0;) — e
j=1

where ¢ := max{|al, |b|} . If we take

)

. o 2e2M) aem” oD
K:(‘:)(E) — Imax {5+M:(t)+ 52i 52:|: ) 6;: )
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then we get

Zam (1052) = 10 (@) < e+ KO (@) Zak] (co3 ) — o

E akj el,x —e1| + E akj 62, —62

Then we observe that

sup max Za ; (f(T);as) - fir) (x)

rel0,1]

< e+ sup maxKg) () Zakj (eo;) —eo| + ZakJ (e1;2) —er
rel0,1]

E akj 62, — €2

Taking K := K (¢) := sup max {K(f) (€), KS:) (E)}, we get
rel0,1]

(r). ()
Sup sup max a [T il (z)
z€a,blrel0,1] Z kj ( * ) *

j=1
< e+ K(e)q sup Zak] (eo;x) —eg| + sup Zakj (e1;2) —e1
z€Ja,b] z€Ja,b]
+ sup Zakj (eg;2) — ey
z€la,b] j=1

Consequently, we get

> aiLi(fi), f (x)
j=1

IN

e+ K ZaZij (60) — €0
j=1
+K ZaZjL] (e1)
j=1

+K ZaZij (e2)
j=1
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By taking limit as kK — oo and by using (19.5),we obtain the desired result.
O

If we take A™ = I | the identity matrix and A™ = A, for some matrix
A in Theorem 19.3, we immediately get Theorem 19.1 and Theorem 19.2,
respectively.

Remarks. We now present three examples of sequences of positive linear
operators. The first one shows that approximation Theorem 19.3 works but
the statistical version of Theorem 19.2 does not work. The second one shows
that approximation Theorem 19.3 works but Theorem 19.1 does not work
and the last one shows that statistical version of Theorem 19.2 works but
Theorem 19.3 does not work.

Assume that A := (A"),5, = (GZ])k o is a sequence of infinite ma-

J
trices defined by aj;, = +ifn<j<k+4+n, (n=12..), and ap; =0
otherwise, then A—summability reduces to almost convergence.

(i) Take (u;) = {(—1)‘7}. Observe that u is almost convergent to zero,

but it is not statistically convergent. Then consider the Fuzzy Bernstein-
type polynomials as follows:

B (i) = (140 0 3 (D)ata-ortor ().

k=0 J
where f € C£[0,1], x € [0,1] and j € N. So we write
(%) R ) Sl j=k ) (K
(B ()} =B (f5e) = (1 +u) Y2 (7 )" 1=y 10 (2 )

J

where fg) € C'[0,1]. Then, we get

§j (eo;z) = (1+u,)
Bj(eniz) = (L+uyw
Bj(exiz) = (1+uy) <m2+(x_jx2)> :

Since u is almost convergent to zero we get

kli_)r{)l@ Zazjgj (e;) —eil| =0 foreachi=0,1,2,
j=1
uniformly in n. So, by Theorem 19.3, we obtain, for all f € C# [0, 1], that

lim D* | ap;B; (f), f ] =0,
j=1

k—o0
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uniformly in n. However, since u is not statistically convergent to zero, we
observe that {B;} satisfies the Theorem 19.3 but it does not satisfy the
statistical version of Theorem 19.2.

(if) Let (v;) = (1,0,1,0,...). We see that (v;) is almost convergent to 3,
but not convergent. Then consider

f)(f;a:):< +vj> ;j() 1—ff)jk@f<];>’

for f € C£[0,1], z € [0,1] and j € N. Hence {L;} satisfies the Theorem
19.3 but it does not satisfy the Theorem 19.1.
(iii) Now consider the sequence of 0’s and 1’s defined as follows:

0,..,0 , 1,..,1 ,0,..,0,1,..1,1,...

— 100 «— — 10 <«

where the blocks of 0’s are increasing by factors of 100 and the blocks of
1’s are increasing by factors of 10. If we denote this sequence by (y;), then
(y;) is not almost convergent but it is statistically convergent to zero [87].
Then we define

J .
) (f2) = 1+y]®z*<> 1_x)jk®f(l;>
k=0

for f € Cr[0,1], x € [0,1] and j € N. We observe that {7},  satisfies
the statistical version of Theorem 19.2 but it does not satisfy the Theorem
19.3.

19.3 Rate of Convergence

In this section we study the rates of convergence of the sequence of fuzzy
positive linear operators examined in Theorem 19.3.

Let f : [a,b] — Rgz. Then the (first) fuzzy modulus of continuity of f,
which is introduced by Gal [66] (see also [18]), is defined by

S(f8) = sup D(f(x),f(y)

z,y€[a,bl;|lz—y|<o

for any 0 < 6 <b—a.
As in [15], we have

F)(f,6) = sup max {m (fg)ﬁ) W1 ( iT)’a)}'

rel0,1]

Then we give the following.



382 19. A-Summability and Fuzzy Korovkin Approximation

Theorem 19.4. Let A = (A"), -, be a sequence of infinite non-negative
real matrices such that -

and {L, }j o be a sequence of fuzzy positive linear operators from Cr [a, b]
into itself. Assume that there exists a corresponding sequence {Lj} of
JEN

positive linear operators from C'[a,b] into itself with the property (19.3)
and satisfying (19.2). Suppose that L; satisfy the following conditions:

oo
i. lim

= 0 uniformly in n
k—o0

G,Zij (60) — €0
j=1

ii. klim wgf) (f, 1) Za',’jjfj (e0) — eo|| = 0 uniformly in n
—00 j=1

iii. klim wg}—) (f,17) = 0 uniformly in n, where pj =

and ¢ (y) = (y — x)* for each x € [a, b].

Then for all f € Cr[a,b] we have

lim D* | "ap;L; (f),f | =0
j=1

k—o0

uniformly in n.
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Proof. Using the linearity and the positivity of the operators L; we may
write, for each 7 € N, that

Zakg ( (7’) ) f(’“)( )

< @) ilazjfj (Liw) =1 +f;a,w (172 @) - 1 @) 9)
p p
< M Zakj (e0; ) — €0 —l—Za »(wl (f(” (yé_”@)> ;a:)
< M Zakj (e0; ) — €o
+Zazjfj ((1 + {WD wn (£0).9) ;1:)
o
< M Za (e0; @) — €o
+Zagjfj ((1 + “/52”32> on (10.6) ;x)
o
< M Za (eo; @) — eo| +wn (11, )Za (i@

w (r),
( >Za1w ( )2;5[;)

< Za’w (eo;x) — eo| +wr (fg, ) Zak] (eo;x) — eo
(r) 00
4w, (fj(:), 5) + ajl(fi’&)z:azjij ((y - $)2 ;a:)

where M : H fi (1|, Then we observe that

Zakj (fi ,l’> *fj(!) (2) Za;@ (eo; ™) — eo|| +
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+ w1 ( (r) 6) Zakj (eo;) —eg
M 5) ||
+ur (f0,6) + —5—2 (f ) Za

If we take § = pj}, we conclude that

Zaﬁjiﬂ‘( ) @) <Ml Zak] (e0; ) — eo
j=1

twi (fir)a,u@ Zakj (e0;2) — eol| + 2w1 (f:(i:r)vﬂk)

Then we get

SoapLi (). f | < M| Y apiL (eo) - eo (19.7)
Jj=1 j=1

+§)mmm—% W ()

+2OJ1 (fv ,uk)

where M := sup {M’;,Mi} .Letting £ — oo and using the hypothesis
rel0,1]
(4), (i9) and (vit) we get

Jim D* | > aiLy (£).f | =0

uniformly in n, which completes the proof. O
We note that the rate of convergence of the involved operators may be
obtained from (19.7).
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A-SUMMABILITY AND FUZZY
TRIGONOMETRIC KOROVKIN
APPROXIMATION

The aim of this chapter is to present a fuzzy trigonometric
Korovkin-type approximation theorem by using a matrix sum-
mability method. We also study the rates of convergence of
fuzzy positive linear operators in trigonometric environment.
This chapter is based on [28].

20.1 Introduction

Approximation theory which has a close relationship with other branches
of mathematics has been used in the theory of polynomial approximation
and various domains of functional analysis [3], in numerical solutions of
differential and integral operators [78], in the studies of the interpolation
operator of Hermit-Fejér [44], [45], [55] and the partial sums of Fourier
series [79)].

Most of the classical approximation operators tend to converge to the
value of the function being approximated. However, at points of disconti-
nuity, they often converge to the average of the left and right limits of the
function. The main purpose of using summability theory has always been
to make a nonconvergent sequence "converge". Some results regarding ma-
trix summability for positive linear operators may be found in the paper
[38], [39], [94]. In this chapter using a A-summation process we study the

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 385-397.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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approximation properties of sequence of positive linear operators on the
space of all 27-periodic and continuous functions on the whole real axis.

20.2 Background

Anastassiou and Duman [29] (see also [63]) introduced the fuzzy analog of
A—statistical convergence by using the metric D.

Let (,,),en be a fuzzy number valued sequence and let A = (a;,) is a
non-negative regular summability matrix. Recall that the regularity con-
ditions on a matrix A are known as Silverman-Toeplitz conditions in the
functional analysis (see for details, [70]). Then, (u,,), oy is A—statistically
convergent to u € Rz, which is denoted by st4 — nler;OD (tpy, ) = 0 if for

every € > 0

fum 2L am=0

D (g, 1) >

holds. Some basic results regarding A—statistical convergence for number
sequences may be found in the papers [65], [77], [86]. Of course, the case
of A = (1, the Cesdro matrix of order one, immediately reduces to the
statistical convergence of fuzzy valued sequences which defined by Nuray
and Savag [91]. Also, if A is replaced by the identity matrix, then we have
the fuzzy convergence introduced by Matloka [85].

Let A i= (A"),5;, A" = (

negative real matrices. For a sequence of real numbers, z = (z;)
double sequence

be a sequence of infinite non-

the

ay,;
ki )k jen

JjEN?
Az = {(Az); : k,n € N}

o0
defined by (Az)} := Zlazja:j is called the A—transform of x whenever the
j=
series converges for all £ and n. A sequence z is said to be A—summable

to L if
o0
. n o
klggoz_ 1aijj =L
J:

uniformly in n ([42], [99]).

If A = A for some matrix A, then A—summability is the ordinary
matrix summability by A. If, af; = %, forn <j<k+n,(n=12..),
and a; = 0 otherwise, then A—summability reduces to almost convergence
[82].
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20.3 A Fuzzy Korovkin Type Theorem

In this section we prove a fuzzy trigonometric Korovkin-type approximation
theorem via the concept of A—summation process.

Let f: R — Rz be fuzzy number valued functions. Then f is said to
be fuzzy continuous at xg € R provided that whenever z,, — z(, then
D (f(xn), f(x9)) — 0 as n — oco. Also, we say that f is fuzzy continuous
on R if it is fuzzy continuous at every point x € R. The set all fuzzy
continuous functions on R is denoted by Cx (R) (see, for instance, [18],
[32]). Notice that Cx (R) is only a cone not a vector space. By Cz(f) (R)
we mean the space of all fuzzy continuous and 27-periodic functions on R.
Also the space of all real valued continuous and 27-periodic functions is
denoted by Car (R).

Suppose that f : [a,b] — Rz be fuzzy number valued functions. Then, f
is said to be fuzzy-Riemann integrable (or, FR-integrable) to I € Ry if, for
given € > 0, there exists a § > 0 such that, for any partition P = {[u,v];{}
of [a,b] with the norms A (P) < J, we have

D(Xf(v—u)@f(f),[) < €.

P

In this case, we write
b
I:=(FR) /f () dx.

By Corollary 13.2 of ([66], p. 644), we conclude that if f € Cr [a,b] (fuzzy
continuous on [a, b]), then f is FR-integrable on [a, b].

Now let L : Cx (R) — Cx (R) be an operator. Then L is said to be fuzzy
linear if, for every A1, A2 € R, f1, fo € Cx (R), and z € R,

LMO[®AO fo;x) =M OL(f1;2) ® A2 ® L(f2;2)

holds. Also L is called fuzzy positive linear operator if it is fuzzy linear and
the condition L (f;z) < L(g;x) is satisfied for any f,¢g € Cx (R) and all
z € R with f(z) < g (x).

A sequence {L,;} of positive linear operators of C (R) into itself is called
an A-summation process on C (R) if {L; (f)} is A-summable to f for every
feC(R),ie.,

o0
klirrgo z;azjl)j (f)—=fll =0, uniformly in n, (20.1)
=

where it is assumed that the series in (20.1) converges for each k,n and
fvand ||h| denotes the usual supremum norm of h € C' (R).
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If a sequence {L;} of positive linear opeartors of Cx (R) into itself is
called an A-summation process on C'z (R) if {L; (f)} is A-summable to f
for every f € Cr (R), i.e.,

k—oo

lim D* ZaZij (f),f] =0, uniformly in n.
j=1

Some unification on Korovkin-type results through the use of a matrix
summability method may be found in [3], [88], [89], [90], [100].

Let {L;} be a sequence of positive linear opeartors of C (R) into itself
such that for each k,n € N

SuIE)ZaZj IL; (1] < oo. (20.2)
j=1

n?

Furthermore, for k,n € N and f € C (R), let
Bi (fiw) =) aiyL; (f)
j=1

which is well defined by (20.2) and belong to C (R).
In this chapter, we establish a theorem of Korovkin type with respect to
the convergence behavior (20.1) for a sequence of positive linear operators

of Céf) (R) into itself. So the results of type (20.1) are extensions of
hn(;lo Za};ij (f)—=fl| =0, uniformly in n.

Throughout the chapter the symbol | f||denotes the usual supremum
norm of f € Cx (R) and we use the test functions f; (i = 0,1, 2) defined by

fo(z) =1, f1(x) =cosz, fa(x)=sinz.

Then Anastassiou and Gal [32] obtained the following fuzzy Korovkin
theorem.
Theorem 20.1. Let {L,},cy

operators defined on Céf) (R). Suppose that there exists a corresponding

be a sequence of fuzzy positive linear

sequence {LNn of positive linear operators defined on Co, (R) with the
neN
property ©
{Ln (f;2)}Y) = Ly, (fi’"); x) (20.3)

for all z € [a,b], r € [0,1], n € N and f € C4_(R). Assume further that

Lo (f) — fi

lim

n—oo

=0 foreach ¢=0,1,2.
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Then, for all f € C5_(R), we have

lim D* (L, (f), f) =0.
Recently the A—statistical analog of Theorem 20.1 has been studied by
Anastassiou and Duman [29]. It will be read as follows.
Theorem 20.2. ([29]) Let A = (a;j») be a non-negative regular sum-

mability matrix and let {L,}, y be a sequence of fuzzy positive linear

operators defined on C’éf) (R). Suppose that there exists a corresponding

sequence {Ln} of positive linear operators defined on Co, (R) with the
neN
property (20.3). Assume further that

LNn (fi) = fill =0 for each i=0,1,2.

sta — lim
n—oo

Then, for all f € C’Q(f) (R), we have

sta — lim D* (L, (f),f)=0.

n—oo

It is clear that if we replace the matrix A in Theorem 20.2 by the Cesédro
matrix Cp, we immediately get the statistical fuzzy Korovkin result in the
trigonometric case (see Corollary 2.2. of [29)]).

We now give the following generalization by using a .A-summation process

Theorem 20.3. Let A = (A"), -, be a sequence of infinite non-negative
real matrices such that i

supZagj < 00 (20.4)

n,k j=1
and let {L, }, oy be a sequence of fuzzy positive linear operators defined on
Céf) (R). Suppose that there exists a corresponding sequence {Ln} of
neN

positive linear operators defined on Csy, (R) with the property (20.3) and
satisfying (20.2). Suppose further that

Jim_ Zlagij (fi) = fill =0 for each i=0,1,2. (20.5)
=
uniformly in 7. Then, for all f € C’Q(f) (R), we have

lim D* | Y af; Ly (f), f ] =0
j=1

k—oo
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uniformly in n.
Proof. Assume that I is a closed bounded interval with length 27 of R.

Let f € Céf) (R), z € I and r € [0, 1]. Taking [f ()] = [fy) (z) ,ff) (m)}

we get £ (z) € Cax (R). Then, we immediately see from ([78], p.7) that,
for every € > 0, there exists a § > 0 such that

ysin” (45°)

1) - 10 @) e+ oM =2 (20.6)
2

holds for all y € R and « € I where M} (), H fi (M|, Now using the linearity

and the positivity of the operators Lj and considering inequality (20.6), we
can write

Sat, L (102) - 1) @)
j=1

-1

IN
S
ol
o
—~
&h
&.‘
=
O
g
N—
+
=
S
>3
M

Za -1

IN
Q
A
(O]

+
<

o
.
=]
o
| e
[SIEY w||
8
SN—
K
~
+
\
K3

IN
e L
)
>~
<
M A
SIS j,
S
~3
b
N
@,
5
7N
I
8
~
~—

+Mi) Za -1

IN

+ (e + M) ZazzLj (L)~ 1
Za 1 (SIH (y_x)l'>
kj )
2 ] 1 2
(r)

M = ~
< <€+M ) Zak] (Liz) — 1| + j;(; ZaZij(l;x)—l
2 j=1

sin

—cosx E ak] (cosy;x) — cosx
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—sinz E akj (siny;z) —sinz

(r)

M
< 5+<5+Mﬂ([ ﬂ; )Zakj -1
1

—|—|cosx\ 25 Za (cosy;x) — cosx
2 =1

+|sina¢| 25 Za (siny;x) —sinz|.
2 Jj=1

(") () — (r , MY
If we take K’ (¢) := ¢ + My’ + =+, then we get
2

ZQZJ‘EJ' ( g');x) — f(iT) ()] < e+ K(Q () Zakj (fo;x) — fo
i=1
Zakj flv f
Zakj f27 —f2

Then we observe that

sup max Zakj ( ), ) - fg) ()| <e

rel0,1] =1

+ s?p]maxK(ir)(s) Zakj (fo;x) — fo
ref0,1

Za’k] f11 f
Zak)] f27 f
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Taking K := K (¢) :== sup max {K(_T) (), KJ(:) (s)} , we get
rel0,1]

Sup sup max Zak] ( (ir),z) - j(tr) (x)| <
z€Rre(0,1] =1

e+ K (e) { sup Zak] (fosz) — fo

zGRj 1

-+ sup Zak] (fi;2) — f1

z€R J=1
+sup Zak] (fa; @) = fo

Consequently, we obtain

> aiiLi(f). f
j=1

IN

e+ K Z% (fo:z) — fo
+K Zak] (fi;2) — f

+K Zak] f21 -2

By taking limit as k — oo and by using (20.5) we obtain the desired result.
O

Remarks. We now present three examples of sequences of positive linear
operators. The first one shows that approximation Theorem 20.3 works but
the statistical version of Theorem 20.2 does not work. The second one shows
that approximation Theorem 20.3 works but Theorem 20.1 does not work
and the last one shows that statistical version of Theorem 20.2 works but
Theorem 20.3 does not work.

Assume that A := (A"),-, = (‘IZJ‘) rjen is a sequence of infinite matri-

ces defined by ay; = % ifn <j <k+n,(n=1,2,..),and ay; = 0 otherwise,
then A—summability reduces to almost convergence. Now define the fuzzy
Fejer operators F); as follows:

= o fem [rme el
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where j € N, f € 02(7]:) (R) and « € R. Then observe that the operators F)
are fuzzy positive linear. So we write

(B (o = (117:2) / L=

where fg) € Cy: (R) and r € [0,1]. Then, we get (see [78])

Fy (o) = 1
E (fi;z) = — cosx
}’;j(fg;ﬂf) = nglsina:.

(i) Take (u;) = {(—1)’}. Observe that w is almost convergent to zero,

but it is not statistically convergent. Now using the sequence (u;) and the
fuzzy Fejer operators F};, we introduce the following fuzzy positive linear

operators defined on the space Cz(f) (R) :
Bj(fix) = (1+u;) © Fj (f;2),

where 7 € N, f € C’éf) (R) and z € R. So, the corresponding real positive
linear operators are given by

(r). 1+u] sm (Z(y x))
B (i) /f 2e? [(51)] Y

where fg) € Oy (R). Then we get, for all j € N and = € R, that

Bj (fo) = fol| = wuy
~ 1 +Uj
Bi(f1) = fi]] < uj+—
~ 1 + u;
Bi(f2) = fo|| < uwj+—.
Since u is almost convergent to zero we get
n+k:
Jim. kZB (fi) = fill =0 for each i =0,1,2
j=n

uniformly in n. So, by Theorem 20.3, we obtain, for all f € C’éf) (R), that

lim D* Zangj(f),f =0

k—o00
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uniformly in n. However, since u is not statistically convergent to zero, we
observe that {B;} satisfies the Theorem 20.3 but it does not satisfy the
statistical version of Theorem 20.2.

(if) Let (v;) = (1,0,1,0,...). We see that (v;) is almost convergent to 3,
but not convergent (in the ordinary sense). Then consider

1
Ly (fi5) = (5 +0;) © Fy (752).
for f € CQ(? (R), x € R and j € N. Hence {L,} satisfies the Theorem 20.3
but it does not satisfy the Theorem 20.1.

(iii) Now consider the sequence of 0’s and 1’s defined as follows:

0,..,0 , 1,..,1 ,0,..,0,1,..,1,1,...

— 100 «— — 10 <«

where the blocks of 0’s are increasing by factors of 100 and the blocks of
1’s are increasing by factors of 10. If we denote this sequence by (y;), then
(y;) is not almost convergent but it is statistically convergent to zero ([87]).
Then we define

T (f;2) = (1+y;) © Fj (f;2)

for f € C’Q(f) (R), z € R and j € N. We observe that {T}},_\ satisfies the
statistical version of Theorem 20.2 but it does not satisfy Theorem 20.3.

20.4 Rate of Convergence

In this section we study the rates of convergence of the sequence of fuzzy
positive linear operators examined in Theorem 20.3.

Let f € C’éf) (R). Then the (first) fuzzy modulus of continuity of f,
which is introduced by Gal [66] (see also [18], [32]), is defined by

W (f,8):=  swp D(f(),f(y)

z,y€ER;|lz—y|<d

for any § > 0.
It is easy to see that, for any ¢ > 0 and all fg) € Oy (R)

A7 (1, e8) < @+ [ wi” (£.9)

where [c] is defined to be greatest integer less than or equal to c.
Lemma 20.4. [18] Let f € Céf) (R). then it holds.

wgf) (f,0) = sup max {UJ1 (f(—r)75> W1 (f(r)’é)}7

ref0,1]
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for any § > 0.

Then we have the following.

Theorem 20.5. Let A = (A™), -, be a sequence of infinite non-negative
real matrices such that a

o0
sup E ap; < 00
n,k

Jj=1

and {Lj}jeN be a sequence of fuzzy positive linear operators defined on
C’éf) (R). Assume that there exists a corresponding sequence {Lj} of
jEN

positive linear operators defined on Ca, (R) with the property (20.3). Sup-

pose that L; satisfy the following conditions:

i. lim
k—o0

= 0 uniformly in n,

iaﬁjfj (fo) = fo
j=1

ii. klim wg}—) (f, 1) = 0 uniformly in n,

iii. klim wgf) (f, 1) = 0 uniformly in n,
— 00

SSai L (fo) = fo
=1

where pj} = ZaZjEj (¢)|| and ¢ (y) = sin® (£52) for each = € R.
j=1

Then for all f € Cé':) (R), we have

uniformly in n.
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Proof. Using the linearity and the positivity of the operators L; and
using property (20.4) by [97], we may write, for each j € N, § > 0, that

> ~
Soaiily (£75w) — 19 @)
j=1

IN

]| S 051+ S (1 0 - £ 0] )

< M;(tT) Za'ky an f

+jzla;;j£j ((1 (5 (@f;)) o (£9).0) )

< MY Z% (fos ) = fo| +wr (42, )Zak] (foi )
) o () S (e (457 )
< My Z% (fos ) = fo| + w1 (1£,6) Z% (foiz) = fo
e (. S o (55 4
where M =

ZaZjLNj (fj(f);x> 7 (@)

=1

M Zakj (fosz) = fo|| + w1 (fj(f)ﬁ) ZGZJ'LNJ (fo;z) = fo
=1

(5 e (20 [ (s (157 )| o (429)

Now putting 0 := p}}, we conclude that
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Za}gjfj (fq(_tr); HC) - f:(tr) (z)
j=1

Zak] (fosz) = fo|| + w1 (fir),MZ) Zakj (fosz) = fo

+2wq (fir), Mk)

Then we get from Lemma 20.4

> apLi (). f (20.7)
j=1

IN

M || "aii Ly (fo) = fo
j=1
vak E%; — fo +2W1 (fv#k) (20.1)

where M := sup maX{MJ(:),MET)}. If we take limit as £ — oo on the
rel0,1]

both sides of inequality (20.7) and use the hypotesis (z), (%) and (4i7), we

immediately see that

lim D* [ > aj;L; (f).f | =0.
j=1

k—oo

Inequality (20.7) gives the above convergence with rates. O
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UNIFORM REAL AND FUZZY
ESTIMATES FOR DISTANCES
BETWEEN WAVELET TYPE
OPERATORS AT REAL AND
FUZZY ENVIRONMENT

The basic fuzzy wavelet type operators Ay, By, Ck, Dy, k € Z were stud-
ied in [14], [16], see also Chapters 12, 16, for their pointwise and uniform
convergence with rates to the fuzzy unit operator. Also they were studied
in [23], see also Chapter 13, in terms of estimating their fuzzy differences
and giving their pointwise convergence with rates to zero.

For prior related and similar study of convergence to the unit of real
analogs of these wavelet type operators see [9], Section II.

Here in Section 21.1 we present the complete study of finding uniform
estimates for the distances between the real Wavelet type operators Ag,
By, Ck, Dy, k € Z.

Their differences converge to zero with rates. This is done via elegant
tight Jackson type inequalities involving the modulus of continuity of the
higher order derivative of the engaged real function. Based on these real
analysis results in Section 21.2 we establish the corresponding fuzzy results
regarding uniform estimates for the fuzzy differences between the fuzzy
wavelet type operators. These fuzzy diferences converge to zero with rates
give via fuzzy Jackson type tight inequalities. The last inequalities involve
the fuzzy modulus of continuity of the higher order fuzzy derivative of the
engaged fuzzy function.

The defining all these operators real scaling function is not assumed to
be orthogonal and is of compact support.

G.A. Anastassiou: Fuzzy Mathematics: Approximation The., STUDFUZZ 251, pp. 399-429.
springerlink.com (© Springer-Verlag Berlin Heidelberg 2010
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21.1 Estimates for Distances of Real Wavelet type
Operators

The real wavelet type operators Ay, Br, Cr, Di, k € Z we study here
converge to the unit operator I, and in that respect were studied extensively
in [9], Section II.

We need

Definition 21.1. Let f : R — R be continuous function. We define the
first modulus of continuity of f by

w1 (f,0) = sup |f(x)—f(y)],0>0.

zy
|z—y|<o

We give

Theorem 21.2. Let f € CN(R), N > 1, 2 € R, and k € Z. Let ¢
be a bounded function of compact support C [—a,a], a > 0 such that

> w(x—j)=1,all z € R. Suppose ¢ > 0. Put

j=—00

B = 3 1)),
D)@ = 3 b (D),

j=—00

where

5y (1) = Yo (4 + 55 ).
r=0

neN w, >0, > w, =1. Then
r=0

N D) (2) (e
B (z) = |[(Drf)(x) = (Bef) (z) — Z(ka)() (ZUM”) ‘

TgleTNwl (f(N), an)

2NN NI

IN

Remark. (i) Given that f™) is continuous and bounded or uniformly
continuous we have that w; (f(N), 2,:”) < 00, and Fig (z) — 0, z € R, as
k — oo.
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(ii) One also has

B " )
Bkl = HDkf Bif — 22;7{2' (Zwﬂ”)
: r=1

Tglwrerl (.f(N)a 2’:n)

- 2ENpN NI

oo

Under the assumptions of (i) we get also ||E1x||,, — 0, as k — oo.
(iii) By (21.1) we get

(z )
(D f) () = (Bif) ( z'B;iim. (Zw)

r=1

Z wprNw (f(N)’ 2’:n)

r=1
+ 2NN N1

(21.2)

Given that ||f@ < oo, for i = 1,..., N, we obtain |B,f" (z)| <
17l - and

P Qkinzll —
n
S werNwy (FV), 5)

+H (21.3)

Clearly we get
f@ f(N), €
|(Brf) (x) = (Dif) ()] < Z H 2,”2"' 2kNN!2k) =T
and
|Brf — Difllyo <Ti. (21.4)

So as k — oo, we have || By f — Dy f||,, — 0
Proof of Theorem 21.2. Because f € CV (R), N > 1 we have

B ()1 (4) - £ ()

)N—l

n (G/2")+ 5=

+> w, /

r—0 7/2k

(f(N) (t) N) (]/2k)) (Lk‘i’QT*t

S
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Hence we get

i i (N @z—j)= > f (%)¢(2kx—j)

j=—o0 P

So, we observe that

N (Bef®) (2) (& .
(D) @) - (B ) - - BT <Zw~”> .

P 2kini) —
where
(/25 + 5=
wr o) [ SN (1) = £ (5/29)) -
Z J;w ) il2k ( ( ))
(2; + 2’7;n — t)Nildt
(N =1 '
Set
(J/Q )+ an (_L + r —t)Nil
e (N) (4y — £(N) (5 /9k 2F kn
Ljr = /j/zk (1% @) = r™ (j24)) e
So that
|R1| < wa Z .73 —j) Fj,..
]——OO
Next we see that
(G/2")+ 5= (-L—I— r _t)Nfl
. " (N) k 2kn
Ljr < //Qk Nty = S (/2" )‘ I
(5/2%)+ = (*L,+L—t)N71
(V) 2k 2kn
- /j/2k (f L D (N —1)! dt
N-1
< )

wn (1. ) /(j/zk)”’:" (o=,
AN

= (599, 25) (#)

T 2kn N!
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That is

r \N
T <w (f(N) r ) (2’Cn)
Jjr > Wil ’an .

So we have found that
n
S werNwy (fYV), 5)
r=1
[Ral = 2kNp N N1

The proof of the theorem is complete. O

We continue with

Theorem 21.4. Let f € CN(R), N > 1, 2 € R, and k € Z. Let ¢
be a bounded function of compact support C [—a,a], a > 0 such that

> p(x—j)=1,all z €R. Suppose ¢ > 0. Put

B = 3 1 (&) e @),
(Cof) @) = 3w (D (22 =),
where
27k (j+1) 27k
=2 [ pwa=2 [ (e )i
Then

Egk ($) =

(21.5)

Remark 21.5. (i) Given that f(™) is continuous and bounded or uni-
formly continuous we have that w; (f(N), 2k> < o0, and Ea (x) — 0,
z € R, as k — oo.

(ii) One also has

N

Cf = Bif — Z

w1 (f(N . 5%)
S BN N

1Bk oo

By f)
2k (44 1)!
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Under the assumptions of (i) we get also ||Eaxl|,, — 0, as k — oo.
(iii) By (21.5) we get

U)o

N )
|(Br.f) (z) = (Crf) ( Z kaz—l-l o) + 2kN(N_;_ 1!

Given that ||f(i)HOO < oo, fort=1,..., N, we obtain

Pl e (P )
|(Bif) (z) = (Cif) (z)] < ZQki G +010)! TN N T =Tz

and
1Brf — Crfllo < T (21.7)

So as k — oo, we get || By f — Crf|l.o — 0
Proof of Theorem 21.4. Because f € CV (R), N > 1 we have

. N i j
J f(l)(‘%)i
(em) - i(F) =T
N—-1

t+(j/2") _ (t+ 4 —s)
0 r2)) S

Hence we get

2t NN ) (L
7= 2k/o g (t i ) =1 (23_’“) ’ Z;;: (i(jkl))!

e ey g9
+2k/0 (/j/Qk (f(N) (s) = f(N) (3/2k)) st dt.

Hence we get

i Vi () @ (252 — ) Z f<2k) 2"z — j) +

N f(z) le‘— .
;J; (le)(zil)! )
oo 27k [ t(/2Y)

Mds) dt.

(N —1)!
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So, we see that

N D)) (2
€l ) - Bty @) - TN g,

where

t+(/2") . (t+ 4 —s)" "
T (t) = (N) — f(N) (goky) A28 7 g
s =\ (6= (12) s
So that N
0 2~
Ral < ) (2% —5) 2’“/ T (t)dt.
j=—c0 0

Next we observe that

t+(5/2%) (t + 4 — S)N71
(N) (gy — FON) (5poky| LF3e =8)
/mk 700 = 1 (/2] NED

t+(j/2) (t+ & _S)N*1
N) s — (5/2F Qk—d
//2k w1 (f |S (J/ )D (N —1)! §
1

t+(j/2%) H__SN
w1 f(N)t/ 1) ds
i/ -

L (1)

IN

IN

IN

SR L

Le. we get

and

[\
Ead
h
[V}
=
—
<
S
SN—
Q,
~
IN
RS
h
[V}
+
€
N
X
=
4@#
N———
|H~
Q,
~

IN
=
&
N
h
2
2| -
N——
C\m
- ES
Z
&
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That is we obtain

2—k,
1 1
k N
2/0 Fj(t)dt§72kN( T (f( >’2k>.

It is clear that

(N) L
Rl < wi (f™, 5%)
2"3N (N +1)!
The proof of the theorem is now finished. (I

We continue with

Theorem 21.6. Let f € CY(R), N > 1,2 € R, and k € Z. Let ¢

be a bounded function of compact support C [—a,a], a > 0 such that
o0

Z ¢ (x—j)=1,all z € R. Suppose ¢ > 0. Put

Jj=—00
Ckf Z 7]{;] ‘Z. - ]) )
j=—00
where
277 (+1) 27k j
=2 [ pea=2 [ g (e d)a
2-kj 0
and
(Dif) ( Z 0k (f) ¢ (282 = j),
Jj=—00
where

5y (1) = Y wnf (5 + 50 )
r=0

n €N, wTZO,ZwT:L Then

r=0

Egk (.’L‘) =

IN

) (0.2)
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Remark 21.7 (i) Given that f(V) is continuous and bounded or uni-
formly continuous we have that wq (f(N), 2%) < oo, and Esy (z) — 0,z € R,
as k — oo.

(ii) One also has

N

Chf =Dl =3 Du®

2k (i + 1)1

(-0 - ()]
(i: wy [(%)NH +(1- %)NHD
= 2" (N + 1)! w1 (f(N)’ zik> ‘

Under the assumption of (i) we get also ||Esxl|, — 0, as k — oo.
(iii) By (21.8) we get

1Bkl oo

<

N D l)
(CL) (@) = (D) (@)] < Z U)o
(Z w (2 4 (1 %)N“}) 1
r=0 Ny =
+ NN T w1 <f ,2k> : (21.9)
Clearly then
o [ (Der) ™), g
(Crf) (@) = (D f) ()] < Z kf )!| + QL:;({(NJFB)!' (21.10)
Given that Hf(i)HOO < oo, fori=1,...,N, we get
(Dur®) @) <[]
and
N (@) (N) L1
[(Crf) (x) - |<ZQ,WHJ1 I +2°,f}vff (Nﬂ))! =: Ty
(21.11)
and
[(Crf) (x) = (Dif) ()]l < T5. (21.12)

So as k — oo, we get ||Crf — Dif]|, — 0
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Proof of Theorem 21.6. Because f € CV (R), N > 1 we have
; N op() (L4 ;
iN_ (4, PO+ s)
! (H 2k> =/ <2k * 2kn> +; il (t zkn)
t+(-/2k) . L _ N-1
+/ ’ <f<N> (s) — FV) (L N %)) (trgr—s)
(

j/gk)+2£n 2k 2Fn (N — 1)'

Hence we get

/—\ ﬁ

27F 7/2 ) . R N—1
M (g g (L T \)ErEk—s)

That is we have

S De@z—4)= > ok (fe(2z—7)

j=—o0 j=—o0

N Z 0y (f9) ¢ (252 = j)
j=—o00
+Z % (i 1 1)!

05" )]
+ i ¢ (2 — j) iwﬂk

27k [t (/2%) ) ) [ r
~ P - 10 (4 5 ))
/o /<j/2k)+2;n ( 2k " 2%n

(t+ % — s)N_l

Consequently we get

(Crf) (x)=(Drf) ( i fkf;_ll (@) [(1 - %)Hl (-1t (n)wl} =TRs,



21.1 Estimates for Distances of Real Wavelet type Operators 409

where
Rs = Z ® (Qkx —j) Zwﬂk
j=—o00 r=0
9=k 4 ( -/Qk) . g N—-1
/ / ! <f(N) (s) — fV) <L + L)) Mds dt.
0 (j/2k)+27:n 2k 2kn (N — 1)'
Set
t+(5/2%) ; i _ Nt
T, (t) = / ’ <f<N> (5) — f) (L N L)) (tge—s) 1
(j/Qk)_i_an 2k an (N — 1)'
So that
oo n o=k
Ral< 3 o @o-i)> w2 [ 1@
Jj=—o0 r=0 0
Next we observe that
(i) Case of 5— <t. So we have
t+(3/2") - (t+ 4 —s)" "
J r 5r — 5)
Lo o< F®) (5) = §@ (—k + T) LGRS/ MR
(j/gk)_;'_ﬁ 2 2 n (N — 1)'
ok i . N—-1
- /”“/2 s <f<N> o d_r ) (t+d—s)
- (j/2k)+ﬁ 2k an (N — 1)'
t+(5/2%) g _ Nt
. <f<N>’t,L)/ 7 (it ms)
2k7’L (j/2k)+ﬁ (N — 1)'
t )
(N) ( 2kn
s @ (f ’t) NI

IA
e
S
7 N
=
2
|H
N——
o
o~
[\v]
==
N
Z
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(ii) Case of 55 > t. We have

(G/2")+ 5=
L (1) = " p(N) (N) _
v = [T (@ (5 g
N—-1
o)
(N =1)!
i/okyy . -1
_ /(J/2 )+t f(N) (s) —f(N) (i N > ( (t—|— 2,c)) ds
- t+(j/2k) 2k 2kn (N 1)
i /ok T N—-1
. /(J/z )+t o (1, i, (s—(t+4))
- t-‘,—(j/Qk) 2k Qk N 1)'

IA

(
(/2) 57 (s — Y
o (f(N)7%—t)/ (s — (04 21«)) "

o) (=1

= o (/. 5 i

N
sty —t
< <f(N) 2k> %

So we derive
N
1\ (55 —t
Therefore we have found

Fjr(t)gw‘t r ]N.

NI 2kp

Furthermore we see that

ok (N) ok
wl(f agk)/ r N
e T =

/0 r@®dt < N ; 2n

wy (f™N), 5)
NI '

M% (2%—15) dt+/z_k (t—%)th]

wy (M), ) r \N+L 1 r A\
- (N+1)2! (%) +<2_k_%)

W (f(N),Lk) 1 o\ N+1 r\N+1
- (N—|—1)2! 2R(N+1) {(E) +(1fﬁ) }




21.1 Estimates for Distances of Real Wavelet type Operators 411

Thus

ok /Oz_k T, () dt < L;;J\g‘];;j—;—lk))l {(H)N—H n (1 _ %)NH} :

Finally we derive that

wi (FM, 1)\ & r\N+1 r\NH
s (A F (0705

proving the theorem. O
‘We continue with

Theorem 21.8. Let f € CVN(R), N > 1,z € R and k € Z, also
Hf(i)Hoo < 00,7 =1,...,N. Let ¢ be a bounded function of compact

support C [—a,a], a > 0 such that Z p(x—j7)=1all z € R. Suppose
j=oo

¢ > 0 and ¢ is Lebesgue measurable (then [ ¢ (z)dz = 1). Define

or; (2) =262 (282 — j) all k,j € Z,

oo = [ 100 @t

and
(Arf)(z) = Z <fv<ij><Pk:j($)
- Y ([ () etwmnan) o a-d)
also define
(Buf) ( Z f( ) 2 j).
Then
|(Akf) (z) = (Brf) (z)| < [|Aef — Brfll (21.13)
N i
B o) il NSRRI TN

kgl 2N N1 ok

i=1

z e R.
So as k — oo, we get [|Arf — Brf|l., — 0
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Proof. By Z ¢ (2%z — j) =1 we have that [*_ ¢ (u—j)du=1.
j=—00

Notice that

W@ - BHE = 3 (feeu@- 3 (5]l
- io (/_Zf (57) w(u—j)du) @ (2 - j)
_j_ioof <2Jk> ¢ (282 — )
- jio [ () ew-pa-1 (%))
= X GG () ewnn]
¢ (2"z —j).
That is
wn@-wne = [ (1) -1 () et
;(Qkx —j).

By supp ¢ C [—a, a] we have that ¢ (u — j) is nonzero when —a < u—j <
a, that is when 7 — a < u < j + a. Hence

(Arf) (z) = (Bef) (z) =

i {/jjza (f (%) -/ (;)) @ (u—Jj) dU} ¢ (2Fz — ).

j=—o0
Next we see that

where
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(i) Case of j < u. We have
u/2F
o
u/2F ; (l —t
(SO PR I T L R
dé;Qk “ <jm ’ ( 2 ) N-1)

R4l

IN

IN

IN

(ii) Case of j > u. We have
/2" ; (t_L

(N (py— s (L)) TR,
[ (1001 (5)) S
i/2"
[
w/2k

j/zk . ( _i)N_l
oy (I _ V7))
/um “ (f ’(2k t) R

R4l

IN

IN

IA
€
£
N
=
3
uM
SN
e
<
N———

So we have proved that

u—7 u—7 a a
Ry| < w1 <f(N)’| 2k]|> u—j|" (f(N _)

N

NNI = 26N N1

i.e.

a1 g (2

Furthermore we observe that

/:‘ ()1 (£)) ptu-sran

k Jta ) j+a
Z 2,;3@/,2)/ (=) plu=dut [ Rapu-j)du

— —a J—a
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Therefore

[ (@) 1(3)) -

N
2 (L
2N N1
The last proves the theorem. O

‘We continue with

Theorem 21.9. Let f € CN(R), N > 1, 2 € R and k € Z, also
Hf(i)Hoo < oo, 7 =1,...,N. Let ¢ be a bounded function of compact

support C [—a,a], a > 0 such that Z p(x—j)=1all x € R. Suppose
j=—00

¢ > 0 and ¢ is Lebesgue measurable (then ffooo ¢ () dx = 1). Define

Orj () := 2}“/2@ (Qk:n —j) all k,j € Z,

oo = [ 100 @t

and
WN@ = 2 (Fon)on @
_ i (/_Zf(%)gp(u—j)du)<p(2km—j).
Also define o
(Dif) ( Z i (f) ¢ (282 — j),
where T

=B (o )

n €N, w, > 07Zwr = 1. Then
r=0

(A f) (2) = (D f) ()] < | Axf = Difll (21.14)
4 2kig)

i=1

N12kN 2k

atn” <f<N>7 M) .
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So as k — oo, we get |[Arf — Dipf|l, — 0

Proof. By Z ¢ (282 — j) =1 we have that [*_ ¢ (u—j)du=1.
j=—00

Notice that

(Auf) (@) — (Df) () = jimw'w e J_Z_of’” (2% - j)
= 3 () - 0 () o ()
- é@( oo ) du-
;wrf <2J,€ + 2,:“)) o (252 — j)
= jim :0 /jof(Q— w— ) du—

o (1 (5) e

f <2‘7k + 2,;))} o (2" - j)

- S e () ()
¢ (2 —j).

That is, by the compact support of ¢ we have

(Arf) (z) = (Drf) (z) =

S S ([T (G (o)) et r)

Jj=—00 J
P (Qkx — j) .

¢ (u—j) du)]

Next we see that

5 )~

where
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(i) Case j + = < u. We have easily that

wi (fV), L (u—j—<L . N
ot < b= (- )"

(ii) Case j + - > u. We have that

R el (Y A ) o
o 4 2k " 2kp (N —1)!
L+L . uw \N—-1
2k T 2kp i T t— %
< /. f(N)(z_”%)‘f(N)(t)’%dt
o
L el kG Eou) e
< A )
So we have proved that
O R TR T
IRs| < N12kEN ‘]Jrﬁ_ ’ S v @ty

i.e.

ny 1
‘R5| < %Wl (f(N)’ a—+ ) .

Furthermore we observe that

/jjﬂ (f (2%) _f<2k +2T>)<P(U—j)du:

—a

N f(z 2"6 2k ) jta . ryi . j+a .
Y i / (u—J——) o (u—j)du+ Rso (u— j) du.
p 112 i—a n j—a
Therefore
Jta U j r .
/]a <f(2—k)f(2—k+%>)<ﬂ(uj)du <
S AU M  (a+ D) (a+1)
i N
Z g (@t D T (f( ST )
The last proves the theorem. (I

‘We continue with

Theorem 21.10. Let f € CVN(R), N > 1, 2 € R and k € Z, also
Hf(i)Hoo < oo, 1 =1,...,N. Let ¢ be a bounded function of compact
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support C [—a,a], a > 0 such that Z p(x—j)=1all x € R. Suppose

j=—o00

» >0 and ¢ is Lebesgue measurable (then ffooo ¢ () dx = 1). Define

or; (2) =282 (282 — j) all k,j € Z,

o) = [ 100 @)t

and
(Arf)(z) = Z <fv%0kj>90kj (z)
Jj=—00
= > (/ 7 (58) e )dU> (22 — )
j=—o0 MW T
Also define
(Cif) ( Z Vg (P e (2F2 = j)
j=—00
where
27F(j41) 2~k .
_ — J
ym(f)_Qféw f(wdt_2fé f(t+2k>dt
Then

—~

A f) (2) = (Crf) (@) < A f = Crfll oo

|
o +1" +1
<3 s o g (7, 4522).

So as k — oo, we get [[Arf — Crf|l, — 0

(21.15)

Proof. By Z ¢ (2"z — j) =1 we have that [* ¢ (u—j)du=1.

j=—o0

Notice that

(Aef) (z) = (Cuf) ( Z (f,0r;) 0x; (m Z Vi (f

Jj=—00 j=—00

m—j)
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= > (Qk/z (fs i) — Vi (f)) o (2" — )

- jioo (/_Zf(;)@(u—j)du—zk/jkf(t+ 2k>dt> o (2" - j)
- Z (oG paacn [T f)al

p (2" —j)
- @) s (o))

p (2" —j)
- E L@ (gl

¢ (252 —j).
That is, by the compact support of ¢ we have

(A f) (z) = (Cif) (z) =
EFLUT 0 (o d) renafa)
¢ (2z — 7).

Next we see that

f(l t+2k j g
> 27k7t727k +R6,
=1

where
R /212 <f(N)() F )( )) (%_S)N_ld
6 = s t+ S.
t+ 2k 2k ( !
(i) Case t + g < . We have easily that
AN
U j 2 —t—
|R6‘<W1 <f(N)7(2kt2k>) (2k N Qk) )
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(i) Case t + 2j—k > 5%. We have that

t+ . w\N-1
;2% (V) J | 530"
= /L f <t+2—k> 8 (s) oo

j (t+ 4 —2)"
< w (f(N)7t+i_i) ok 9k)

So we have proved that

|Rs|

IN

)R
w (a+ DY (a+ D" |
(o)

2k 2N N1 -

. N
G (G—u)
—u
w1 (f(N), ‘t"f' J

IN

I.e. we found that

(a+ 1)V N (@+1)
Rel < e (U )

Furthermore we observe that

[ (@) 1 (o)) s

N fO ( j+a g ‘ o
Zf H‘L)/j (%_kj)_t) o (u—7g)du+ ’ Rep (u— ) du.

i=1 j—a

Therefore

The last proves the theorem. 0
We give

Theorem 21.11. Let f € CY(R), N > 1, 2z € R and k € Z. Let ¢
be a bounded function of compact support C [—a,a], a > 0 such that
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Z p(x—j)=1all x € R. Suppose ¢ > 0. Assume further ||f(i)||oo <

j=—00

00,1 =1,...,N. Put

(Bif) ( Z f<2k> 25z — j),

j=—o00
(Cif) ( Z T (e (22 = j),
j=—00
where
9=k
’ij(f)ZQk/ f<t+2k>dt
0
and
(Dif) ( Z Sk ()¢ (252 —j)
j=—00
where

5y (1) = 3wt (4 50 )
r=0

n
n €N, w,. >0, ZwT = 1. Then

r=0
(i)
|(Brf) (z) = (Dxf) (@)] < |Bef — Difll o (21.16)
fa w f(N),Qik
e
(i)
|(Brf) (z) = (Cef) (@) < [[Bef — Crfll (21.17)
£ 1 (f™, )
;W G+ 1) 2N (N1
(iii)
(Crf) (@) = (Dif) ()] < [ICkf — Difllo (21.18)
N i
R T YT

e 2ki=1 (54 1)1 2kN-1(N + 1)
So as k — oo, we get

|Bif — Diflloo = 0, |Brf — Crflloo = 0, |Cif — Diflloo — 0

Proof. By Theorems 21.2, 21.4, 21.6 and especially use of (21.4), (21.7)
and (21.12). O
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21.2 Estimates for Distances of Fuzzy Wavelet
type Operators

We need some background which follows.
Remark 21.12 ([15]). Here r € [0,1],2\”,y” € R, i=1,...,m € N.
Suppose that

Sup max (xﬁ”,yﬁ)) eR, fori=1,...,m.
ref0,1]

Then one sees easily that

sup max (Z xgr), Zyﬂ) < Z sup max (mz(-r), yy)) .
] i=1 i=1

re(0,1 i—1 T€[0,1]

Definition 21.13. Let f: R — R, we define the (first) fuzzy modulus
of continuity of f by

W7 (£.0) = sup D(f @),/ (1).0>0.
o 2y]<5

We define C% (R) the space of uniformly continuous functions from R — Rz,
also C' (R,Rx) the space of fuzzy continuous functions on R.

Proposition 21.14 ([15]). Let f € C¥ (R). Then wgf) (f,0) < oo, any
0>0.

Proposition 21.15 ([15]). It holds %inéwY) (f,0) = wgf) (f,0) =0, iff
feci®).

Proposition 21.16 ([15]). Let f : R — Rz be a fuzzy real number val-
ued function. Assume that wgf) (f,0), w1 (fir), 5) , W1 (fir), 5) are finite,
for 6 > 0, all » € [0,1]. Then

P10 = s o (1,8) o (12.)).

rel0,1]

Note. It is clear from Propositions 21.15, 21.16 that if f € CZ (R), then

fi") € Cy (R) (uniformly continuous on R).
We denote by C (R,Rz), N > 1, the space of all N —times continuously
fuzzy differentiable functions from R into R.

We mention
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Theorem 21.17 ([71]). Let f : [a,b] € R — Rz be H—fuzzy differen-
tiable. Let ¢t € [a,b],0 < r < 1. Clearly

rer=[em” cen?] cr

Then (f (t))(ir) are differentiable and
o =[(o) . (cog)].

Le. (/)¢ = (fj[))/, vr € [0, 1].

Remark 21.18 ([15]). Let f € CV (R,Rz), N = 1. Then by Theo-
rem 21.17 we obtain [f() ()] = [((f (t))@)(l) : ((f(t))(j))(l)}  for i =

0,1,2,..., N, and in particular we have that

(£) " _ (7) ©
+

for any r € [0,1].

Note 21.19. (i) Let f : R — Rz fuzzy continuous, then fg) R—R
are continuous, Vr € [0, 1].
(i) Let f € CV (R,Rg), N > 1. Then by Theorem 21.17, we have

fi”) € CN (R), for any r € [0, 1].

We need also
Definition 21.20. Denote by CXZ (R) := {f : R — Ry| such that
all fuzzy derivatives f() : R — Rz, i = 0,1,..., N exist and are fuzzy

continuous and furthermore D* (f(i),a) <oo,fori=1,...,N}, N > 1.

)

>,i1,...,N.

Notice here that

D* (f(i),ﬁ) = sup max (H(f(i))(r)

rel0,1]

e e ((GON

Notice also that

(5 2
.

D* (f(i)ﬁ) < 00, implies H(f(i))(ir)Hoo <o0,i=1,...,N,Vrel0,1].
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We mention
Theorem 21.21 ([67]). Let f : [a,b] — Rz be fuzzy continuous. Then

(FR) fab f (z) dz exists and belongs to Rz, furthermore it holds

b r b
(FR) / f(x)d:v] - [ / (N (@) de, () () de ]|,

a

vr e [0,1].
Clearly fj(:) : [a,b] — R are continuous functions.

In this section we study the fuzzy corresponding analogs of real wavelet
type operators Ag, By, Ck, Dy, k € Z, of first section. For simplicity we
keep the same notation at the fuzzy level. So, depending on the context
we understand accordingly whether our operator is real of fuzzy, that is
whether is operating on real valued functions or on fuzzy valued functions.

We present the next main fuzzy wavelet type result.
Theorem 21.22. Let f € CXB (R), N > 1,z € R, and k € Z. Let ¢ be
a bounded real valued function of compact support C [—a,a], a > 0 such

that > @(x—j) =1, all z € R. Suppose ¢ > 0. Put

(Crf) () = ‘Z* (gk@(FR)/O f<t+ )dt) o (2F2 —§),
and
(Def) ( Z Sk () © ¢ (2" — j)
where

5kj(f)=z*w?-®f<2]k+2:n)7
=0

n €N, wyz >0, Zn*wgzl.
Then =
(i)
D ((Brf) (), (Dif)(x)) < D" (Bif,Dif) (21.19)
N D* (f(i)76> ng:) (f(N)vﬁ)

- 2kis) 2kN N'| ’
i=1

+
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(ii)
D((Brf) (z),(Crf)(z)) < D" (Bypf,Ckf) (21.20)
§ N D* (f(i),()) +w§f) (f(N),%)
S Rl 2N (N
and
(iii)
D ((Cxf) (), (Drf)(z)) < D" (Ckf, Dif) (21.21)
< 7 <f(l)’0) (f ’gk)
et 2ki=1 (7 4+ 1)! LN+ 1)V
Note. We see that
D(f™ @), f™M ) < D (s (),0)+D (N (),0)

< 2p* (f<N>,0) < 00

Thus w{" (f, &) < o0, Vk € Z.
Consequently as k£ — oo we obtain

D* (Brf,Dif),D* (Brf,Crf),D* (Crf, Dp.f) — 0

with rates.
Proof. (i) We observe the following

D((Buf) (@), (Duf) (@) = sup max {|((Bif) @) = (Def) (@)

rel0,1]
((Bef) @) = (Df) @)}
= max{ (Bk (fﬁ"))) (z) — (Dk <f£r)>) ()
(5 (#)) @ - (2 (5)) @]}
{le (22 = ()]

)

)

)

IN

sup max
rel0,1]

B (A7) = D ()
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(7)
(21.16) N (f( ))
< sup max Z: i)

€[0,1]
o (1) )
+ 2EN N )
N ‘ (fir))mH o <(f(r))<zv>é)
; 2kij) = 2J;NN! -

= sup max

N ) () Wi N (T)aik
{le L, e (U™ 3)

7’6[0,1] i—1 QkZ'L! 2kNN!
« UL, e (0D )
2 T o
Mo
< -
< Sz m s 00) o)L}
1 " 1 " 1
AR CO AR
o Sl[tpl]max{ ((f ) ’2k> wl((f )+ 2k>}
N
1 1 1
— * () (N)
B Z;Qkii!D (f ’0> kN N1 <f 2k)
1=

proving the theorem’s (21.19).
(ii) We observe the following

D((Bef) (@), () (@) = swp max{|(Bef) () = (Cuh) @)
(B @) = (Ceh) @)}
(e ()@= (0 (7)) @)
(5 (7)) 0= (e (57)) @)
iz (#2) - ()]
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o () - ()]}

€[0,1] 1

V)
w1 ((f()> ag%)

2N (N + 1)
(1) A\ (V)

7‘) T
N ‘ (ﬂ(r ) H w1 ((ﬂp) 72%)
; 1) | N (N1

= sup max
rel0,1]

N i () Wi N (T)7Lk
Z H(f())+ Hoo 4 ((f( ))+ 2 )}

2Fi (i + 1)! 2N (N + 1)

N () AN ()1
{z(f”) L., o (™) %)

] KN (N +1)!

i=1

NG NG
2, 0o )
v,y () ) ((09)] 1)

N
1 N~ 1 1
= i D (@ I RN o) (N)y *
2 T (v ’)+2kN(N+1)!w1 )

Yo
X e

proving the theorem’s (21.20).
(iii) We observe the next

D ((Crf) (@), (Df) (x)) = zl[lopl] max ’ (Crf) ( (Dwf) ()" )‘
() @) = (Duf) @) >\}
(e (s ’)) - (2 (7)) @),

re(0,1]

(0 (57)) @ = (e (527)) @]}

= sup max{
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< sup max{HCk (f(T ) Dy, (f(_r)> Hoo,

rel0,1]

0. (#) - 2. (1)}

| v ()] H
(228) rzﬁﬁ]max Z:: ey
o ()" 4)

2EN-1(N +1)! ~’

v )7 e ()™ 4)
;2kifl(i+1§!§+ 2RN=1(N +1)!

T
B R Db Ty s 2 e sy

N H f(i) (r)

wr (1) 3)

2 or (z+1) 2PN (N +1)!

2ki—1 (12 +1)! Eﬁf’u e { H (f(i)> ; (f(i))(:)

1 ™ 1
- W)L
N1 (N+1)!TZ‘[§’1]maX{“1 <(f ). ’zk)’

2 ((f““)i” 7))

~.
—

'MZ

@
Il
—

J

+

N
- 1
_ D* () N ) (N) —
22: z—l—l (f ’0)+2kN—1(N+1)!w1 (f ’

proving the theorem’s (21.21).
Above we need that ([16])

BHY = B ().
(Ckf)ﬂ? = Ok( @), and

(D) Dy, ( j(:)) ;

427
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vr € [0,1]. O

Denote by Cy (R,Rz) the space of bounded fuzzy continuous functions
on R with respect to metric D.
We finish with the following fuzzy wavelet type main result

Theorem 21.23. Let f € CXB (R)NC, (R,RF), N > 1, z € R, and
k € Z. Let the scaling function ¢ (z) a real valued function with supp
¢ (z) C [—a,a], 0 < a < +0o0, ¢ is continuous on [—a,al, ¢ (x) > 0, such
that Y ¢(z—j)=1onR (then [7 ¢ (z)dz =1).
j=—00
Define
s () =220 (2% — j) all k,j € Z,t € R

jta
ok

(Foors) = (FR) [

j—a
ok

F () © ey (t) dt,

and the fuzzy wavelet type operator

oo

(Ah) (@) = Y (o) O, (0), z R

Jj=—o0

The fuzzy wavelet type operators By, Cy, Dy, are as in Theorem 21.22.
Then

(i)
D ((Axf) (), (B f) (x)) < D (A f, Bi.f)
N D* f(i)ﬁ ' aN “
= 2 g’w )“Z el (1 58). (21.22)
(i)
D ((Axf) (@), (Crf) (%)) < D* (Arf, Ci f)
N D*(f® 0  (a N “
- Z; % (a+1) + %w@ (f<N>, %) , (21.23)
and
(i)
D ((Axf) (), (Df) () < D* (Apf, D.f) (21.24)
N D*(f® 0 e N a
< Z gkii! ) (a+1)"+ (NTQil)V Wy <f(N)’ ( 2—:1)) '

i=1
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Notice that D* (Apf, Brf),D* (Axf,Crf),D* (Arf,Drf) — 0 as k —
oo with rates.

Proof. Similar to the proof of Theorem 21.22. Also notice here (see also
[16]) that (A /) = Ay ( f@) Ve [0,1].
It is based on (21.13), (21.14) and (21.15). O

Note 21.24. In [14] we proved, see also Chapter 12, for f € C¥ (R) as
k — oo, we get uniformly that Ay, Bg, Ck, Dy — I unit operator with
rates in the D metric. In the case of Ay we need also f be fuzzy bounded.
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